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ABSTRACT
In this paper, we investigate the existence and multiplicity of solutions for the
asymptotically linear fractional Laplacian equation with homogeneous Dirichlet
boundary conditions. We will construct an index theory for the associated linear
fractional Laplacian equation. Using results from critical point theory, we show how
the behavior of the nonlinearity near zero and at infinity affects the number of
solutions via the index.
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INTRODUCTION AND MAIN RESULTS
The goal of this paper is to establish the existence and multiplicity of solutions to the following
nonlocal elliptic equation

(=0)°u = f(x,u)in Q, (1.1)
u = 0in RV\Q,

where s € (0,1) isfixed, N > 2s5,Q C RY is an open bounded set with Lipschitz boundary. Here,
(—=A)? is the fractional Laplace operator, which (up to normalization factors) is defined as

u(x+y)+u(x—y)—2u(x)

(D) uU(x) = [y MELEN D gy € RV,

The nonlocal equations have been experiencing impressive applications in different subjects,
such as the thin obstacle problem, phase transitions, stratified materials, anomalous diffusion,
crystal dislocation, soft thin films, semipermeable membranes and flame propagation,
conservation laws, ultrarelativistic limits of quantum mechanics, quasigeostrophic flows,
multiple scattering, minimal surfaces, materials science, water waves, elliptic problems with
measure data, optimization, finance, etc. See [24] and the references therein.

In the literature, many papers are devoted to the study of the non-local fractional Laplacian
equation (1.1) with nonlinearities having subcritical or critical growth, see [2] [3], [4], [5],
[6]1[7] [8] [22][23][24],[26] [27] [28] [29] [30] and references therein. In this paper, we assume
that the nonlinearity f is continuous in Q X R and verify the following conditions:

(fo) f(x,u) = By(x)u + f1(x,u), with B, a continuous function in Q and fi(x,u) = o(lul)
uniformly in x as |u| — 0.

Services for Science and Education - United Kingdom



Transactions on Engineering and Computing Sciences (TECS) Vol 12, Issue 4, August - 2024

(foo) f(x, 1) = B ()u + f,(x,u), with B, a continuous function in Q and f,(x,u) = o(Ju|)
uniformly in x as |u| — co.

Conditions (fy) and (f,) are referred to in the literature as asymptotically linear for the
nonlinearity at the origin and at infinity. A quantitative way to measure the difference between
B, and B, is given by the index, which was introduced in [9][12][17] [18] [19] [20] [33] [34]
by Amann, Zehnder, Ekeland and Long, and developed in [10] [11] [16] [31] for the study of
Hamiltonian system in relation with Morse theory and critical point theory. We refer to the
books of Ekeland [13] and Long [21] for a more detailed account of the concept. We think that
a natural question is whether or not these index theories may be adapted to the fractional
Laplacian equation Eq (1.1). The aim of this paper is to consider extending the index theory to
fractional Laplacian equation Eq (1.1) (see Section 2.2) and show how the behavior of the
nonlinearity f at the origin and at the infinity affects the number of solutions.

In order to state our main result of this paper, we briefly introduce the index theory for the
linear fractional Schrédinger equation. For any function B(x) continuous in (), the index is a
pair of integers, denoted by (i(B),v(B)) where v(B) is the dimension of the solution space of
(=A)°u — B(x)u = 0 (see Lemma 2.3), and i(B) is the dimension of the eigenvector space
associated with all the negative eigenvalues (see Lemma 2.4). Moreover, i(B) is nondecreasing
with respect to B.

Our results read as follows.

Theorem 1.1. Let (f,) and (f) satisfy v(By) = 0 and v(By) = 0. If f (x,u) is odd in u, then Eq.
(1.1) has at least |i(By) — i(By)| pairs of solutions.

Remark 1.1. (1) It is worth pointing that the condition v(B,) = 0 means the problem (1.1) is
non-resonant at infinity. For the resonant case, we refer to [14].

(2) Consider the following eigenvalue problem
(=A)’u = Auin Q, (1.2)
u = 0in RM\Q.
Let the eigenvalues of this problem be denoted by
Al < /12 < /13 e
counting their multiplicity. Let dim(4;) denote the dimension of the eigenvector space associate
with the eigenvalue A;. Set d,, = Y¥_, dim(A;) and dy = 0. If A, < Bo(%) < Apms1, An < Bo(x) <
An+1, VX € Q, we have

i(By) = dpm, v(By) =0, i(By) = dp, v(Bs) = 0.
And Eq. (1.1) has at least |d,,, — d,,| pairs of nontrivial solutions.
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This paper is organized as follows. In Section 2, we first introduce a variational setting for (1.2)
and show the associated Euler-Lagrange functional. Then we construct an index theory for the
fractional Schrodinger equations. Finally, in Section 3, we give the proof of Theorem 1.1.

PRELIMILARIES
Variational Settings
We first recall some definitions on the spaces X and X,. In the sequel we set Q = R?¥\A where

A= (CQ) x (CQ) c RV,
and CQ = R¥\Q. The space X is endowed with the norm defined as

u@ — w1
||u||X=||u||Lz(m+<fQ S dxdy)?

And
Xo={u€X:u=0a.ein RV\Q}. (2.1)

Throughout this paper we use the following norm

_ 2 1
lull, = (f, S22 dxdy)? (22)

|x_y|N+25
which is equivalent to the usual one defined as in (2.1) (see [29]).

From [27] [30], we have

Lemma 2.1. X, embeds continuously into LP () for all p € [1,%], and compactly into LP (Q)
2N
forallp € [1,m).

On X, we define the functional

1) =1 [ OO gy L[ R d. (2.3)

Q |x_y|N+ZS

Our hypotheses on f imply that f verifies the subcritical growth condition:

flx,u) < ag(1+ |ulP Y forae.x € Q,VueER, (p € (1, 21\;

)

And a standard argument shows that I € C!(X,, R) and critical points of I are solutions of (1.1).

Index Theory for Linear Fractional Laplacian Equation
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In this subsection, we will establish an index theory to classify the following linear Laplacian
Schrodinger equation

(=A)’u—B(x)u=0inQ, (2.4)
u = 0 in RM\Q.

For any u, v € X, we define the following bilinear form

qg(u,v) = %fQ (@)~ U)W v () dxdy — %fQB(x)u(x)v(x) dx. (2.5)

|x_y|N+25

For any u,v € X, if qg(u,v) = 0, we say that u and v are gz —orthogonal. For any two
subspaces X; and X,, if gg(u,v) =0 for any u € X;, v € X,, we say that X; and X, are
qp —orthogonal.

Lemma 2.2. For any function B(x) continuous in 2, there is a splitting
Xo=X*(B)®X°(B)® X (B) (2.6)

such that
(@) X*(B),X°(B), and X~ (B) are qg —orthogonal.
(b) gg(u, w) > 0,vu € X*(B)\{0}.
() gg(u,u) = 0,vu € X°(B).
(d) gg(u,u) < 0,Vu € X~ (B)\{0}.
(e) X°(B) and X~ (B) are finite dimensional.

Proof. Let | € R satisfies! > B and [ > 0. Then

(u’ v)l,B — qu (u, v) + l(u, v)LZ(Q) — fRzN (u)—u) W x)-v(y)) dxdy + J‘Q(l _

|x_y|N+25

B(x))u(x)v(x) dx,

also defines a Hilbert space structure. By Riesz representation theorem, there exists an
operator X from X, to itself such that

(W, v)2q) = (Kyu, v), . (2.7)

It follows from the fact that X, embeds compactly into L?({2) that the operator X, is a compact
operator. Moreover, it is easy to check that X is a self-adjoint operator. Applying the spectral
theory of compact self-adjoint operators on a Hilbert space, we know that there is a basis
{ej}jeNOfXO' and a sequence u; - 0 in Ras j —» +oo such that

(ej, ei)l,B = Sij' ?Clej = ,u]e] (28)
Therefore, for any u = Y72, cje; and v = ¥72, d;e;, by the definition of formula (2.5), we have
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1 L 1 1o
qs(w,v) = 5(% V)ip — 2 (W V)2 = > (A-IEKDwv)p = 52j=1(1 — lupgd;,

And
1 oo
a5 (w,v) = 252, (1 ) 7.

Since u; » 0 as j —» +oo, all the coefficients (1 — lu;) are positive except a finite number. Then
the result follows by

X*(B) ={x=Xcje|lcg=0if 1—lu; <0},

X°(B) ={x =Y cjejlc; =0if 1—lu; # 0},

X~ (B) ={x=Xcjejlc;=0if 1—lu; > 0}.

Definition 2.1. For any function B(x) continuous in Q, we define
i(B) = dimX~(B), v(B) = dimX°(B).

Lemma 2.3. For any function B(x) continuous in Q, v(B) is the number of linearly independent
solutions of the following problem

(=A)’u—B(x)u=0inQ,
u = 0in RV\Q.
In other words, v(B) = dim ker((—A)® — B).

Proof. For any u € Xy(B), by the definition of X,(B) and X; as in Lemma 2.2, u can be
1
represented as u = 21_%:0 cjej and Kju = 21_%:0 cjujej. Then Kju — Tu= Zl—luj:o(.uj —

%)cjej = 0. It follows that
l(u, U)LZ(Q) = (Xu,v)p = (W, V).
According to the definition of gz, we obtain gz (u, v) = 0, for any v € X,,. This yields
(=A)*u — B(x)u = 0.
Recall that for a bounded symmetric bilinear form y defined on a Hilbert space X, its Morse
index and nullity are defined as m™ (i) =max{dim (X;): X; is a subspace of X such that

Y(x,x) < 0forany x € X;\{0}}.

Lemma 2.4. For any function B(x) continuous in Q, i(B) is the Morse index of qg and i(B) =
2a<o V(B + ).
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Proof. Assume that qg(u, u) < 0 for any X;\{0} with dimX,; = k. Letey, -, e; be a basis of X;.
From Lemma 2.2, we obtain

— ot 0 - % * —
ej=¢ +e te, e € X*(B),*=+,0, —.

Then, it is suffices to show that e{ -, e, are linear independent. Now argue by contradiction,
we assume that there exist not all zero numbers ¢; such that Z§=1 cjej = 0.

Ontheonehand, e = ¥}, cje; = ¥5_; c;(ef + ¢7) and qz(e, €) = 0; on the otherhand, 0 # e €
X; and gg (e, e) < 0. This is a contradiction.

In addition, since qg(u,u) < 0 for any u € X~ (B)\{0}, we have i(B) < m~(qg). Thus, i(B) is
the Morse index of gg. For any u € X°(B + 1)\{0} with 1 < 0, we have

qs(u,v) — %A(u, V)2 = 0, Vv € X°,

By the definition of the operator X, we have Kju = ﬁ u. Clearly, u is an eigenvalue of K; with
1

eigenvalue P In addition, 1 — lu; = Au; < 0, we have u € X~ (B). This yields
Yi<0X%(B+2) c X~ (B). (2.9)

Moreover, since p; — 0 and u; > 0, there a finite number of eigenvalues of X that satisfy u; >
1 , . _

%. Denote thembyr, > ry, - > 1, = 7w1th the eigenfunction e, e,, -, €. Forany x € X~ (B), x

can be expressed as

_ vk _
X = Zi=12u,-=rj cjej = x1 + x5 + -+ X

Since K;x; = r;x;, we obtain
(15, V)15 = (1ixi, V)i and - (i, Vi) = (o Vs
This yield
ap (i v) + (L= D) (@ Wiz = 0.
So thatx; € X°(B — (1 — rii)). Hence, by (2.9), we have
X~(B) = ®LX°(B - (1),

which completes the proof.
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For any functions B;(x), B,(x) continuous in (), we write B; < B, if B;(x) < B,(x) a.e. on (),
and write B; < B, if B; < B, and B;(x) < B,(x) on a subset of (0 with nonzero measure.

Lemma 2.5. For any functions B, (x), B,(x) continuous in Q with B, > B;, we have
i(B;) — i(B1) = Xsepo,1) V(B1 + s(By — B)).

Proof. First we claim that there holds i(B;) + v(B;) < i(B,).
In fact, for any u € (X°(B;) @ X~ (B,))\{0},

we have

1 1
98, (W, u) = qp, (u, u) — ;((Bz — B u,u)zq) < _5((32 — Bu,u)2¢q) < 0.
This yields i(B,) + v(B,) < i(B,) by Lemma 2.4.

Secondly, set B(s) = By + s(B, — B1). We write i(s) = i(B(s)) and v(s) = v(B(s)) for short.
Forany s € [0,1), there holds i(s + 0) = i(s) + v(s).

Let i(s + 0) = k. Since the index function is integer-valued, there exists s’ > s such that i(p) =
i(s+0)=kv(p) =0VpE€E(ss).

Arguing as in Lemma 2.2, we know that, there exist e?,--, el € X,, a sequence compact self-
adjoint operator X7, and a sequence ,u}’ — 0in Rasj — +oo such that

e/, eus(s) = Sijs (2.10)
andVv € Xy, 1 <j <k,
(BJP»V)LZ(Q) = (gclpejp'v)l,B(S) = H?(e}p'v)l,B(s)-
Moreover,
1-w<0,1<j<k
This yields,

1
(ef, v)x, + (L = B(p) - ?)e}’, V)12 = 0, YV € X, (2.11)
J

Fix 1 < j < k. As we know, e and ¢}/ are bounded with pf) > % Then, up to a subsequence, we

assume that
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e = ejinXo e — e inl?(Q)and uf - y;inR, (2.12)

asp — s + 0. Thus, by (2.11), we obtain
1
(ej, U)XO + ((l — B(S) - u—j)ej, U)LZ(,Q) = 0, Vv € Xo.
In addition, since 1 — luf < 0, we obtain 1 — lu; < 0. It follows that
1 1
dp(s)(eje)) = =2 (L= #—]_)ej' &)z < 0.

So that

e; €EX°(B(s)) ® X~ (B(s)),1<j <k

Moreover, by (2.10), we have (ej, €;);2¢qy = 0 and uf} = ||ejp||L2(m - ||ej||L2(m =y =

ey, , e are linear independent and
i(s)+v(s) =2k =i(s+0).
The converse inequality holds by the first step. Therefore, i(s) + v(s) = i(s + 0).

In conclusion, we observe that the index function i(s) is integer-valued, right continuous and
non-decreasing on [0,1). Moreover, it is easy to verify that the function s — i(s) is left
continuous, i.e. i(s) = i(s — 0). Then the value of i(s) — i(B;) must be equal to the sum of the
jumps it experieces [0, s). By the second step, we deduce that i(B;) — i(B;) = Xsepo,1) V(B1 +

s(B; — By)).
From Lemma 2.5, it is easy to deduce that:

Lemma 2.6. For any function B(x) continuous in Q there exists €, > 0 such that for any € €
(0, €p], we have

v(B+e€)=0=v(B—e¢),

i(B—€)=1i(B),i(B+¢€)=1i(B)+v(B).

In addition, if v(B) = 0, for any € € [0, €y), we have

v(B+e€)=0=v(B—e¢€),

i(B—€)=i(B)=i(B+e).

PROOF OF THEOREM 1.1
In order to study the critical points of I, we will use the symmetric Mountain-Pass Theorem (see
[1] or [32], Theorem 6.3] and a version of Clark’s Theorem (see [25] or [15], Theorem 4.1].
Recall that (u,) € X° is a Palais-Smale (or (PS) for short) sequence for I, if I(u,) is bounded
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and I'(u,) — 0. I satisfies the (PS)-condition if any such sequence contains a convergent
subsequence.

Theorem 3.1. Let ® € C1(X,R') be an even functional on a Banach space X. Assume ®(0) = 0
and @ satisfies the (PS)- condition. If

(@) thereexists a E; c X, dimE; = k, and p > 0 such that
SupuEElnsp(P(u) <O0.
(P,) thereexists a E, € X, codimE, = k, < k; such that
infueg,®(u) > —oo,
then ® has at least k, — k, pairs of critical points with negative critical values.
Or, if
(P3) there exists a G; < X, dimG, = l; and R > 0 such that
SUPyec, JullzrP (W) < 0.

(d4) there exists a G, € X, codimG, = |, < l; and p > 0 such that

infueaznsp¢(u) > 0.
then ® has at least l; — [, pairs of critical points with positive critical values.

Lemma 3.1. Assume (f,) and (f,) are satisfied. Then there exist €, p > 0 such that
(1) supx-(,-eynas,! <0,
(2) infx+(30+e)naBpI > 0.

Proof. Set F;(x,u) = fol fi(x, 0u) dOu. Fixany 2 < p < 2*. By conditions (f,) and (f) , we have
filou) = (Bo(x) = Bo(0))u + fo(x, ).
Recall that, B, B, € C(f_l). Then, for any € > 0, there exists a C, > 0, such that
1f1(x, W) < €lul + ColulP~, V(x,u) € QA XR,

and
|Fy(x,w)| < g |ul? +%|u|p, V(x,u) € QX R.

Therefore,
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€ 2 Ce 2 € 2 Ce 2
=5 lullfo ) = = lullfog) < o FiGew) dx < 3 llullfz gy + == llullZrcq),

Since X, embeds into LP (1) compactly, there exists C* which depends on (1 and p, such that
=S lullZ gy — Clullf, < f, FyCow) dx < S lull%g, + Clullf,.
This yields, for any u € X,
1 1 * *
1w 2 2lulf, =2 ((Bo + €)w,u) 20y — C Ny, = pyre(wu) — Cllulf,
and

1 1 . .
1) < llullg, — 5 ((Bo — ©)w,u) 2 + Cllully, = py-e(w,w) + Cllully,,

1 1
Noticing that (qp,+e(u,u))z and ((—qp,-c(u,u))z are equivalent norm on X*t(B° +¢€) and
X~ (By — €), respectively. There exist constants C;, C, > 0 such that

qpo+e( 1) = Crllullf,, vu € X*(B® +6),
and
Q5y—c () < —Cllull},, vu € X~ (B — ¢).
Hence, Vu € X* (B, + ¢€),
1w 2 Cllullk, — Cllulll, = (€ — ¢ llully, )l
and Vu € X~ (By — €)
1w < =Collullg, + C*llully, = (=C + C*llulif lullk,.
Now the lemma follows by choosing p = ||ul|x, to be sufficiently small.
Lemma 3.2. There exists R > 0 such that
SUPx-(Beo)nBs I < 0. (3.1)

Proof. In fact, since X~ (B, ) is a finite dimensional subspace, it is sufficient to show that, for any
u € X~ (Bs)\{0},

I(tu) - —o0, as |t| = oo.
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Assume that F,(x,u) = f: f2(x,s) ds. By (f,), we have @ — 0 a.e.on Q. We deduce that

lim [ 2% gy = 0, (3.2)

|t]>c0 t2

Thus, for any u € X~ (B»)\{0},

I (tu)

F(x,tu
2 2( )d
|t]o0 t

= llull?, = 3 B (), Wi+ im [, X = qp, (w,u) <O.

Hence, we obtain the result.

Lemma 3.3. There holds
INfuex+(Bo) [(W) > —0o.

Proof. 1t is sufficient to show that I(u) - +o asu € X (B), |lully, = +oo. Arguing indirectly
we assume that for some sequence {uj} C X" (Bs), with [lullx, — +oo, there is a > 0 such that
I(uj) < aq, for all j. Set w; = uf/”ujllxo’ we have ||Wj||X0 =1L w; ~win X*(By), and w; = win
L?(Q) and

F(x, u])

il

A

1 F(xuj)
lullk, = IIuIIX E(BOOWJ"WJ)LZ(Q) - fg 7-dx = dp, (Wj, w;) — fQ

sl
3.3)

Noticing that w; — w in L*(Q), we have

A . : . 2 f . 2 A .
fQFZ(“zL]) dx = fﬂ lFZ(x?)l |Wj| dx <2 fﬂlFZ(xi’)l |Wj —w| dx+2 fﬂ—lFZ(x?H lw|?dx = o(1).
sy, Juj] Juj] |
(3.4)
From Fatou Lemma, we obtain

o(1) = qp, (Wj: Wj) = qp,, (W, w).

Since w € X*(B), we deduce that w =0 and w; - 0 in L?(Q). From (3.3) and (3.4), we
have o(1) = ”W]”i and w; — 0 in X, which contradicts to the fact that ||W]||)2( =1.
0 0

Lemma 3.4. Any PS-sequence of the functional I is bounded.

Proof. Let {uj} c X, be such that I(;) - ¢ and I'(w;) — 0. Now argue by contradiction. We

assume that, up to a subsequence, ||uj||X — oo and set v = ” ” , then ||v]|| = 1. Without
0
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loss of generality, we assume that v; = v in X,, v; = v in L?(Q) and that v;(x) — v(x) a.e. on Q.

Moreover, u,(x) = o if v(x) # 0. By conditions (fy) and (f.), there exists constant C; > 0
such that

| f2 (x,u)l
RIS <

Then for any y € C;° (L), we have

I'(u)) f2(xuy)

o(1) = (WJP)XO = (Vj’l/))xo - (Boovj,l/))LZ(Q) - fQ u—jvjl/)dx - (UJ/))XO -
(B, ) 12(q)-

This implies that
(=A)°’v — B,v = 0.
As we know v(B,) = 0, we have v = 0. Thus, v; = 0in X, v; - 0 in L?(Q). Hence, we get

I'(u)) fa(xuy) 2
o(l) = (—”uj”J Vx, = W V)x, — BV, V) 120) — fQ 2 ” Lvldx = ||vj||X0 + o(1).
X0

This is a contradiction to the fact that [|v]| = 1.
0

Lemma 3.5. Any PS-sequence of the functional I has a convergence subsequence.

Proof. By Lemma 3.4, the (PS)-sequence {uj} is bounded. Assume that, up to a subsequence,
u; = uin X,. Set w; = u; —u, then w; = 0 in X, and w; - 0 in L?>(Q). In order to establish
strong convergence, it suffices to show that ||w;|| — 0. Similar to Lemma 3.4, we have

0

fa(xuj)

, 2
o(1) = ('), W, = (W), = (Bestty, W2y = Joy =~ ywy dx = [lwy [+ (D),

which implies w; - 0 in X, and completes the proof.

Proof of Theorem 1.1

Case i(By) > i(Bs)- Condition (®,) of Theorem 3.1 verified by (1) of Lemma 3.1 with E; =
X~ (By — €). For sufficiently small €, by lemma 2.6, we have dimE; = i(By —€) = i(Byp). In
addition, Lemma 3.3 implies [ satisfies condition (®,) of Theorem 3.1 with
E, =dimX*(B,) and codimE, = i(B.). Hence, I has at least i(B,) — i(B) pairs of nontrivial
solutions.

Case i(By) > i(By). Lemma 3.2 says that [ satisfies (®3) with dimG; =dimX~ (B ) = i(Bw).
With G, = X* (B, + €), the condition (®,) holds by (2) of Lemma 3.1. Moreover, by Lemma 2.6,
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codimG, = i(By) for € small. This yield I has atleast i(B,,) — i(B,) pairs of nontrivial solutions.
In conclusion, I has at least |i(B,) — i(Bw)| pairs of nontrivial solutions.
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