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ABSTRACT

The Universal Mathematical Field Theory (UMFT) is established, which states that
the combination of inversesquare laws and vector field or an axial vector field
create the curl of an axial vector field. Utilizing UMFT, we mathematically: (1) derive
the Extended-Maxwell equations and the Lorentz force from Coulomb’s law and the
velocity of the source; (2) establish Maxwell-type gravity equations (Gravito-EM)
and Lorentz-type gravitational force from Newton’s law and velocity of
gravitational source; (3) establish Spin-Electromagnetics (Spin-EM) from the
Coulomb’s law and the spin angular velocity; (4) predicate the spin related force.
For a source moving with spatially uniform velocity, the Extended-Maxwell
equations reduce to Maxwell equations (EM), which justifies UMFT and shows that
the experiments-based Maxwell equations have mathematical origin. UMFT shows
that mathematical identities lead to physical dualities, such as the duality between
EM, Gravito-EM and Spin-EM. Therefore, the concepts, effects and phenomena of EM
may be directly converted to that of gravity and Spin. The Gravito-EM are employed
to study the accelerating universe, rotation curve and gravitation waves. The
Gravito-EM can be quantized, along the line of quantizing EM, and unified with EM
force. SpinEM: (1) correlates phenomena of family of Hall effects, zero longitudinal
Hall coefficient/resistivity, Extended Rashbe SOC, and GMR/TMR. (2) predicts that
Spin-potential coupling directly induces force; (3) provides classical counterparts
of Larmor-precession, Stark Effect, Landau-Lifshitz equation, Zeeman effect, and
Aharonov-Casher effect. We derive the Spin-Lorentz-type force and Lagrangian-
Lorentz-type force. If experimentally proved, the Spin-related force may be the 5th
force.

Keywords: Maxwell equation, Coulomb law, Gravito-electromagnetics, Newton law, spin-
electromagnetics, duality

INTRODUCTION

Historically, Maxwell equations were established based on series experiments, except the
introduction of the displacement current. Consider the situation of a stationary electric charge
(e-charge). The Coulomb’s law states that a stationary e-charge Q. induces a static vector
electric field E. The created electric field is determined by only one quantity, e-charge. A
heuristic phenomenon is that an observer uniformly moving relative to the same e-charge and
its electric field (or the e-charge moves relative to the observer) will observe not only the
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electric field but also a magnetic field. The magnetic field is determined by three quantities, e-
charge, electric field and velocity (Table 1.1).

Table 1.1: Static e-charge vs. moving e-charge vs spin e-charge

Electric  field | Static Magnetic field Spin  EM field
Source of field Qe Qev QeS
How sources produce Q.~>E (Qev,E)> B (Qe, S, E) > Bs
fields Q.~> V-E Q.v > VxB
Nature of Field vector field First order axial vector | Second order axial vector
field field
Force due to field q.E qevx B

Let’s first review the fundamental differences between a static electric field E and a static
magnetic field B. A physics student may ask questions: Why the motion of e-charge creates
magnetic fields? Does the generation of magnetic fields relate with the Coulomb’s law? The
standard answer is that the magnetism is the combination of electric field with Special
Relativity (SR) and does not relate with the Coulomb’s law. We argue that the answer is not
proper to explain the above four fundamental differences.

Now we ask a further question: Is the generation of magnetic fields by a moving e-charge
inevitable? The answer is yes. Since, physically, magnetic phenomena are related with the
motion of e-charge and inevitable, we suggest that:
(1) The Coulomb’s law can be established only by experiments and thus, is a primary law;
(2) Maxwell equations related with magnetic field, including the experimental Ampere’s
law, experimental Faraday’s law and experimental Gauss’s law of magnetism, which are
all related with the motion of e-charges, should be derivable mathematically from the
Coulomb’ law and the velocity of source, and thus, are secondary laws.

Universal Mathematical Field Theory (UMFT): To mathematically derive Maxwell equations
from the Coulomb’s law and velocity of an e-charge, we establish Universal Mathematical Field
Theory first (Section 2).

Extended-Maxwell equations (EM): then the Extended Electromagnetism (EM) is derived
from UMFT, Coulomb’s law and the velocity of the source, which demonstrates the validity of
UMEFT (Section 3).

Maxwell-type Gravity (Gravito-EM): Based on the similarity between the Coulomb’s law and
Newton'’s law, naturally, the same UMFT is employed to derive Maxwell-type gravitational
equations from Newton’s law and the linear motion of a source, denoted as Gravito-
electromagnetics or Gravito-EM, which provides a clear physical picture of gravity. We show
that both theories, Maxwell theory and Gravito-EM are convertible to each other by converting
the e-charge to gravitational mass (g-charge), and vice versa, which we denote as “Ultra-
symmetry” or the “Duality between EM and Gravito-EM” (Section 4).
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Historically, Maxwell-type vector field theories of gravity were studied, which described gravity
as a physical field. However, physicists gave up this direction before Einstein’s General
Relativity (GR), because they realized that such vector theories faced the issue: the potential
energy of Newton field is negative. After SR was established, second issue raised that those
vector theories of gravity did not comply with SR. We address those two issues in this article.

The benefits of the Gravito-EM are: (1) Address the long-standing issues of negative potential
energy; (2) comply with SR; (3) explain the accelerating expansion of the universe and to
predict a jerking expansion of the universe. Therefore, we argue that the Gravito-EM provides,
at least, a “bridge” between the Newton’s theory and an ultimate theory of gravity. To
understand and describe all of forces in one framework, a possible and simple way is to treat
gravity as a physical field. Recently, a gauge theory of gravity has been proposed, quantized and
unified with other forces [1]. The Gravito-EM is consistent with this gauge theory of gravity.

Spin-Electromagnetics (Spin-EM): an e-charge has a spin angular momentum that is an axial
vector. Utilizing UMFT, Coulomb’s law, e-charge and spin of the e-charge, Spin-EM is derived.
Spin-EM provide classical foundations of variety phenomena of spintronics (Section 5).

UNIVERSAL MATHEMATICAL FIELD THEORY (UMFT)
Motivation
Motivation: To address above differences between a static electric field E and a magnetic field
B inspires us to establish UMFT [2]. The UMFT is equally applicable to derive Electromagnetics
(EM) and Gravito-EM.

Thus, there is duality between EM and Gravito-EM, so that many concepts and effects of the
well-established EM can be transferred directly to gravity. Most important, gravity and EM are
linked together clearly and closely. Gravito-EM is powerful and fruitful.

The significances of UMFT are the following.

A. combining UMFT, the Coulomb’s law and velocity of source re-derives mathematically
Maxwell’s equations, which addresses the above-mentioned differences related with
EM. The derivation shows that the experiments-based Maxwell equations have their
mathematical origin, and justifys UMFT.

B. combining UMFT, the Newton’s law and velocity of source derives mathematically
Gravito-EM.

C. combining UMFT, the Coulomb’s law and the spin of an e-charge derives mathematically
spin-EM.

D. UMFT provides the mathematic origin of dualities between different physic fields
derived from it, such as duality between electricity and magnetism, duality between EM,
Gravito-EM and spin-EM. Duality is a powerful tool to find intrinsic similarities between
apparently different phenomena, and predict new effects. “It turns out that most of the
important concepts and theories of physics can be unified and understood by their
common attribute of duality” (Damian P Hampshire).
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General UMFT

To establish UMFT, we need to find a mathematical identity that connecting divergences of
either a vector or an axial vector with curls of induced axial vectors. For this aim, the following
vector analysis identity is the most significant foundation of UMFT,

VX(SXT)=SV-T)—T(V-S) + (T -V)S—(S-WT, (2.1)

which indicates that the combination of gradient and divergence of two arbitrary vectors
including axial vector, S and T, induces inevitably an axial vector (S X T). One of two terms,
either (V- T) or (V- S), represents fundamental inverse-square laws, and introduce a “charge”.
Now there are three quantities, S, T and “charge” in Eq. (2.1).

It is useful to write Eq. (2.1) in a different but equivalent form. By using another mathematical
identity,

(T-VMHS=VS-T) - S-VMT-SX((VXT) —Tx (VXES),
Eqg. (2.1) can be rewritten as an identity,

VXS XT)=S(V-T)—-T(V-S)—V(S'T)+2(T-V)S+SX(VXT)+Tx(VxS)
(2.2)

Eq. (2.1) and Eq. (2.2) are mathematical equivalent. When apply UMFT to describe physical
fields, the “S” and “T” in Eq. (2.1) and Eq. (2.2) represent different physical quantities
respectively.

UMFE Related with Velocity of Charges

General UMFE Related with Velocity/Spin of Charges:
In physics, there are two the inverse square laws, Coulomb law and Newton law:V.E = Q. and

V.g =Qn-
The basic concept is that the combination of the inverse-square laws and the motion of charges
must induce axial vector fields. To show it, we set the “S” being motion parameters, either
vector velocity v or the axial vector spin S,

S = v (vector velocity) or S = wg(axial vector angular velocity) (2.3)
Note: the physical quantities S representing are not limited to velocity and spin.
Substituting Eq. (2.3) into Eq. (2.1) and Eq. (2.2) respectively, we obtain,
VX(WVXT)=v(V-T)=T(V:-v) + (T-V)v—(v:- V)T, (2.4a)
VX(wgXT) =wg(V-T)— T(V-wg) + (T V) wg — (wg - V)T, (2.4b)

VXWXT)=v(V-T)—-T(V-v) - V(v-T)+ 2(T-V)v+vX(VXT)+Tx (Vxv) (2.5a)
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VX(WsXT) =wg(V-T) —T(V-wg) —V(wg " T) + 2(T-V)wg + wg X (VX T)+ T X (VX
Wg). (2.5b)

Fortunately, the right-hand side of Eq. (2.4a) contains both the motion of source and the
inverse-square law, while the left-hand side contains the curl of an axial vector field. Eq. (2.4a)
connects both.

In Section 2, we start with Eq. (2.4a) to derive the Maxwell-type equations for the fields induced
by the velocity of sources. Note in Eq. (2.4a), the velocity is spatially varying, e.g., T(V - v) #
0,(T - V)v # 0, and is instantaneous velocity at a given space point. Eq. (2.4a) implies that a
velocity and its spatial variations induce the axial vector (v X T) field equally.

In Section 5, we start with Eq. (2.5b) to derive the Maxwell-type equations for the fields induced
by the spin of sources, referred it as Spin-EM.

Ampere-Maxwell-type UMFT:
Firstly, we derive the Ampere-Maxwell-type UMFE. Let’s assume the “T” is an arbitrary vector
field G and satisfies the inverse square law,

V-G =% 0. (2.6)

Since

TG 0, 9, 0], _9 dG
v ™8, e, T e, T et

substituting it into Eq. (2.4a), we obtain the Ampere-Maxwell-type UMFE,
VX (vx G+ =v{.60)+E-GV.v)+ (G.Vv. (2.7)

Defining a First level axial vector field M, i.e., both v and G are vector fields,

M=vXxG. (2.8)
For the axial vector field M, by mathematical definition, we have,

V-M=0. (2.9)
Substituting Eq. (2.8) into Eq. (2.4a) and Eq. (2.7) respectively, we obtain
VXM=v(V-G)—G(V:-v)+ (G- V)v—(v:V)G. (2.10)

XM+ =v(V-6)+2 =~ G(V-V) + (G- V)v. (2.11)
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All terms on the right-hand side of Eq. (2.11) induce equally the axial vector field M. The
interpretations for those terms are,
(1) The term, v(V - G), plays the role of the “current”;

(2) The term, ‘Z—(t;, plays the role of the “displacement current”;

(3) The term, G(V-v), describes stretching of the G field due to source velocity
compressibility;

(4) The term, (G - V)v, describes the stretching or tilting of the G field due to the velocity
gradients;

(5) The terms, Z—f and G(V - v), have the same direction; while the terms, v(V - G) and (G -

V)v, have the same direction.

The Ampere-Maxwell-type UMFE, Eq. (2.7), Eq. (2.10), Eq. (2.11), can be written respectively
in the integral form as,

_cﬁ(va)-dl+%ffG-ds=ff[v(V-G)+Z—f—G(V-v)+(G-V)v]-ds, (2.12)
¢ M-dl=[[v(V-G) — G(V-V) + (G-V)v— (v:V)G] - ds, (2.13)
$M-dl+ = [[G-ds = [ [V(V-G) + 5~ G(V-V) + (G- V)v| - ds. (2.14)

Faraday-type UMFT:
For deriving the Faraday-type UMFE, taking the T field as the First level axial vector field M
defined by Eq. (2.8), T = M. For the M field, we have,

] _ oM _dM

] a
_(V-V)M—— an—x+Vya+VZa—Z M_E o (215)
Substituting Eq. (2.15) into Eq. (2.4a), we obtain Faraday-type UMFE,
dm oM
VX(VXM)+E=V(V'M)+E—M(V'V)+(M'V)V. (2.16)

Let’s define a Second level axial vector field N, i.e., vis a vector and M is a first level axial vector,
=-vXM, (2.17)
which satisfies mathematically,
V-N=0. (2.18)
Substituting Eq. (2.17) into Eqg. (2.16), we obtain Faraday-type UMFE,

VXN-S0= —y(V-M) - 20+ M(V-v) - (M- V)v. (2.19)
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The Faraday-type UMFE, Eq. (2.16) and Eq. (2.19), can be written respectively in the integral
form as,

$ (v M)-dl+= [[M-ds = [ [v(V-M) + 55~ M(V-v) + (M- V)v| - ds. (2.20)
$N-dl - [[M-ds=—[[ [v(V-M) + 22— M(V- V) + (M- V)v| - ds. (2.21)

The term v(V - M) is the source term. We still keep this source term in Eq. (2.16), (2.19), (2.20)
and (2.21), because this source term leaves a door open for a possible existence of a monopole
physically, although, mathematically, the monopole of the M field does not exist.

The interpretations of those right-hand side terms of Eq. (2.19) are,

1. The term, v(V - M), plays the role of the “current”, which is mathematically zero;
oM

2. The term, T describes the time change of the M fields as the source;

3. The term, M(V:v), describes stretching of the M field due to source velocity
compressibility;

4. The term, (M- V)v, describes the stretching or tilting of the M field due to the velocity
gradients;

5. The terms, Z—T and M(V - v), have the same direction; while the terms, v(V- M) and (M -

V)v, have the same direction.

Next, substituting Eq. (2.9), V-M=0, into Eq. (2.16), Eq. (2.19), Eq. (2.20) and Eq. (2.21)
respectively, we obtain source-free Faraday-type UMFE,

VX (vxM)+55 =22 - M(V-v) + (M- D)y, (2.22)
VXxN-S =204+ M(V-v) - (M- Dv. (2.23)
$(vxM)-dl+= [[M-ds = [[ [ 25— M(V-V) + (M- V)v| - ds (2.24)
$N-dl— < [[M-ds=— [[[S5 =M - v) + (M - V)v]-ds (2.25)

Type-2 Duality:

The M field is a First level axial vector field, while the N field is a Second level axial vector field.
The M field and the N field are determined respectively by Eq. (2.11) and Eq. (2.19), which have
the same form. Thus, there is type-2 duality between the First level axial vector field M and the
Second level axial vector field N, which is pre-determined mathematically. For different type of
duality and different level of axial vector (see Appendix A).

We have derived the basic UMFT for the fields induced by velocity of sources.
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UMFT Related with Spatially Uniform Velocity:
For spatially uniform velocity, we have

M(V:-v) =M -V)v=VX v =0, (2.26)

Substituting Eq. (2.26) into Eq. (2.11), we obtain Ampere-Maxwell-type UMFE for the M field,
dG G

VXM+E—V(V-G)+E. (2.27)

Or in the integral forms,

$M.dl—= [[G-ds = [[ [v(V-G) + 3| - ds. (2.28)

Substituting Eq. (2.26) into Eq. (2.23), we obtain Faraday-type UMFE for the N field,

dM oM
VXN_E__E' (229)

Or in the integral forms,
$N-dl—< [[M-ds=—[[2%-ds. (2.30)

EXTENDED MAXWELL EQUATIONS DERIVED FROM UMFT, COULOMB’S LAW AND

VELOCITY OF SOURCE
In this Section, the Extended-Maxwell equations are derived mathematically from the
combination of UMFT, the Coulomb’s law and velocity of the source. Under condition of
spatially uniform moving electric charge (e- charge), Extended-Maxwell equations reduce to
regular Maxwell equations, which demonstrates that UMFT is valid for studying physic fields.
Thus, leads us to apply UMFT to study other physical fields, such as gravity and spin related
phenomena.

Extended-Faraday’s Law

Starting from the Faraday-type UMFT, Eq. (2.20). Let the M field is a magnetic field B, M = B,
Eq. (2.20) gives,

§ —(vxB)-dl—L[[B-ds=—f[[v(V-B) + 52~ B(V-V) + (B-V)v| - ds (3.1)
And the definition of M, Eq. (2.9), gives mathematically Gauss’ s law of magnetism,

V-B = 0. (3.2)

Let’s show that Eq. (3.1) is consistent with Faraday’s law. The Faraday’s law gives

d :
< J/B-ds=—$E -dl (3.3)
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where E' is the electric field at the circuit dl in a reference frame in which dl is at rest. The B is
a magnetic field at the neighborhood of the circuit.

Applying Eq. (3.3), Eq. (3.1) becomes the Extended-Faraday law,

$(E —vxB)-dl=—[f [v(v-B)+";—‘t3—B(v-v)+(B-V)v]-ds , (3.4)
where the v is the velocity of the circuit dl relative to a laboratory frame.

Let’s define an electric field E in the laboratory frame,

E=E —vXxB. (3.5)
Applying Eq. (3.5), Eq. (3.4) gives the integral and differential forms of Extended-Faraday’s law,
$E-dl=—J[ [v(V-B)+ 5 —B(V-v) + (B-V)v|- ds, (3.6)
VXE=—v(V-B)—-2Z+B(V-v) - (B-V)v. (3.7)

In order to show the duality between the Extended-Faraday’s and Extended-Ampere-Maxwell’s
law, we still keep the term V- B in Eq. (3.7), although it is equal to zero (Eq. 3.2).

The interpretations of terms of the right-hand side of Eq. (3.7) are,
(1) The term, B(V-v), describes stretching of the B field due to source velocity
compressibility;
(2) The term, (B - V)v, describes the stretching or tilting of the B field due to the velocity
gradients.

Let’s define a “current” generating induced electric field,
Jjv-e=Vv(V-B)—=B(V-v) + (B-V)v. (3.8)

Where the subscripts “v-E” represent the quantities related with velocity and electric field
respectively.

Then Extended-Faraday’s law, Eq. (3.7), may be rewritten as,

JB

VXE = —j,_g— e (3.9)
Eq. (3.9) shows the equation of continuity as

. )
V- (e +3)= 0. (3.10)
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For the situation in which, (1) V- B = 0; and (2) the velocity is spatially-uniform, i.e,, B(V- v) =
(B-V)v = 0, Extended-Faraday’s law, Eq. (3.7), gives the Faraday’s law,

VxE=-2, (3.11)

where the E field is an axial vector field and j,_g = 0

Therefore, Extended-Faraday’s law, Eq. (3.1), is consistent with Faraday’s law. Extended-
Faraday’s law predicts that the spatially-varying velocity, via terms B(V-v) and (B - V)v,
create axial vector E fields.

To detect the effects of the terms, B(V-v) and (B-V)v, will confirm whether Extended-
Faraday’s law and thus, UMFT are correct.

Indeed, by the definition of the axial vector field B, its divergence is zero mathematically,
namely, from the perspective of the UMFT and Coulomb’s law, there is no “magnetic monopole
charge”.

Extended-Ampere-Maxwell’s Law (1)

The combination of UMFE and Coulomb’s law leads us to let G = E. Then Eq. (2.12) of UMFE
provides,

$(vXE)-dl+<f[E-ds=[[[v(V-E)+ 2 — E(V-v) + (E-V)v] - ds (3.12a)
Substituting the Coulomb’s law, Eq. 3.12 becomes,
$(v x E)-dl+ < f[E-ds = [[[Qev+3 —E(V-v) + (E-V)v] - ds. (3.12b)

Eqg. (3.12b) shows that it is the three quantities, Q. E, v, that create magnetic field as mentioned in
Table 1.1.

Type-2 Duality between Electric and Magnetic Fields
The First level axial vector field (v X E) and Eq. (3.12) are the type-2 dual to the Second level
axial vector field (v X B) and Eq. (3.1) respectively. Moreover, Eq. (3.6) is equivalent to Eq.
(3.1). Based on the Transfer Rules between dualities of Appendix A, there is a dual of Eq. (3.6),
i.e., under transformation,

E o BandB < —E,
we have a type-2 dual of Eq. (3.5) and Eq. (3.6), which are,

E=E —vXxBo B=B' +v X E,

$B-dl=[f[v(V-E)+ 5~ E(V-V) + (E-V)v]-ds, (3.13)
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which are equivalent to Eq. (3.6) and thus, Eq. (3.1), and finally, Eq. (3.12).

With distinguishable feature of “type-1 duality” and “type-2 duality”, the duality between
induced electric field determined by the Faraday’s law and magnetic field determined by
Ampere-Maxwell’s equation is actually a type-2 duality. UMFE provides the mathematical
originations of the type-2 duality between axial electric field and magnetic field.

Extended-Ampere-Maxwell’s Law (2)
Eq. (3.13) gives Extended-Ampere-Maxwell law,

VxB =v(V-E)+5 —E(V-v)+(E-Vv. (3.14)
The magnetic field B is, in the laboratory frame,
B =B +VvxE. (3.15)

Where B’ is the magnetic field at the circuit dl in a reference frame in which dl is at rest. The E
is an electric field at the neighborhood of the circuit. The v is the velocity of the circuit relative

. L OE .
to a laboratory frame. Note there is no negative sign in front of thea, because that the time

change of the E field through the circuit dl purely induces a magnetic field B’ that does not
accumulate e-particles to against the time change of the E field.

Equation of Continuity
Utilizing Coulomb’s law, V - E = p, let’s define a “current” generating magnetic field, denote it
as

jv-B = pPeV—E(V-v) + (E-V)v. (3.16)

Where the subscripts “v-B” represent the quantity related with velocity and magnetic field
respectively. Then Eq. (3.14) becomes,

VXB=j,pg+3 (3.17)
The current j ,_p satisfies the equation of continuity,

V- h_ﬁ%zo (3.18)

For the situation of the spatially uniform velocity, i.e.,
E(V-v)=(E-V)v=0,

we have j,_g = poV, Extended-Ampere-Maxwell equation, Eq. (3.14), becomes the Ampere-
Maxwell law,
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VxB=v(V-E)+5 (3.19)

Extended-Ampere-Maxwell’s law Eq. (3.14): (1) predicts that the products, E(V - v) and (E -
V)v, create respectively axial vector B field; and (2) provides a mathematical origin of why and

) oE . . e
how e-current, p.v, and displacement-current, PYe create inevitably magnetic fields.

Extended-Maxwell Equations
Now, from UMFT, Coulomb’s law and the velocity of the source, we derived Extended-Maxwell
equations,

V-E = p,, VxB=v(V-E)+2 —EV-v)+ (E- Vv, (3.14)
V-B=0, VXE=-v(V-B)+3+B(V-v)—(B-V)v, (3.7)

Where the E field is a combination of vector field (Coulomb’s field) and axial vector field,

E = Eyector t Eaxial-vectorr V" Eaxial-vector = 0, V-E=V-Eector
V XEyector = 0, VX E =V X Eggial-vector-

According to above derivation of Extended-Maxwell equations, we have

B = Byector T Baxial-vector = Baxial-vector V © B = Baxial-vector = 0,

Therefore, it is E yia—vectorthat is type-2 dual to Bagia—vector- There is no magnetic dual of

Evector-

Extended-Maxwell Equations Reducing to Maxwell Equations for Spatially Uniform
Motion of Charge

Note the Extended-Maxwell equations are not compatible with SR, the main reason is that SR
was derived from and applied to inertial frames. So, when we ignore the non-inertial term, (V -
v),(E - V)v,(B - V)v, the extended-Maxwell equations reduce to standard Maxwell equation,

V-E = p,, V-B=0,
JB

OE
VxB—v(V-E)+a, VXE=—. (3.20)
Writing Eq. (3.16), Eq. (3.20), Eq. (3.11) and Eq. (3.2) in tensor form,
aFsP aFs®  aFlY | arY®
oxB Jg, %Y + P + 9xB 0, J& =Jer oo = (PerJe) (3.21)

Where FZ‘B = G“AE — 9PAY is the field strength tensor, A% is four-vector potential,J%is four-
current. Eq. (3.20) and Eq. (3.21) satisfy Lorentz transformation and comply with Special
Relativity.
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Lorentz Force Derived from Coulomb Force
In a reference frame S’ in which a test e-particle g, is at rest, an electric field is denote as E’. The
force acting on the test e-particle is the Coulomb force,

F = q.E. (3.22)

Transferring to a laboratory frame in which the test e-particle is moving with velocity v, Eq.
(3.5) gives,

E =E+vXxB, (3.23)

where the electric field E is measured in the laboratory frame. The magnetic field B is measure
in the Laboratory frame at the neighborhood of the test e-particle. Substituting Eq. (3.23) into
Eq. (3.22), the Coulomb force extended to the Lorentz force measured in the laboratory frame,

F =q.E+q.v X B. (3.24)

Positive and Negative Energy of Electromagnetic Field

To form an assemble of e-charges with the same signs, an external force is needed to bring those
same sign e-charges together, namely the external force done the work Wgyierna) and transfer
the energy to the electric field of the assemble. The work Wgyernaidone by an external force to
assemble a volume configuration with a e-charge density peis

1
Wexternal = Ef peVedrt. (3.25)

Thus, the change of the energy of an electric field is defined as positive,
AUe = WExternal > 0, (326)

Which represents the energy stored in the configuration, which is also considered
conventionally as the potential energy of the electric field.

On the contrary, for bring e-charges with opposite signs together, no external force is needed,
and the electric field of e-charges done the work, i.e., the electric field losses energy. The change
of the potential energy is defined as the negative of the work done by the electric field, i.e., the
electric field loss energy,

AUe = _Wfield < 0. (327)

Where the potentials of positive and negative e-charges are respectively,

Ver = 22> 0, v, =25 (3.28)

Therefore, the definition of the positive or negative potential energy of an electric field is a
matter of bookkeeping [3].
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Using Coulomb’s law and vector formula, Eq. (3.25) gives

AU, = Wegternal = 5 J E2 dt. (3.29)
Similarly, the work done to retain the e-current going is, setting €,= o = 1,

Wp =~ [ B2 dr, (3.30)

Which is also considered as the energy stored in a magnetic field. The total energy, Wy, stored
in electromagnetic field is the sum of energies of both electric field and magnetic field,

Wew = - (B2 + B2) dr. (3.31)

Extended-Poynting Theorem
Now let’s calculate the rate at which work “W” done to move e-changes under the influence of
electric and magnetic fields, dW = F - dl. Substituting Lorentz-force, Eq. (3.24), then

dw

— = J(E-Dd. (3.32)

Substituting Eq. (3.14), VX B =] + % —E(V-v)+ (E-V)v,into Eq. (3.32), we obtain

oE

E-J=E-(VXB)—E -

+E2(V-v) —E-[(E-V)V]. (3.33)

The formula of vector analysis gives E- (VX B) =B+ (VX E) — V- (E X B). Substituting Eq.
(3.7), VX E=—22+B(V-v) — (B-V)v, into it, then we have E-(V xB) =B [—% +B(V-
v)—(B-V)v]—v-(ExB).

Or

1 9B?

E-(VXB)=—-=-+B*V-v)—B-[(B-V)v] - V- (EXB). (3.34)

Substituting Eq. (3.34) into Eqg. (3.33), we obtain

E-]= —%%(BZ+E2)—V-(EXB)+(BZ+E2)(V'V)—B'[(B'V)V]—E'[(E'V)V]- (3.35)

Substituting Eq. (3.31) and Eq. (3.35) into Eq. (3.32), we derived the Extended-Poynting’s
theorem,

W dWey

= — $S.da+ [{(B2+E)(V-v) - B-[(B-V)v] —E- [(E-V)v]}dr, (3.36)

Services for Science and Education - United Kingdom 674



Peng, H. (2023). Maxwell Equation Derived From (Coulomb’ Law + Velocity), Maxwell-Type Gravity Derived From (Newton’s Law + Velocity), Spin-
Electromagnetism Derived From (Coulomb’ Law + Spin) ---By Universal Mathematical Field Theory (UMFT). European Journal of Applied Sciences,
Vol - 11(3). 661-738.

Where the Poynting’s vector S is defined as,
S =E X B. (3.37)

For the special situation of spatially uniform velocity, V-v= (B-V)v= (E-V)v=0, the
Extended-Poynting theorem deduces to the Poynting’s theorem.

Origin of Differences between Static Electric Field and Magnetic Field

In the Section of Motivation, we have mentioned several fundamental differences: (1) “e-
charge” vs. “e-current”; (2) “V - E” vs.“V X B”; (3) “vector field E” vs. “axial vector field B”; (4)
“qeE” vs. “qev X B”.

In this Section we explain those differences below:

Comparison of Eq. (3.7) and Eq. (3.14) explains the first, second and third differences as the
following: e-charge p. induces E via (V - E) = 4mp,; it is UMFE combining with the Coulomb
law that makes the term, v(V - E) = 4mp.v, induces B field viaV X B; Coulomb e-field E is a
vector field,and B~v X E isafirstlevel axial vector field. Eq. (3.22) to Eq. (3.23) show that due
to the fact that motion of e-charge creates magnetic field, thus, when transferring from an e-
charge-rest frame to an e-charge-moving frame, the Coulomb’s force in the e-charge-rest frame
transfers to the Lorentz force in the e-charge-moving frame.

All of above-mentioned differences between static electric field and magnetic field have a
mathematical origin, Eq. (2.1), which shows how a divergence field creates a curl field.

No Magnetic Monopole Charge Mathematically

In the derivation of Extended-Ampere-Maxwell equation, magnetic field is defined in Eq. (3.1)
as an axial vector field, B = v X E. By the mathematical definition, the divergence of an axial
vector is identically to zero, which is represented as Eq. (3.2),V-B = 0.

Indeed, mathematically, there is no magnetic monopole charge in vector electromagnetic
theory, as long as the magnetic field is an axial vector field.

Discussion and Summary

We, in Section 3, have shown that, mathematically, the movement of e-charge produces the
magnetic field. Namely the existence of the magnetic field is inevitable. Historically, the effects
of magnetic field were discovered experimentally started in 1860s. Meanwhile, the vector
analysis was established in the same era, 1860s [4]. It is reasonable to assume that physicists
were not familiar with vector analysis at those years. We argue that this might be the reason
why UMFT was not developed when Maxwell equation were established. Moreover, then
Maxwell equations were well applied to variety of areas, so no mathematical derivation of
Maxwell equations was focused.
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MAXWELL-TYPE GRAVITY DERIVED FROM UMFT, NEWTON’S LAW AND VELOCITY
We apply the UMFT to gravity in this Section to derive a Maxwell-type vector theory, Gravito-
EM, for gravity, which is one step further than Newton'’s theory to understand gravity, although
may not be the ultimate theory of gravity. Indeed, since the Gravito-EM is derived
mathematically, thus, any further theory of gravity should have not only Newton’s law but
Gravito-EM as approximations under certain condition. Moreover, we have shown that Gravito-
EM has other fundamental benefits that it can be quantized and unified with other interaction
without difficulty [5].

Positive and Negative Gravitational Charge (g-Charge)

Introduction of g-charge and Negative g-charge:

Two paths of studying gravity are: First path is to treat gravity, as other three forces, as physical
fields; Second path is to treat gravity and other forces as geometric phenomena. Along the first
path, other three forces, except gravity, were physically understood, quantized and unified
successfully. Along the second path, to geometrize gravity was quite successful, but not other
three forces. Tremendous efforts have been devoted on to quantize geometric theory of gravity
and unify it with theories of other three forces, so far, without commonly accepted approach.
Facing the tremendous difficulties in quantizing geometric theory of gravity and unification,
Extended-Maxwell equations have been derived mathematically in Section 3 from the
combination of UMFT and the Coulomb’s law.

The fact that the Newton’s law is similar to the Coulomb’s law strongly suggests to study
whether and under what condition, one can mathematically derived a counterpart of Extended-
Maxwell equation from the UMFT and the Newton’s law. For this aim, let's compare the
Newton’s law and Coulomb’s law at the level of the classical field theory.

Table 4.1. Comparison between Newton’s law and Coulomb’s law

Coulomb’s law Newton’s law

Charge Two kinds e-charge: One kind g-charge:
Positive/negative Positive/?

Coulomb’s law vs Newton’s law V-E = p, V-g=—pg

Force Long-range inverse-square-law | Long-range inverse-square-law
F = q.E F = mg
Attractive/repulsive Attractive/?

Table 4.1 shows the comparison and suggests that it is the fact, two kinds of e-charge vs. one
kind of gravitational charge (denoted as g-charge), that leads to that attractive/repulsive
electric force vs. attractive gravitation force. The significant differences are in three aspects.

Firstly, the difference in forces: The Coulomb’s forces are either attractive or repulsive, while
conventional gravity force is only attractive. However, this understanding of gravitational force
was changed. In 1998, scientists reported that the universe is expended with acceleration [6-
8], even the acceleration is accelerating, which indicates the existence of repulsive gravitational
force. Astronomers invoke dark energy for this repulsive force that creates a constant
acceleration.
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An effective dynamic model for explaining the accelerated expansion of the universe was
proposed [9]. The model is based on a hypothesis of the existence of the negative g-charges.
The results of this model contain those of the dark energy models and consistent with the
observations. Moreover, an alternative physical interpretation of the cosmological constant is
that it is equivalent to the negative g-charges as a source of gravitational fields.

This interpretation avoids the fine-tuning problem of the cosmological constant.

We suggest that the accelerated expansion of the normal universe is observational evidence of
the existence of the negative g-charges. On the other hand, this model predicts that a sub-
universe filled with negative g-charges is accelerated collapse and thus, that the equation of
state and the acceleration of the expansion of the universe are time dependent, namely the
acceleration of the expansion of the universe is accelerating, called jerking.

Although GR is now a hundred-year-old theory, it remains a powerful and controversial idea in
cosmology. It is one of the basic assumptions behind the current cosmological model: a model
that is both very successful in matching observations but implies the existence of both dark
matter and dark energy. These indicates that our understanding of gravity is incomplete. We
likely need a new profound idea to explain these mysteries and require more powerful
observations and experiments to light the path toward our new insights.

Secondly, the difference in charges: There are positive and negative e-charges in EM, while
in gravity only one positive gravitational mass. To establish a perfect duality between the
Coulomb’s law and Newton’s law, we need the concept of g-charge. The positive g-charge,

Qg+ = ++/Gm, was introduced [10]. After the discovery of the accelerating universe, the repel

force emerged. We proposed that the origin of the repulsive force is gravity, and introduced the
concept of negative g-charge [11] to explain the universe expansion.

Before introducing negative g-charge into the theories of gravity, let’s postulate two
hypotheses:

Hypothesis 1: An object having rest mass, my > 0(mg = [ pmo d3x), may carry either positive
or negative g-charge defined as,

Qg+ = +v/Gm,, Pg+ = +VGppmo, (4.1)
Qg- = —VGm,,  pg_ = —VGppo. (4.2)
Eq. (4.1) and Eq. (4.2) can be combined as,

Qg+ = £VGmy, Pgr = £VGpmo. (4.3)

QgNet = Qg+ + Qg—: PgNet = Pg+ T Pg—- (4.4)
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Where “G” is the Newton constant; the quantities with subscript “+”, “=”, “+” and “Net” are
related with positive, negative, either positive or negative, and Net g-charges, respectively.

When one kind of g-charges is defined as positive, then g-charges that repels it is defined as
negative. For convenience, let’s define the g-charges carried by the ordinary matters in the
universe as the positive g-charges.

The existence of negative g-charge has been justified at quantum level [3].

Thirdly, Duality: When one converts e-charge Q. to negative g-charge (—Q,), and the electric

field strength E to the Newton gravitational field strength g, then the Coulomb’s field equation
converts to Newton's field equation, and vice versa. However, duality between force laws is
different, one needs to converts e-charge Q. to g-charge, Qg, and the electric field strength E

converted to the Newton gravitational field strength g, then the Coulomb’s force law converts
to Newton'’s force law, and vice versa.

We propose a positive/negative g-charge conjugation, which leads to:

Hypothesis 2: the laws governing gravitational interaction generated respectively by positive
and negative gcharges have the same form.

By analogy to e-charge conjugation, the g-charge conjugation is that under transformation of g-
charge conjugation, gravitation laws are unchanged. Repulsive gravity then exists, since that
would imply the existence of g-charges with opposite sign.

Interaction between Positive and Negative g-Charges
According to Hypothesis 2, the Newton’s law,

8+ = Qg = —V/Gmyy, (4.5)

v -
F, dg+8+/ (4.6)

is extended for the negative g-charge as,

Vg =-Q =VGmgy, (4.7)
Fo = qg-g-, (4.8)

Combining Eq. (4.5) and Eq. (4.7) leads to the extended-Newton’s law,

V-g=-Qg (4.9)
Fi = Qgi8 (4.10)
Where,

g8 =8+ + 8- (4.11)
Qg = Qg+ + Qg—- (4.12)
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Qg+ /Qq-. and qg4/qg-. are g-charges of source and test-object respectively. Accordingly, two
“negative gcharges” attract each other in the same way that two “positive g-charge” do, while a
negative g-charge and a positive g-charge repel each other.

Now the Extended-Newton's law, Eq. (4.9), is perfect dual to the Coulomb’s law. Thus, following
the same procedure, we can apply UMFT and the Extended-Newton’s law to derive vector field
equations for gravitational fields, with moving sources.

For a point g-charge as a source, the solutions of Eq. (4.5), Eq. (4.7) and Eq. (4.9) are
respectively,

Qat «

g.=—51 (4.13)
Qe

g_= —rizr, (4.14)

g= —%fn (4.15)

Where t is the unit vector and points radially outward.

N4/ s N \.;/ X
ZEaN 24N ZEAN
Fig. 4.1. Field line of Qg , Fig.4.2.Field line of Q;_ Fig. 4.3: two positive g-charges are attractive

to each other

The field lines of gravitational fields, g, and g_, are shown in Fig. 4.1 and Fig. 4.2, respectively
[12].

Thus, two positive g-charges are attractive to each other (Fig. 4.3):

Qg+
Fi = Qg8+ = Qg+(_riz+r)- (4.16)

Two negative g-charges are attractive to each other (Fig. 4.4):

Qg-
F_=qg8-= Qg—(_ir)- (4.17)

r2

Fig. 4.4: two negative g-charges are attractive to each other
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F \/F
e

Fig. 4.5: A positive and a negative g-charges repel each other

A positive and a negative g-charges repel to each other (Fig. 4.5):

Qg- 4

Fo = Qg8 = dgs (-5 F) (4.18)
Qg+ o

F_= qg-8+= qg—(_ri;r)- (4.19)

Indirect Evidence of Negative g-Charges: Accelerating and Jerking Expansion of Universe:
Extended-Newton’s Theory with Negative g-Charges:

It has been shown that, by introducing negative g-charge, the Extended-Newton’s theory and
Extended Einstein’s equation can explain the accelerated expansion of the Universe and predict
that the acceleration of universe is accelerating, which distinguishes negative g-charge model
from that of dark energy model and cosmology constant model.

Let’s assume that objects in our Universe: (1) have positive mass; (2) carry either positive or
negative gcharges, and form positive or negative sub-Universe, respectively.

Fig. 4.6: Accelerating Expansion of Universe

Let’s consider gravitational fields of a spherical distribution (Fig. 4.6) of mixed negative and
positive gcharges. Eq. (4.9) gives

Vg =~VGlpmo+ (1) = pmo—(r, )]. (4.20)
Where pg_ = —\/Epmo_ andpg, = \/Epm0+ are negative g-charge density and positive g-charge
density respectively. And pp,o-(> 0) and ppo+(> 0) are the mass densities of objects with
negative g-charge in negative sub-Universe and with positive g-charge in positive sub-Universe,

respectively.

Eq. (4.19) gives the gravitational field at r,
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g — \/af[pmo_{_ (r't)_Pmo_(r't)]d3X- f. (4.2 1)

r2

For uniform distribution of positive and negative sub-Universes, the gravitational field g at r is,

g=—Clp 0 (©—pp O] (422)

The motion of a non-relativistic object carrying positive g-charge at a given r is described by
Eq. (4.6).

Substituting Eq. (4.15) into Eq. (4.6), we obtain

1d?r 4mG 4TG
“37 = 3 Pmor O+ =P (O (4.23)

To solve Eq. (4.23), we consider three different situations:

First situation: p,,o, > pmo—, EQ. (4.23) yields,

1d? 4TG
— = [P (© =, (D] <0, (4.24)

Which implies that the positive (negative) sub-Universe is in accelerated collapse (expansion).

Second situation: p,o_ = pnos, & = 0, Eq. (4.23) yields,

1d? 4G
— = [Pro (© = P, (D] = 0. (4.25)

This case corresponds to static positive and negative sub-Universes.

Third situation: p,o— > pmo+, We obtain

g =1, () = p0, O] > 0. (4.26)

For a non-relativistic object of positive g-charge, Eq. (4.23) give,

1d? 4mG
— = [Po- (0 = P V] > 0. (4.27)

This result agrees with observation data of the accelerating expansion of the Universe, without
needing of negative pressure and cosmological constant. Eq. (4.26) and Eq. (4.27) implies that
an object carrying positive gcharge is pushed away from the distribution with acceleration, i.e.,
the negative g-charge provides physics mechanism for the accelerating expansion of positive
sub-Universe.
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For a non-relativistic object of negative g-charge, for the third situation, Eq. (4.23) and Eq.
(4.26) give,

1d%r 4TIG
== T3 P (t)+—pm+(t) <0. (4.28)

Eq. (4.28) implies that an object carrying negative g-charge is attracted toward to the
distribution, which leads to the accelerated collapse of the negative sub-Universe.

The mass density, ppmo., of objects carrying positive g-charges in the ball of radius r decreases
continuously, while the mass density, p,o_, of objects carrying negative g-charges in the ball of
radius r increase continuously. As the consequence, the gravitational field g, decreases and the
gravitational field g_increases. The net effects of the combination of decreasing gravitational
field g, and increasing gravitational field g_, is that the acceleration of the expansion of objects
with positive g-charge is increase, namely the acceleration of the expanded regular observed
Universe is accelerating, so we have a jerking universe,

1d’r _ 4mG [dpm— (t) dpm+(t)
rdt3 3 dt

] > 0. (4.29)

Eqg. (4.20) to Eq. (4.29) form a dynamical model that explains the accelerated expansion of our
observed positive sub-Universe and predict that the acceleration is increase with time, which
may distinguish negative gcharge model from dark energy/cosmological constant model.

We argue that this dynamical model plays a role of indirect evidence of existence of negative g-
charge.

Extended-Einstein’s Theory (GR) with Negative g-Charges:

It has been shown that, similar to the dark energy or Einstein’s cosmology constant A, the
negative gcharges can naturally explain the accelerating expansion of the universe. Moreover,
the negative g-charges can resolve the fine-tuning problem encountered by Einstein’s
cosmology constant A when explaining the accelerating expansion of the universe.

Einstein’s equation,
RWV — ZghVR = 22, (4.30)

describes spacetime, R"Y, curved by sources, TV, of only positive gravitation mass.

Introducing the concept of g-charge, for a system containing positive g-charges only, Einstein’s
equation,

Eq. (4.30) can be rewritten as,

81'[\/_

RY —~gi'R, = T”V (4.31)
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Writing Einstein’s equation in this form, Eq. (4.31), gives us an indication how to generalize
Einstein’s theory to describe spacetime curved by negative g-charge. For this aim, based on
Hypothesis 2, we generalize Einstein’s theory to contain additional equations having the same
form as that of Eq. (4.31) to describe spacetime curved either by negative g-charge alone or by
a combination of positive and negative g-charges.

For source(s) carrying negative g-charge, T'Y, we propose Einstein-type equation,

= TG phy (4.32)

uv __ puv
RE . g R_
It is obvious that the Einstein’s equations, Eq. (4.31) and Einstein-type equation, Eq. (4.32),

have g-Charge conjugation. Note objects having positive mass, T:l‘i, might carry either positive
T;f or negative T;_V .

We postulate that for a source of two-compound system, by analogy to electrodynamics, its
gravitational field should be determined by net g-charges. In geometric term, even there are
positive and negative g-charges, spacetime is still described by one metric. Next let’s consider
a two-compound system containing first and second kinds of object(s). The former has positive
energy-momentum pseudo-tensor T} and carrying positive g-charge T;f ; the latter has

positive energy-momentum pseudo-tensor T,"'; and carrying negative g-charge Tg_v

To describe this two-compound system, we propose Extended-Einstein equation,

1 8mVG sm/_
Riet — zgrp;ZtRnet ct T;Ket (T = T3). (4.33)
Where,

Tynet = Tor + T, oY = +VGTY, TyY = —VGT;™.

gne

There are also three situations:
(1) T;f > T,”, spacetime Ri,is the same as RY, thus Eq. (4.33) can be written as

RY — 1g“VR+ — BnG (T -, (4.34)
(2) T;f < T, spacetlme RhY. is the same as R, thus Eq. (4.33) can be written as
REV — ZgiVR_ = — 22 (14" — 1), (4.35)

(3) T;V =Ty, spacetlme is flat Minkowski spacetime.

Now let’s apply the Extended-Einstein equation to explain the accelerated expansion of
Universe. Assume that there are negative g-charge and positive g-charges in Universe, the
former forms negative sub-Universe, and the latter forms positive sub-Universe. Eq. (4.33)
gives
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Rh%, — 5 8hecRner = 8TVG (TH + T2, (4.36)
Applying the FRW metric,
ds? = —dt? + a%(t) [ s+ 12(d0% + sin?0d4?| (4.37)

where a(t) is the scale factor; K is a constant. Substituting Eq. (4.37) into Eq. (4.36), we obtain

gz 411\/— [( Pg+ +3pg+) (pg_ + 3pg—)]) (4.38)

and Hubble parameter,

H2 = (3)" =220y, — )] - 5 (439)

a

In the case of 3pg+ < pg+and 3pg_ K pys then we obtain,

2 = — 2 [t () — pra-(D]. (4.40)

Where pg, and p,_ are the pressures due to the positive and negative g-charges respectively.
Eq. (4.40) implies that for pg_ > pg,, the positive g-charges carried by regular objects will be
repelled away. With negative g-charge, the Extended-Einstein equation can explain the
accelerated expansion of the universe without the need of either “negative pressure” or “dark
energy” or the cosmological constant that has issue of fine-turn.

pm ®

As in Extended-Newton’s law, the density of negative g-charge is increasing, > 0, and

dpm—-(®

the density of positive g-charge is decreasing, < 0, therefore the acceleratlon of the

expansion of the universe is increasing with time, i.e., the universe is a jerking universe,

1d3a _ 4mG [dp,_ () dp . (©
adtd 3 dt dt

>0 (4.41)

To compare with Hubble’s Constance, H, we calculate the velocity,

Gom_
fzf'r‘dt =p3—mfr(t)dt

=E=%Jr(t)dt

. Gpm_ G _ 1Gp._ 2
H= pm = pm f r(t)dt = GPm ——[ P fr(t)dt] .
3 r2l 3

then
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To summarize, by introducing the negative g-charge, both Extended-Newton’s theory and
Extended-Einstein’s theory can explain the acceleration of the expansion of the universe and
predict the jerking universe.

Thus, we argue that the accelerating expansion of the universe is indirect evidence of the
existence of negative g-charge.

Extended-Dirac Sea: Negative g-Charge Carrier:

In order to explain the negative energy states, Dirac introduced the concept of Dirac Sea. An
interpretation is that the positive operators add a positive energy particle and the negative
operators annihilate a positive energy particle. Now we generalize this concept to include the
g-charges, we denote it as the Extended-Dirac Sea, which states that the positive operator adds
a positive rest mass particle and the negative operator annihilates a positive rest mass particle,
i.e.,, Extended-Dirac Sea exchanges g-charges with particles during the processes of creation and
annihilation.

An example: let’s consider electron-positron annihilation,
e +et >y +y.

We divide this process into 3 separate processes relating with mass/energy, e-charge, and g-
charge, correspondingly,

Melectron T Mpositron > ¥ + ¥
Q. + Q¢ — Extended — Dirac Seay, (4.42a)
Qg + Qf — Extended — Dirac Sea

where Mejectrons Qe » Qg » and Mpggitron, Qe , Qg , are the rest mass, e-charge, and g-charge of
electron and positron, respectively. In this process,
(1) Electron carries positive g-charge, while positron carries negative g-charge, such that
the net g-charge is zero;
(2) the electrons and positron’s rest masses convert to radiation energy of gamma ray;
(3) their negative and positive e-charges transport to and store in
(4) Extended-Dirac Sea;
(5) their negative and positive g-charges transport to and store in Extended-Dirac Sea,
which implies that the gcharge and inertial rest mass are two different entities.

Another example: the process of the creation of electron-positron pair, which is expressed as
Yy > e + e,

We divide this process into 3 separate processes,
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Y = Melectron T My ositron
Extended — Dirac Sea —» Qg + Qf }. (4.42b)
Extended — Dirac Sea —» Qg + Qf

The gamma ray’s energy converts to electron and positron’s rest masses, respectively. The
created electron and positron gain e-charge and g-charges from Extended-Dirac Sea,
respectively.

Maxwell-type Gravity (Gravito-Electromagnetics or Gravito-EM): Vector Theory
Introduction:

Historically, based on the similarity between the Coulomb’s and Newton'’s laws and, by close
analogy to electromagnetism (EM), Maxwell, Heaviside and others proposed the vector theory
of gravity which has the form same to that of EM without either mathematical derivation or
experimental confirmation, as earlier as year 1865 [13-19] after Maxwell’s theory was
proposed (1861). However, they stopped further investigation, because they concluded that
there was an issue that the potential energy density of static Newtonian gravitational field was
negative. In spite of the issue, many scientists still work along this line [20-24].

In 1905, SR was established, which predicted that the inertial mass is a function of velocity,
Mypertial = YMp-

. 1,
Where m is the rest mass, y = J?Z/Czls the Lorentz factor.

Now those vector theories faced another issue that is related with none-complying with SR.

According to the Weak Equivalence Principle (WEP), the gravitational mass, mg, is equal to the
inertial mass, mjpertian

Mg = Mipertial= Ymg.

The gravitational mass “current” of a point g-charge has the form,

jg = mgv=ymgv.

Therefore, the gravitational mass density and the gravitational current density cannot
construct a four-current. Namely, unlike Electromagnetic theory in which e-charge Q. is a
constant and j.Q.V, those vector theories of gravity do not satisfy Lorentz transformation.

Based on the Original Weak Equivalent Principle (Original-WEP), the U (1) gauge theory of
gravity is proposed [25], which is consistent with Gravito-EM. As a vector field theory, Gravito-
EM therefore needs to address:

(1) the negative energy issue and

(2) the lack of Lorentz invariance issue.
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Indeed, it has been shown that the exchanged energy of gravitation fields is always positive, i.e.,
transported energy in and out of gravitation field is always positive [12]. Therefore, the total
energy of gravitation fields being defined as either negative or positive is only a matter of
bookkeeping. The energy issue of the vector field theory of gravity is addressed. There is no
negative energy issue in Gravito-EM.

On the other hand, theory of gravity should inevitable contain magnetic-type gravitation.
Actually, in 1983 [26], Einstein’s equation has been written in Maxwell-type form with second
rank tensor fields,

VA
62}; — —(TH 4 tv), (4.43)
Gap.v,)\_l_ Gocvk,p.‘ + GOO\[J.,V =0, (444)

where t"" is non-linear term represent self-interaction of gravitation field.

Following EM, scalar potential, Vg /g, vector potential, Ag /g, field strengths, ggr, and Bg/gror
G%% and G, were introduced,

Vg/Gr = h (4.45)
Alg/cr = h Ag/cr = (A A% AY, (4.46)
GOl = lg]/GR AJI/GR’ (4.47)
and

8GR — (gGR'gGRrgGR)rgi%R = G, (4.48)
Bg/GR = (Bg/GRr g/GR Bg/GR)' (4.49)
Bg/GR =V X Ag/GRf (450)
Bg/GR = G923, Bg/ = G Bg/ = G%12, (4.51)

For the situation of slow motion of a point source, ignore non-linear terms,

To'o ~ Py (4.52)
TO ~ pgvl, (4.53)
TV ~ 0

Egs. (4.43) and (4.44) give

V8 = —Pg (4.54)
V X Bycr = V(V - gr) + 2, (4.55)
VXgew=-v(- Bg) —633%, (4.56)
V: Bgcr = 0, (4.57)
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The subscript “GR” represents the quantities related with “General Relativity”, which will
distinguish above equations from the Maxwell-type Gravito-EM. Eq. (4.57) indicates that,
mathematically, there is no Gravitomagnetic monopole charge in GR of gravity.

Many effects of magnetic-type gravitational field have been proposed [27-33]. The Lense-
thirring effect [32] has been explained as the effect of magnetic-type g-field of the rotating
Earth, and the positive results have been obtained experimentally [33]. Most significant result
is that the gravitational wave, denoted as G-Wave, is detected [34,35]. We argue that,
theoretically, the detection of G-Wave indicates the existence of time varying gravito-magnetic
fields [36], just as “electromagnetic wave is equivalent to time varying magnetic field”.
Experimentally, gravito-magnetic field exists.

Gravito-EM Field Equations:
Let’s derive Gravito-EM. Starting from UMFT, Eq. (2.12),

$(v x G)-dl+ = [[G-ds=[[[V(V-G) + 32~ G(V-V) + (G- V)v| - ds. (2.12)

where G can be any vector or axial vector. Following what we did in section 3, let G = g, then
Eq. (2.12) gives Extended-Ampere-Maxwell-type Gravito-magnetic field equation,

$(v x g d+ %ffg-ds=ff[v(V-g)+%—g(V-v)+(g-V)v]-ds. (4.58)

The gravito-magnetic field equation, Eq. (4.58), is type-1 dual to the extended-Ampere-Maxwell
equation,

$ (v x E)-dl+%ffE-ds=f_f[v(V-E)+%—E(V-v)+(E-V)v]-ds. (3.12)

Namely when we convert between g and E, g < E, gravitation Eq. (4.58) converts to EM Eq.
(3.12), and vice versa.

Next let’s start from the Faraday-type UMFT, Eq. (2.20),
d oM
$(vx M)-dl+= [[M-ds= ff[v(V-M)+E—M(V-v)+(M-V)v]-ds (2.20)
Let the M field is a gravito-magnetic field Bg, M = By, Eq. (2.20) gives,
d B
§ — (vx By).dl+ 5 [[By-ds == [[[v(V-By) + S~ By(V-v) + (Bg- V)v|-ds  (4.59)

The Faraday-type gravitation field equation, Eq. (4.59), is type-1 dual to the extended-Faraday
EM equation, Eq. (3.1),
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§—(vxB)-dl—-[[B-ds=—[[[v(V-B) + 3~ B(V-v) + (B-V)v|-ds (3.1)

When we convert between Bgand B, B, < B, gravitation Eq. (4.59) converts to EM Eq. (3.1),
and vice versa.

Eq. (2.9) gives mathematically,
V-Bg =0, (4.60)
Which is the type-1 dual to Eq. (3.2).

We have shown that the Extended-Newton’s law, Newton'’s force law, Eq. (4.58), Eq. (4.59) and
Eqg. (4.60) are mathematical type-1 duals of Coulomb’s law, Coulomb’s force law, Eq. (3.12), Eq.
(3.1) and Eq. (3.2) respectively. Also Eq. (3.12) and Eq. (3.1) are identical to Eq. (3.14) and Eg.
(3.7) respectively.

By transferring law of dualities, mathematical duality can be transferred to physical duality,
thus by transferring E & gand B < By, the Extended-Maxwell equations, Eq. (3.14), Eq.
(3.7) and Eq. (3.25), convert to Gravito-EM equations, Eq. (4.62) and Eq. (4.63) and Eq. (4.65)
respectively, denoted as the ExtendedGravito-EM equations,

Vg = —pg (4.61)
VX Bg=v(V-g) +%—g(V V) + (g8 V), (4.62)
Vxg=—v(V:By)—2E—By(V- V) + (B - V), (4.63)
V By =0, (4.64)
F = qg8 + qgv X By, (4.65)

where g and By are the Extended-Newton gravitational field and magnetic-type gravitational
field respectively, and

8 = 8vector + 8axial-vectors (4-66)
V-8 =V" gyector (4.67)
V X g =V X gaxial-vector- (4.68)
B; = Bg/axial—vector' (4.69)
V- Bg =V Bg/axial—vector =0, (4.70)
V X Bg =V X Bg/axial—vector- (4.71)

Therefore, it is §axial-vector that is type-2 dual to Bg_,yjal-vector The 8yectoriS the regular vector
Newton gravitational field.

Note Gravito-EM field equations, Eq. (4.61) to Eq. (4.65), need empirical confirmation. The
Extended Newton’s field described by Eq. (4.61) contain two parts, vector field and axial vector
field, Eq. (4.66).
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The interpretations of terms of the right-hand side of Eq. (4.62) are,
(1) The term, g(V - v), describes stretching of the g field due to source velocity

compressibility;
(2) The term, (g - V)v, describes the stretching or tilting of the g field due to the velocity
gradients.

(3) Extended-Ampare-Maxwell-type gravitational law, Eq. (4.62), predicts that the
spatially-varying velocity, such as particles distributing and moving in space, terms g(V
- v) and (g - V)v create axial vector By fields.

(4) To detect the effects of the terms, g(V - v) and (g - V)v, will confirm whether Extended-
Maxwell-type gravitation equations are correct.

Similarly, the interpretations of terms of the right-hand side of Eq. (4.63) are,
(1) The term, Bg(V - v), describes stretching of the B, field due to source velocity
compressibility;
(2) The term, (Bg - V)v, describes the stretching or tilting of the By field due to the velocity

gradients.
(3) Extended-Faraday-type gravitational law, Eq. (4.63), predicts that the spatially-varying
velocity, such as particles distributing and moving in space, terms Bg(V - v) and (B -

V) v induce axial vector g fields.
(4) To detect the effects of the terms, Bg(V - v) and (Bg - V) v, will confirm whether

Extended-Maxwell-type gravitation equations are correct.
For non-spatially-dependent velocity,
V-v)=(g V)v=>Bg  V)v =0,

the Extended-Gravito-EM (Eq. (4.61) to Eq. (4.64)) is simplified to Gravito-EM as

V-g= —pg (4.61)

VxBy=v(V-g +% (4.72)
JB

Vxg=-v(V-B -—% (4.73)

V-Bg = 0. (4.64)

Due to the duality between EM equation and Gravito-EM equation, the Gravito-EM field
strengths can be expressed in terms of scalar and vector potentials,

0A
= —VV, — = (4.75)

Bg =V X Ag, (4.74)
g ot '’

Type-1 Duality between Field Equations of Positive and Negative g-Charges:

Due to the positive and negative g-charge conjugate, the Gravito-EM equations derived above
can be applied to Gravito-EM fields created by either positive g-charge/g-current or negative
g-charges/g-current with the same forms:
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V- 8: = —Pgss (4.76)
VX By =v(V-g)+ E- @) -V+(@s WV, (4.77)
V x gy = —v(V:Bgy) — “E + (B, )(V-v) — (Bgs V)V, (4.78)
V- By =0, (4.79)
F = ()82 + (ag)(v X By), (4:80)
F = (qg—)gi + (qg—)(v X Bgi)' (4.81)

where g+ and B+ are the Extended-Newton gravitational field and magnetic-type gravitational
field created by either positive or negative g-charge and either positive or negative g-current
respectively. We have

8+ = 8+/vector + 8+ /axial-vector (4.82)
V.81 =V " 8i/ector (4.83)
VXge=VX 8+ /axial-vector- (4.84)
BgJ_r = 8 +/axial-vector’ (485)
V- Bgi = ' Bg +/axial-vector = O’ (486)
vV X Bgi =V X Bg +/axial-vector" (487)
By, = V X Agy, (4.88)
0A
g+ = VWi ——2 (4.89)

Therefore, it iS 8+ /axial-vector that is type-2 dual to By, . The g, /yectoris the vector Newton
gravitational field.

For the situations of non-spatially-varying velocity, the extended-Gravito-EM equation become

V-8 = —08+ (4.90)
VX By = v(V - gy) +%E, (4.91)
Vxgy=-v(V By)- T (4.92)
V- Bg = 0. (4.93)

For simplicity, hereafter, we will drop the subscript sign “+”.

Type-2 Duality between Newton gravitation and magnetic-type gravitational Fields:

Based on the Transfer Rules of Section 1.2, there is a duality between Eq. (4.91) and Eq. (4.92),
i.e., under transformation g & Bg and Bg < —g, Eq. (4.91) and Eq. (4.92) convert to each other.
With distinguishable feature of “type-1 duality” and “type-2 duality”, the duality between
induced gravitational field determined by the Faraday-type gravitational law, Eq. (4.92), and
magnetic-type gravitational field determined by AmpereMaxwell-type gravitational equation,
Eq. (4.91), is actually a type-2 duality, as well as Eq. (4.77) and Eq. (4.78). UMFT provides the
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mathematical origin of the type-2 duality between axial vector induced gravitational field and
magnetic-type axial vector gravitational field.

Type-1 Duality between EM and Gravito-EM
So far, we have encountered and proposed several dualities:
(1) positive and negative e-charges Conjugate;
(2) positive and negative g-charges conjugate (proposed);
(3) duality between e-charge and g-charge;
(4) duality between Coulomb’s law and Newton’s law, which is perfect after introducing
duality (3);
(5) duality between EM and Gravito-EM (proposed based on UMFT and duality (3).

Based on the above dualities, the phenomena in EM, such as wave, quantization,
renormalization and unification, can be transferred into Gravito-EM directly without complex

calculation.

Table 4.2. Significant Different between Theories of Gravity

Field equation Source Four-current
EM ord® Qe: Q. is invariant it = (Per je)
axB _]e
Gravito-EM apgf . Qg+ = +VGmy: J'Ei = (Pg+r Jgt)
oxf - et my: rest mass. Qg is invariant
Linearized GR aGgB“ o mg = ymg No
ox™ &
Other vector | gp*P mg = ymy: No
. g o
theories = —mgU
oxP

Type-1 Duality between EM and Gravito-EM allows us to transfer the phenomena in EM directly
to Gravito-EM. In the following sections, we present those phenomena of gravity.

Origin of Differences between Newton Field and Gravito-Magnetic Field:
A magnetic-type gravitational field is completely different from a Newton field in the following
senses:

(1) sources: “g-charge” vs. “g-current”;

(2) way the fields are generated: “V - g" vs. “V X Bg";

(3) nature of fields: “vector field g” vs. “axial vector field Bg";

(4) forces acting on a test g-charge: “qgg8" vs. “qgv X Bg".

The origin of those differences is the same as that of differences between Coulomb electric field
and magnetic field. All of above-mentioned differences between Newton field and magnetic-
type gravitation field have a mathematical origin that is Eq. (2.1).

Gravito-EM shows that gravity is a local physical field like the EM field and thus, is quantizable
and renormalizable [3].
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Moreover, Gravito-EM have the same form as that of linearized GR, Eq. (4.54) to Eq. (4.57),
which implies that all of results of linearized GR can also be obtained from Gravito-EM,
including gravitation wave (G-Wave). The existences of time-varying-gravito-magnetic field
and G-Wave are equivalent. So now, there are either magnetic or magnetic-type fields in all of
four interactions in nature.

Equation of Continuity:
G-Current Creating Gravito-Magnetic Field:
Utilizing Newton’s law,V - g = —pyg, let’s define a “current”, Jv-B, that generates magnetic-

type gravitational field B,
j-p, = —PgV — (V- V) + (g8 V)V. (4.94)

Where the subscripts “v — Bg" represent the quantity generating the gravit-magnetic field Bg.
Then Eq. (4.62) becomes,

V X By = ju_p, +2. (4.95)

The current Jv-Bg- satisfies the equation of continuity,

. A(.g)
V  jug, + atg = 0. (4.96)

For the situation of the non-spatially-varying velocity,g(V - v) = (g - V)v = 0, we have
iv—Bg = —PgV. (4.97)

Extended-Ampere-Maxwell-type gravitational equation, Eq. (4.62), becomes the Ampere-
Maxwell-type gravitational law,

— : g
VXBy=v(V- g+ (4.98)

The Ampere-Maxwell-type gravitation law Eq. (4.98) provides a mathematical origin of why
and how e-current, p,v, and displacement-current, %, create inevitably gravito-magnetic fields.

G-Current Creating Induced Gravito-Electric Field:
Let’s define a “current” generating induced gravitation field, as

jyug = V(V - By — Bg(V-v) +(Bg - V) v. (4.99)

Where the subscripts “v-g” represent the quantity generating the induced axial vector
gravitational field.

Then Extended-Faraday-type gravitational law, Eq. (4.63), may be rewritten as,
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) B
VXg=—jy_g— 6_tg (4.100)

Eq. (4.100) shows the equation of continuity as

v-jv_g+$= 0. (4.101)

For the situation in which, the velocity is non-spatially-varying, i.e,, Bg(V-v) = (Bg- V) v = 0,
Extended-Faraday-type gravitation law, Eq. (4.100), becomes,

98,

Vxg=-— (4.102)
where the g field is an axial vector field and
V-Bg =0, jy_g = 0. (4.103)

Gravito-Magnetic Field of Steady g-Current

Gravito-magnetic Field Line:

The gravito-magnetic field lines of a steady g-current are determined by Eq. (4.72), which can
be written as the following,

Be = By, + By,

V X Bgy = —PgsV = —Pmo+V, (4.104)
V X Bg_ = —pg_V = —Pmo-V, (4.105)

where ppo- > 0,pmos+ > O.

Figure. 4.7: “The left-hand rule” for gravito-magnetic field B,

To determine the directions of the steady positive g-current and its gravito-magnetic field, Eq.
(4.104) indicates to use “the left-hand rule”. Similarly, Eq. (4. 105) requires to apply the “left-
hand rule” on determining the gravito-magnetic field line of a negative g-current. The “left-hand
rule” states: if one’s thumb of left-hand points to the direction of a g-current, for example a
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positive g-current, the fingers point to the direction of the gravito-magnetic field, say By, (Fig.
4.7).

Interaction between Two Steady g-Currents:
Two positive g-currents I, in same directions repel to each other (Fig. 4.8). Two positive g-

currents I, in opposite directions attract to each other (Fig. 4.9).

Ig+ g+ lg+ I+
| — —> |
F F F F

Fig. 4.8 Fig. 4.9

Two negative g-currents I_ in same directions repel to each other (Fig. 4.10). Two negative g-
currents I_ in opposite directions attract to each other (Fig. 4.11).

- Ig- lg- g
¢ | — = &
F F F F
Fig. 4.10 Fig. 4.11

A negative g-currentl;_and a positive g-current I, in same directions attract to each other
(Fig. 4.12). A negative g-current and a positive g-current in opposite directions repel to each
other (Fig. 4.13).

I+ I, Ig- Iy

— g1  ¢— —>
F F F F

Fig. 4.12 Fig. 4.13

Rotation Curve: Dark Matter
Considering a spiral galaxy with a rotation symmetry. The rotating motion of the galaxy
generates a gravitomagnetic field Bg. A moving star with g-charge, q,, at a radius R to the center

of the galaxy, will experience a Lorentz-type gravitational force,
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. : . GM . .
which consists of two parts, the Newtonian force, g = %, and the gravito-magnetic force and
v LBy, both have the same direction.

The Lorentz-type force keeps the star moves around the center of the galaxy,

vZ _ GM
R R?
or

+VGvBy, (4.106)

v2 — (VGBgR)v — 33 = 0, (4.107)

where M(R) is the mass interior to the radius R, By is determined by the model of distribution
of stars in the galaxy.

Extended-Virial Theorem in EM and Gravito-Magnetics Field
Let’s review the concept and then extend the virial theorem to include Gravito-magnetic field.

“w__

The scalar momentum of inertial I of a system containing “n” particles is,

[ = Y0, myrg, (4.108)
The “G” is defined as,

G = Yk=1Px T (4.109)

Taking time derivatives of Eq. (4.108) and Eq. (4.109), respectively,

%: 250, my S = 26, (4.110)
= 2T+3h, e (4.111)
T =50, mv?y (4.112)
Fo= YL, Fy (4.113)

Where my, ry, v and py are the mass, position, velocity and momentum of the kth particle
respectively. The Fjy is the force of the particle j acting on the particle k. The Fy is the total force
acting on the kth particle. The “T” is the total kinetic energy of the system, which is the common
notation in the virial theorem, and is represented as the K.

In the situation of equilibrium of a system consisting of equal mass particles with spherical
distribution, the virial theorem states that

2T + Wy = 0, (4.114)
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where Wy is the total potential energy of the Newton’s gravitational field. Then, for the
situation of presence of magnetic field, it has been extended to include the energy of heat and
the total energy of the magnetic field [37,38], as,

2T 4+ 3(y = DWhear + Wg + Wy = 0, (4.115)

where y is the ration of the specific heat, W},¢, and Wy are the heat energy and the total energy
of the magnetic field, respectively.

Note based on Gravito-EM, the total potential energy of the static gravitational field can be
represented in terms of field strength g as

1
Wgn =3 [ g?dr.

Now, with the presence of Gravito-magnetic field, we propose to extend the virial theorem, Eq.
(4.114), as,

2T +Wg/N + WBg = 0, (4116)

Where,

is the total energy of the gravito-magnetic field.

Moreover extending Eq. (4.115) to include the total energy of gravito-magnetic field, we obtain
the extended-virial theorem

2T + 3(y — DWhear + Wa + Wp, + Won = 0, (4.117)

To get a taste of how to apply the virial theorem of Gravito-EM to build a modified rotation
curve, let’s consider a simplest situation, for which, Eq. (4.117) only have gravitation related
terms,

2T + Wp, + Wy = 0. (4.118)

Poynting-type Theorem in Gravito-EM

Let’s consider g-charges moving with velocity )); v; and interacting with gravito-electric and
gravitomagnetic fields. The gravitational field changes the kinematic energy of g-charges, i.e.,
does the work, so decrease its field energy. The change of the kinetic energy K, of g-charges is
negative of the work done by the gravitational field, which implies that the increase of
kinematic energy of g-charges is equal to the decrease of gravitational field energy,

dK,N = —F - d. (4.119)
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Substituting Gravito-Lorentz-type force, then

F-dl = qu(g+ Vv XxBy) vdt = q,g-vdt = —[ (g-]Jp)drdt,

¥ = [(g-],)dr. (4.120)

where dl = vdt, q; = | pedtand Jg = — peV.

Substituting, VX By = J5 + 2—'%— g(V-v) + (g - V)v,we obtain

g Jg=g (VxBy)—g L+g%(V-v)—g-[(g V)] (4.121)
The formula of vector analysis gives

g (Vx Bg)E B, - (ng)—V-(ngg)

SubstitutingVx g = — % + Bg(V-v) — [(Bg - V)v] , into it, we obtain,

_ 10Bg?

g - (V x Bg) = —2—5-BZ(V-V) — By [(Bg - V)v] = V- (g x By). (4.122)

Substituting Eq. (4.122) into Eq. (4.121), we obtain

80 =~ 12 (B + 8) = V- (8 By) + (B} +8)(V-¥) — By [(By WV — g-[(g- )V
(4.123)

Substituting Eq. (4.123) into Eq. (4.120), we derived the extended-Poynting-type theorem of

gravity,

T —% — §Sg.da+ [ {(B} +82)(V-v) — By [(Bg- V)v] — g [(g- V)v]}dr, (4.124)

Where the Poynting’s vector S is defined as,
S = g X By (4.125)

For the special situation of non-spatially-varying velocity, V- v = (Bg . V)v = (g-V)v= 0,the
extended-Poynting-type theorem simplifies to the Poynting-type theorem of gravity.

dK dw,
=t S, - da : (4.126)

K, is the kinetic energy of all of the g-charges in the volume V. The S, is the gravitational
counterpart of the Poynting vector in EM.
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We interpret Eq. (4.126) as, the increase of the kinetic energy of all of the g-charges in certain
volume is equal to the decrease of the energy the gravitational field lost, less the energy that
flowed out through the surface.

When the kinetic energy of the gravitational charges is negligible, Eq. (4.126) indicates that the
change of energy of the gravitational field is equivalent to the energy flowed out through the
surface,

d BZ+g?
5 dt= —$ S, - da. (4.127)

The density of momentum of the gravitational field store in the field is,

Py = Sg=.-8 X By (4.128)
The gravitational field also carries angular momentum,

l; = r X pg. (4.129)

Energy-Momentum Tensor of Gravito-EM Fields
For this aim, let’s introduce the Lagrangian density A of vector Gravito-EM fields,

__1 ap
A = ——FguaFg", (4.130)

and define the energy-momentum tensor of Gravito-EM fields as

B _ 0Agy aA B
Tou = St = @ — SLA. (4.131)
ox

Substituting Eq. (4.130) into Eq. (4.131), we obtain the symmetric energy- momentum tensor
of Gravito-EM field,

af _ 1 aynB 1 Y8
Ty® = = [-FgVED, + 3 n%PFgsFy°| (4.132)
TS, = 0. (4.133)

(04 .
B, is a tensor; on the

Note here: (1)The energy-momentum of vector Gravito-EM fields, T
contrary, T*® in GR is a pseudo-tensor, which is considered as one of issue of GR; (2) Tgo‘B
represents either Tg f related with positive g-charge/g-current, or TP related with negative g-
charge/g-current, or Tgl\'f related with net gcharge/g-current; (3) Zero trace, Tg”ll =0; (4) TgLl Vis

symmetric, Ty =Tg"; (5) Positive energy density,
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£2 = 0; (7) Localizable.

aTh
aXu

Tg° > 0; (6) Conserved,

Retarded Gravitational Potentials
The gravito-retarded potentials of a point g-charge moving arbitrarily are,

Qg

Ve =~ Ra_pny (4.134)
_ Qg _
Ag =~ = BV (4.135)

We denote Eq. (4.134) and Eq. (4.135) as the Lienard-Wiechert-type potentials.

Gravitational Radiation (G-wave)
Lienard-type formula: The total radiation power of a non-relativistic single g-charge is
proportional to the square of the acceleration of the charge,

I — 2Gm2 2
3c3

(4.136)

Where the non-radiation term, ~1/R?, have been ignored. We denote Eq. (4.136) as the
Larmor-type formula of Gravitational wave (G-Wave).

Lienard-type formula: Now let’s consider a relativistic g-charge moving with velocity, V~C,

«_n

and acceleration, “a”, relative to an observer. According to SR, transferring to the observer’s
system, we obtain the energy of radiation,

2Gm? foo 1
3c3 Y- (1-B2)3

W =

[a?2 — (B X a)?]dt. (4.137)

We denote Eq. (4.137) as the Lienard-type formula. In terms of the gravitational field strength,
we obtain,

2G%m?

W= 3¢3 f_oooo (1_?32)2 [(g +Bx Bg)z - (B g)z] dt. (4.138)

Bremsstrahlung-type radiation: For the angular distribution of the radiation energy at a
long-distance R, by keeping only the lowest term in 1/R, we obtain the intensity radiated into
the solid angle d(,

_ Gm? a2 2(na)(Ba)  (1-B*)(maw)?
dl = 4mC3 {(1—[}-n)4 + (1-Bn)5 (1-Bm)é }d‘Q (4.139)

When the velocity and acceleration of a relativistic g-charge are collinear, i.e.,v X a = 0, we
obtain the bremsstrahlung-type radiation,

2Gm?a?

= soa (4.140)
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Synchrotron-type radiation: Let’s consider G-Wave radiation of a star orbiting around a
rotating massive neutron star or a rotating black hole that generates a gravito-magnetic field
B, around itself. The radius r of the orbit, the cyclic frequency ws of the motion, the gravito-

magnetic field B, and the velocity v of the star are

related by,
Ccv
VGBg >
wgs = £ /T—P (4.142)

When ignoring the time integral for simplicity as well as setting g = 0 and Bg Lv, we have the
total intensity of radiation,

2R2n12
I:2G Bgp
3C5

, (4.143)

where p = mv/,/1 — B? is the momentum of the star. The total intensity of radiation is
proportional to the square of momentum p. This radiation is the synchrotron-type radiation or
gravito-magnetic bremsstrahlung.

Transformation Law of Energy Density of G-Wave
From SR, the transformation law of the energy density, Wg_wave = i (g% + BZ), of a plane G-
Wave from one inertial reference system K to another system K' is, where § = v/c,

(1+BcosH? ..,
Ws-wave = 1——[32W G—Wave. (4.144)

The a’is the angle in the K’'system between the direction of velocity v and the direction of
propagation of G-Wave.

Doppler-type Effect of G-Wave

Now let’s derive the Doppler-type effect for G-Wave. As mentioned above, Gravito-EM is
compatible with SR. An important conclusion is that the redshifts of G-Wave follows the rule
same as that of EM-Wave.

According to the rule of transformation of the four-vector from a source-rest system K to an
observer system K, moving with velocity “- v” relative to the system K, we obtain the Doppler-
type effect,

0. = o, L1 (4.145)

g0 — V85 1_Bcosa

_ 1—Bcosa
Ago = Ags == (4.146)
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where wgs Ags and wg, Ag, are, respectively, the frequencies (wavelength) of G-Wave in the
source-rest system K, and in the observer system K,,, respectively; a is the angle, in the K|,
system, between the direction of emission of G-Wave and the direction of motion of the source.
Eq. (4.146) is the gravitational counterpart of the Doppler effect of EM-Wave. Now we can find
the frequency/wavelength of emitted G-Wave from observed G-Wave.

The formulas describing both EM-Wave Doppler effect and the gravito-Doppler effect have the
same form. The redshifts of EM-Wave and G-Wave radiated by the same source carrying both
e-charge and g-charge are the same. Therefore, by measuring the redshift, Zgy_w, of EM-Wave,
we obtain the “redshift velocity” of the source of both EM-Wave and G-Wave from the following
formula,

_ 1-Bcosa

Lg-wave = LEM-wave Ji-p2 1. (4.147)

1-B2
Returning back to G-Wave, substituting Eq. (4.147) into Eq. (4.146), we obtain

Wgs = wgo(l + Zgm-wave), (4.148)

S - (4.149)

Ags = .
g8 1+ZEM-wave

By Eq. (4.149), we can obtain the emitted frequency and wavelength of G-Wave from the
redshift of EM-Wave. For a = 90°, Eq. (4.149) gives the transverse Doppler-type effect of G-
Wave,

Ags = Agoy/1 — B2, (4.150)
1
(JL)gs = (l)gOTlgz (4.151)

For the case of v« cand a not close to 90° , Egs. (4.148) and (4.149) becomes
respectively,

Wgs = Wgo(1 — Peosa), (4.152)
~_ Mgo
Ags = 1 Bcosa) (4.153)

Egs. (4.148) to (4.153) give the relations between wavelength/frequency and the velocity of
the source of G Wave.

For the redshift of g-wave emitted by an accelerating source, please see Appendix E.
Hubble Constant and Redshift of G-Wave

For a source radiating only G-Wave, how can we find redshift of G-Wave? For this aim, we need
to find the relations between frequency/wavelength and the distance of the source of G-Wave.
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For the time scale measuring G-Wave, we only consider the constant Hubble parameter. An
expression for Hubble's Law is,

v = HyR,, (4.154)
where Ho is Hubble's constant, R, is the proper distance.

Substituting Eq. (4.154) into Eq. (4.147), we obtain the redshift,

COS(X

/ HORO

Substituting Eq. (4.155) into Eq. (4.148) and Eq. (4.149), we obtain the emitted frequency wns
and wavelength Ay, respectively,

ZG—Wave (4-155)

L eosa (4.156)
HoRo )
)\go HoRo
(4.157)
Ocosa

Eq. (4.157) is a useful tool to determine the emitted G-Wave's frequency and wavelength once
we know the distance of a G-Wave source in the universe.

We need to distinguish emitted frequency/wavelength of G-Wave from measured
frequency/wavelength on Earth. The calculations of detected G-Wave’s parameters related
with frequency, e.g., those in the pocket formulae, such as Scaling amplitude, Chirp/Chirp
waveform, Chirp mass, G-Wave phase, G-Wave form, and Luminosity distance, etc., need to
include the effects of redshift of G-Wave.

Hubble’s law has been extended to contain the term of acceleration of expansion of the
universe. For detail, please see Appendix F.

Tully-Fisher-type law of G-Wave
Substituting v = wr and a = w?r into the Larmor-type formula, Eq. (4.136), we obtain the Tully-
Fishertype law for G-Wave,

_ 2Gm2 4

= oz (4.158)
Eq. (4.158) shows that the intensity of G-Wave is proportional to the v*. The Tully-Fisher-type
relation is a correlation for spiral galaxies between their total energy of G-Wave emitted by the
spiral galaxies per unit time and how fast they are rotating.
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Dipole Radiation of Non-Relativistic Binary System

As an example, let’'s consider a non-relativistic binary system. For a system of two-point
positive g charges, Qg4 and Qg,4, €.g., a system of regular binary stars, moving with low
velocities, v; < c, we choose the origin of the reference system at the center of masses. Then
the gravitational dipole moment has the form,

Q Q
dr = Qg1 + Qgorz = (—nf:: — —nf:;)r. (4.159)
Wherer = rq1 — r; and um Substituting the definition of positive g-charge, Qg4 =
01 02

v/Gm,, into Eq. (4.159), we have d 1 = 0, i.e,, the gravitational dipole moment vanishes, no G-
wave.

Dipole Radiation of Relativistic Binary System
For a system of two relativistic g-charges, vi~c, we obtain the generalized Lienard-type
equation,

2Gmk [

It = Xl = Disagprs 13k — Bix a0’ (4.160)

For a binary system, we have,

2G | m%a? m%a3 mZ|Bo]? m§|82a2|2]
- — 4161
T 7563 (-2 " (1-p2)°  (1-82)°  (1-B3) (4.161)

For a special situation where two g-charges are equal, then m; = m,,a; = a,, 3; = B, we have
the intensity of G-Wave radiated by the dipole momentum of the binary system,

4Gm?

It = m [az - |B X (Xlz]. (4.162)

Quadrupole Radiation of Relativistic Binary System
Let’s consider a binary system of gravitational charges having equal charges, Qg; = Qg,, and
moving circularly. At a starting time, the velocities of two gravitational charges are slow. We
have

16G*m>  2Gm? a* 2G (dP dP) ,

1) = = —_— =
{0 5CSR5 5C5 w? 5C’m2w? \dt dt

(4.163)

where a(= w?r) is the acceleration of the g-charge.

Since two charges lose energy by G-Wave radiation, their orbits shrink and speeds become
faster and closer to that of light. To deriving the intensity of the G-Wave quadruple radiation of
this relativistic binary system, we write the Lorentz invariant generalization of Eq. (4.163),

2G (dP"l dP, )

D = 50 Bhap) = ggmmms (or @ (4.164)
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where dt = dt/y.

We obtain the intensity of G-Wave radiated by the gravitational quadrupole momentum of the
relativistic binary system,

(1) = 5oz (Dap) = sz ogmye 32 — (B X @) (4.165)

The change rate of quadrupole radiation intensity with respect to velocity is,

quuadrupole,relativistic _ 8Gm? B 3 4 166
av ~ s5rz \1-p2/ ° (4.166)

Gravito-Bremsstrahlung-type Radiation of Two Relativistic Stars Collision
For a special case of head-on collision of two relativistic g-charges, e.g., two relativistic stars,
carrying similar g-charges, the generalized gravitational bremsstrahlung-type radiation is,

_ _ 2G| _miaf m3aj
Iy = 2k lk = 5 ey T ey (4.167)

In the case of two relativistic star merge, we need to take into account the generalized
gravitational bremsstrahlung.

Energy Loss by Radiation: Non-Relativistic Binary System

Let’s consider a simple example of the radiation damping, a system of two equal g-charges
attracting each other and slowly moving circularly. Here we are not use the conventional dipole
method, since it will give zero dipole radiation incorrectly. Instead, we use the particle approach
developed in this article, i.e., treat the dipole radiation of each g-charge independently, and the
quadrupole radiation of the system as a whole. The total energy loss due to the dipole and
quadrupole radiation is the summation,

2

Wy = —
T ™ 3¢3

— G =
2K QéxaéK * oo Dfno(B. (4.168)

For a binary non-relativistic system of equal g-charges, then the total lost energy is obtained,

4Gm? , | 16G*m5
2 &t Tors (4.169)

Wr = Wdipole + unadrupole =

Energy Loss by Radiation: Relativistic Binary System
For a binary relativistic system of equal g-charges, the total lost energy is,

4Gm? 26Gm? 1
soay @~ Bx 0]+ Tt - (B x @] =

46Gm? 1
e gt — (Bx )] (4.170)

Wr = Wdipole + unadrupole =
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We have systematically study G-Wave in the framework of Gravito-EM theoretically and shown
the following:

(1) The physical characteristics of G-Wave have been studied by following Electrodynamics
and, especially, in terms of the field strengths, g and Bg; thus, the directions of looking
for new effects of G-WAVE are conceptually clear, and the related calculations are
simple.

(2) The concept of gravitational field strength has been introduced into GR. For the
components of T°? and T?, the linearized Einstein equation has been derived [28].

Resolving Negative Energy Issue of Vector Gravity

We define the work done by an external force to dismantle a collection of same signs of g-charge,
which converts to the energy of the gravitational field, as the potential energy of gravitational
field, which is positive. As a summary, the energy, Wg,stored in the Gravito-EM field is positive,
denoted as “energy” of gravito-EM fields,

W, = - (g% + B)dr. (4.171)
Where g and B, are the gravito-electric and gravito-magnetic field strengths respectively,
which are created by either positive or negative or net g-charges/g-current respectively. The

negative energy issue of the vector gravito-magnetic field is resolved. The Lagrangian for
Gravito-EM is

1
Lg= .-J (g* + BY). (4.172)

Perihelion Precession of Mercury
we can rewrite the equation of motion for a g-charge in external fields. At the “zero
approximation”, the Newtonian Lagrangian is,

1
LY = ~mv? — QgV, (4.173)

where v; is the velocity of the ith g-charge of a system of g-charges; V; is the potential of the
external field.

Since the existence of gravito-magnetic field A; in Gravito-EM, the relativistic Lagrangian is
1
Lgi = —myc?y1 — B2 — QqVy + - QgifAg " Vi. (4.174)

Expanding the term m;c?,/1 — BZ; in power of v;/c and keeping the terms of second order, and
substituting the retarded potentials, we obtain the Darwin-type gravitational Lagrangian for
the whole system, from Eq. (4.174),

Lg = Zi (% rnivi2 + émivf) - Zi>j (Qi_;lg] - sz_(lii] [Vi . Vi + (Vi . ni]')(V]' . n“)]> , (4175)
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_ Qgjlv+(vn)n

where A, = —]has been used.
2cR

From a vector theory of gravity and taking into account vector potential, Borodikhin [38]
proposed a Lagrange function,

Gmim, n Gmym,V? (4.176)

Ri2 c?Ry;

Lg = %lelz + %mZVZ2 +
and show that the Lagrange function can explain the perihelion precession of Mercury.

For a binary system, the gravito-Darwin-type Lagrangian, Eq. (4.175), gives Borodikhin’s
Lagrange function, Eq. (4.176), which implies that Gravito-EM explains the perihelion

precession of Mercury.

Lorentz Transformation of Gravito-EM Field
Writing Gravito-EM equations in tensor form,

F) e

o = e (4.177)
ap By ya

UL AL, S (4178)

oxY ox“ oxB
]2 = ]§+ + ]2— = (pgrlg)!

Where Fg B _ O“Ag — OBAg is the field strength tensor, Ag is four-vector gravitational potential,
J§ is gravitational four-current. Eq. (4.177) and Eq. (4.178) satisfy Lorentz transformation and
comply with Special Relativity.

For transformation of gravito-electric and gravito-magnetic field strengths between two
frames moving relative to each other with constant velocity along the x-axis, the transformation
law is,

Bgx = Bgx, Bgy = Y(Bgy — v82), By, = v(Bgz — vgy), (4.179)
gx = 8x 8y = v(gy + VBg,), g, = v(g, + vBgy), (4.180)
where B = v/candy = 1/,/1 — B2. They have the same forms as that of EM in SR.

In analogy to the transformation of EM fields in SR, we obtain the same rule for the
transformation of Gravito-EM fields, including extended-Newtonian gravitational field and
gravito-magnetic fields. In the tensor form, the gravitational fields in one inertial frame S? can
be expressed in terms of gravitational fields in another frame S,

v o__ ax'" ax'v of
Fiy = 200, (4.181)

In the vector form, the gravitational field strengths transfer as,
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' _¥Y 5.
gh=v(g++ B xBgy) 17 P(B - 81) (4.182)

By = v (Bgs—Bxgs )~ B(BBys)

When the velocity is slow, y = 1, in the laboratory frame,
B, = B,’g + v X g (4.183)

Where By is the Gravito-magnetic field at the circuit dl in a reference frame in which dl is at

rest. The g is a gravitational field at the neighborhood of the circuit dl. The v is the velocity of
the circuit dl relative to the laboratory frame. While a gravitational field g in the laboratory
frame transform as,

g~g —VvXBy (4.184)

where g’ is the gravitational field at the circuit dl in a reference frame, in which dl is at rest. The
Bg is a gravito-magnetic field at the neighborhood of the circuit dl. The v is the velocity of the

circuit dl relative to the laboratory frame.

For a special situation of the gravito-electric field, g’, and gravito-magnetic, B;, do not exist in
the circuit dl rest frame, we have transformation law,

B, =vXxg (4.185)
g = -V X B, (4.186)

Eq. (4.185) implies that a gravito-magnetic field must accompany with a moving g-charge.

Following EM, the invariant quantities of Gravito-EM are,

af

FgrapFgy = Invariant, (4.187)
Eupys FerFyy = invariant, (4.188)
where €,gys is the completely anti-symmetry unit tensor of fourth-rank.

In three vector forms of gravito-electric and gravito-magnetic field strength, Eq. (4.187) and
Eq. (4.188) gives

Bi, — g% = invariant, (4.189)
+* By, = invariant. :
g, By, = invari 4190

For the gravitational fields created by negative g-charge/g-current, we have the same
invariants,

Fg_opFal = invariant, (4.191)
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€uBys FgEFgf = invariant, (4.192)

where €gysis the completely anti-symmetry unit tensor of fourth-rank.

Extended-Doppler Effect of G-Wave of Accelerating Source

The stars are acceleratingly receding from each other. We suggest that the acceleration causes
the redshift of g-wave, denoted it as “Acceleration-Redshift”. Both receding velocity and
acceleration of source cause the wavelength of g-wave shifted to red. The total redshift is a
summation of Doppler-type redshift and AccelerationRedshift. Moreover, we derived General
Redshift and General Blueshift formulas that show that not only velocity, but also acceleration,
jerk, and higher order derivative shift wavelength. The General Redshift formula is identical
with the cosmological redshift, which implies that the cosmological redshift intrinsically
includes AccelerationRedshift. We believe that to describe the accelerating universe, physics
laws should include acceleration for accuracy and completeness. The acceleration-redshift of
electromagnetic wave has been derived [39]. Due to the duality between EM and Gravito-EM,
we directly copy the results of EM-wave here for several situations.

Situation (A): Source of g-wave is receding with acceleration.

A source emitting g-wave of wavelength A is receding with velocity vg and constant
acceleration ag relative to an observer on the earth. The observed wavelength A, and
acceleration-velocity-redshift z of g-wave are, respectively,

Ro = Ag[1+2 42, (4.193)
A 4 As
cz=12—1=v+a (%). (4.194)

where “c” is the speed of g-wave, which is equal to that of light.

Eq. (4.194) implies that, the acceleration of a receding source does shift the wavelength. The
first two terms on the right-hand sides of Eq. (4.193) is the regular Doppler-type redshift for g-
wave; the third term is redshift due to acceleration, “Acceleration-redshift”.

A significant difference between redshifts of constantly moving source and accelerating source
is that the observed wavelength and redshift are time dependent. Taking derivative with
respect to time, we obtain,

c df, a
. — 4.195
T ] (159)
dz
a = dg. (4196)

where f, is the observed frequency and f; is the frequency relative to the source.

Situation (B): Source of g-wave is receding with deceleration d;.
Wavelength, deceleration-velocity-redshift and time change of redshift are respectively,
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S 1 As
Ao =A[1+ Va— ~dy ], (4.197)
czd= ve —d, (32), (4.198)
VA
w- s (4.199)

The redshift is decreasing with time, which is due to the deceleration of source. The
deceleration, dg. , of a source may be measured by detecting the time change of shifts of
wavelength/frequency.

Extended-Hubble Law for Accelerating Universe

In the 1998, Scientists reported the observations that the expansion of the universe is
accelerating, i > 0, and the acceleration is assumed to be uniform, ¥ = 0. In the 2016,
Scientists report that even that acceleration is faster than expected. If the 2016 observation is
confirmed, which could mean that the acceleration is accelerating, ¥ = 0, there is a discrepancy
in Hubble constant obtained from the 2016 observation and from the 2013 data of European
Planck spacecraft. Following classical mechanics, call ¥(t) the “jerk”. There is no evidence
showing whether the jerk is uniform or not.

To describe an accelerating system, the physics laws should contain the term of the acceleration
of the system for accuracy and completeness. Hubble’s law was derived based on the uniformly
expanding universe. We argue that to describe the accelerating universe, Hubble law should be
extended to fit the accelerating and jerking universe. For this aim, we generalize the linear
distance-velocity and distance-redshift relations of

Hubble law to a non-linear distance-movement and a distance-redshift-movement relation of
the extended Hubble law [40]. We suggest that the Extended-Hubble law is worth to pursue

and may be tested by introducing it into cosmological study.

The extended-Hubble law is expressed in different forms as the following,

f(ty) _ ir1
) H (1 " - rHZ)’ (4.200)
H= 1f 14 [1-2 f(tl?r(tl) ‘ (4.201)

2r 2
r(ty) _ 1 1
r(ty) H {1 2923 q3}’ (*.202)
where

_ r(n)(tﬂ
qn = — e (4.203)

and g, and q3 are the “deceleration-parameter” and “jerk-parameter”, respectively.
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Note with acceleration, H # 5 i.e., the original definition of Hubble parameter is no longer valid.
Eq. (4.201) may be considered as a new definition of Hubble parameter in terms of velocity and

acceleration.

Discussion and Summary
We have systematically study G-Wave in the framework of Gravito-EM theoretically and
experimentally and shown the following:
(1) The physical characteristics of G-WAVE have been studied by following Electrodynamics
and, especially, in terms of the field strengths, g and B, thus, the directions of looking for

new effects of G-WAVE are conceptually clear, and the related calculations are simple.

(2) The concept of gravitational field strength has been introduced into GR. For the

components of T°? and T, the linearized Einstein equation has been written as [28],

V.g = —4mp,, V-Bg=0,

— 108, n _ _4m  10g
V=~ V-Bg=—Tlet o
F = Q.8+ 4Q,V X B,.

This set of linearized Einstein equations has the form same to that of Gravito-EM. All of
conclusions in this section are derived from Gravito-EM. The linearized GR, therefore, will
give the same results, except a factor of 4 in the expression of gravitational force.
(3) There is gravitational synchrotron radiation from a relativistic star moving in the

gravitomagnetic field of a rotating massive object, such as black hole.
(4) There is gravitational Bremsstrahlung-type radiation from a head-on collision of two

relativistic

stars.

(5) The gravitational Doppler-type effect is derived, which needs to be considered in the
detection of G-Wave, especially for a faraway source. The correlation between the
redshifts of both G-Wave and EM-Wave is derived.

Table 4.3: Summary on Extended Hubble Law and Red Shift of G-Waves

Distance-Movement Distance-Redshift-Movement Relation 1 + Z = )
Relation r(ty)
Uniforml . Hor(t
i Y r Z = ZHO = M
Expanding r=— C
Universe H
7 =7 = _E(t)r(to)
Accelerating i COTHO T o2 () THO
Universe r=——— ) oo
H ZHZ Z = ZHO + EqRozHO
. . r(to)r(to) 2 r(to)rz(to) 3
Jerking Universe T +L 2= Zno =~ 212(t,) ~HO 3112(t,) ~HO
H 2HZ 3!H3 1 100
Z = Iy + Eq%QOZI%IO - §q3ROZ§m
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SPIN-ELECTROMAGNETICS (SPIN-EM) DERIVED FROM UMFT, COULOMB’S LAW AND
SPIN OF SOURCE
Rashba-induced-Spin-EM [41] has been proposed for studying the phenomena in Spintronics. Let’s
mathematically establish Spin-EM and apply it to study phenomena related with spin systematically.

Spin-Electromagnetics (Spin-EM)

Definitions of Spin-electric Field and Spin-magnetic Field:

Let’'s consider a spinning e-particle characterize by electric charge Q. and angular
velocity/spin wg. UMFE shows that the spin of an e-charge induces axial vector fields. To
applying UMFE to the spin of an e-particle, we

define “spin-magnetic field Bs” and “spin-electric field Es”:

B
E,

o, X E, (5.1)
—ws X B, (5.2)

“«_n

Subscript “s” indicates the quantity related to spin. The Bgand Eg are type-2 dual to the B and E
fields, respectively.

The Bg and Eg are “Second order axial vector field” (SAF) and “Third order axial vector field”
(TAF) respectively, and mathematically satisfy,

V-Bg=0, (5.3)
V-E =0. (5.4)
We still keep those divergence terms in some of equations of Spin-EM, as well the magnetic
monopole term V - B, which shows the nature and the breaking mechanism of duality.
If there are “Spin-monopole” or “Spin-charges”, then we have (Appendix),
V-Bg# 0, (5.5)
V- Es # 0. (5.6)
The definitions, Eq. (5.3) and Eq. (5.4), predict two categories of phenomena:
(1) by interacting with an electric field E or a magnetic field B, the spin of e-particles induces
a spin-magnetic field Bg or a spin-electric field Eg , respectively.
(2) the spin of an e-particle in an electric field E or in a magnetic field B will experience a
spin-magnetic field Bs or a spin-electric field Es respectively.

Remark: the definitions of Bg and Eg are conceptually different from that of Rashba-induced-
Spin-EM.

Spin-EM derived from UMFE, Coulomb law and spin:

Spin-EM can be derived with three approaches: (1) from Eq. (2.1), (2) from Eq. (2.2), and (3)
based on duality, from Extended EM. The so derived three Spin-EMs are mathematically
equivalent.
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We start with Eq. (2.2). Substituting Eq. (5.1) and Eq. (5.2) into Eq. (2.2) respectively, we obtain
Amperetype equations for fields induced by spin of the e-particle,

VX Bs =ws(V-E) = V(wg-E) —E[V- wg] +2(E-V)ws + E X (VX ws) + ws X (VXE), (5.7)

VXEs=—ws(V-B)+V(wsB) +B(V:-ws) —2(B:V)wg — B X (VX wg) —wg X (VX B).
(5.8)

Eq. (5.7) is the type-2 dual of Eq. (5.8) under the transformation:
Ee _Br Bs « ES'

Substituting Eq. (3.7) and Eq. (3.14) into Eq. (5.7) and Eq. (5.8) respectively, we obtain Spin-
EM, which includes Ampere-Maxwell-type equation and Faraday-type equations,

0E
VX B = w(V- E)+a—:—V(ws-E)—E(V-ws)+ 2(E- Vwg + E X (V X wg) +

+wg X {—v(V- B) + B(V - v) — (B- V)v}, (5.9)

0B
VXEs = —wg(V-B) — ats+V(wS-B)+ B(V-w,) —2(B - V)ws— B X (V X wg) —

—wg X {V(V-E)—E(V-v)+ (E - V)v}. (5.10)

“ . n

Where “v” is the linear velocity of the spinning e-charge.

For a particle with a constant angular velocity wg, Eq. (5.9) and Eq. (5.10) become
V XBy= (V- E) +22 — V(ws- E) + 0 X {~v(V - B)+ B(V-v)— (B-V)v},  (5.11)

ot
V XEs = —0(V-B) — 2=+ V(ws- B) —ws x {(v(V-E) — E(V-V) + (E- V)v}. (5.12)

For a particle with spatially uniform velocity v,V - v = (B - V)v = (E - V)v = 0, Eq. (5.11)
and Eq. (5.12) become,

V x By = ay(V -E) + 32— V(- E) — (V- B)w, X V, (5.13)
V X Eg = —wy(V-B) - 2+ V(- B) — (V - E)osg X V. (5.14)

By analogy to “electric current”, let’s define the “spin-magnetic-current js_g” and the “spin-
electriccurrent js_g ”, which induce the spin-magnetic field and the spin-electric field
respectively, as

(V- E) — V(wg- E) — (V - B)wg X v, (5.15)
ws(V - B) — V(ws- B) + (V - E)og X V. (5.16)

]:s—B
Js-E

Eq. (5.13) and Eq. (5.14) become respectively,
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) 9E,

VXBg=js_p+ T (5.17)
) 9B

V X Es = —J)s-E — ot (518)

The Bg field and Js_gare type-2 dual of the Eq field and]s_grespectively.
Applying Coulomb’slaw, V - E = q,, Eq. (5.17) and Eq. (5.18) show the following'
1) The angular velocity, q.wsand the time change of the Es field, 2= , induce the B field.

Those two terms are the spin-counterparts of e-current and dlsplacement-current in EM
respectively.
2) The gradient of the angular velocity-electric field coupling, V(ws E), induces the B field.

3) The Egfield is induced by the time change of the Bgfield, aBS ,as well 41'[— WX P.
4) The gradient of the spin-magnetic field coupling, V(ws- B), induces the E field.

Remark: Eq. (5.15) and Eq. (5.16) shows that the angular velocity/spin wgplays the role of
“velocity” generating spin-magnetic field, which is conceptually different from that of Rashba-
induced-Spin-EM.

Equations of Continuity of Spin Currents:
The js_g and js_g satisfy the equation of continuity respectively. Taking divergence of Eq. (5.17)
and Eq. (5.18) respectively, we obtain

6\713S
V- (VXBy) = V- (js_g) + 20, (5.19)

V- (VXE) ==V (s- E)—"’Wfs) (5.20)

We face two situations:
(1) If spin-charge and spin-monopole charge exist, then V-Eg # 0,V-Bg # 0. We have
familiar form of Equations of Continuity of Spin Currents,

aVES
V- (oog) + 228 = g, (5.21)

V- (js- E)+6(VBS) 0 (5.22)

(2) if there are no spin-charge and no spin-monopoles charge, thenV -E; = 0,V - Bg = 0,
equations of continuity are

V- (js-8) = 0, (5.23)
V- (s-e) = 0, (5.24)

Scalar and Vector Potentials:
Based on duality, defining spin-scalar-potential, ¢, and spin-vector-potential, A, as,

0As
Es = —Vo,— 2% (5.25)

B,= V x A, (5.26)
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Under the gauge transformation,

0As
As = Ag + VA5, @5 = @5 — PT (5.27)

the spin-electric and spin-magnetic fields, Eg and Bg, are invariant.

Spin-EM potentials can be written in terms of EM potentials. Combining Eq. (5.2), Eq. (5.1), Eq.
(5.25) and Eq. (5.26), we obtain

VX Ay =-S.XVp—S X2, (5.28)
—V, — 2= = =S x (VX A). (5.29)
Spin Wave:

Spin-EM predicts classical spin waves described by,

:;’% _ V:Bs -V x ,:S_B _ %-js_E, (5.30)
5z~ V'Es =-VXjsg—3Js-8- (5.31)

Remark: (1) By duality between EM and Spin-EM, spin waves can be quantized and the quanta
are spin-one Bosons. (2) The propagation speed of spin wave is to be determined.

Spin-EM vs. Rashba-induced-Spin-EM

Let’s study the similarity and difference between Spin-EM and Rashba-induced-Spin-EM [41].
To convert SpinEM to quantum theory, we need to introduce the concept of phase. Eq. (5.25)
and Eq. (5.26) gives,

$Es-dl=—2FA,-dl, (5.32)
J[Bg-ds=¢A,-dlL (5.33)
We define,
$A;-dl = @, (5.34)
and then have
&, = [[ B - ds, (5.35)
&, =—¢$E-dl (5.36)

If define @, as the phase, e! ®s, then spin-electric field Eqand spin-magnetic field Bsof Spin-EM
have the same form as that of Spin motive force Eqs and Berry curvature Bggof Rashba-
induced-Spin-EM.

However, the fundamental differences between Spin-EM and Rashba-induced-EM are that the
definitions of spin-electric field and spin-magnetic field, as well the field equations, are
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conceptually different. Moreover, there are analogies between quantities of EM and Spin-EM.
Since the type-2 dualities between EM and Spin-EM, we propose that there are analogies
between quantities of EM and Spin-EM (Table 5.1).

Table 5.1: Analogies

EM Spin-EM
Berry connection A: vector potential | Ag: spin-vector-potential
Berry curvature B: magnetic field B;: spin-magnetic field
Berry phase Magnetic flux Spin-magnetic flux g

Lagrangian and Hamiltonian
For a non-relativistic non-spinning e-particle Q. in EM field, the regular Lagrangian and
Hamiltonian are respectively,

1
reg = mvZ + QA v —Q.q,
1
Hieg = E(p — QeA)? + Qe 0. (5.37)

h

For a rotating mass, the Lagrangian contains its rotation energy, KE,otation = %Ioo2 . We define
the rotation energy of a spinning e-particle as,

KEqpin = 21(005)2 = o (Ly )2, (5.38a)
where the spin angular momentum Ly = lws.
We suggest that Ly is proportional to spin S, Lg~S.. Namely
ws~S,

Then the Lagrangian should contain the spin energy,

KEqpin = 721 (S0)?, (5.38b)
By the duality between Extended EM and Spin-EM, let’s introduce Lagrangian,
L gpin = 331(50)” + QezAs - Sc — Qedgps. (5:39)

Taking into account the interaction between the velocity and spin-vector-potential, and
between the spin and vector potential, we obtain

Linteraction = Qed@sAg v + QeasA - S.. (5.40)

Where a, to ag are coupling coefficients. Hereafter we ignore those coefficients.
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The total Lagrangian of a spinning e-particle in EM fields and Spin-EM fields is
1 1
Liotal = > mv? + QeA"V—Qcp+ Eal(sc)z + QeAs " Sc — Qe®@s + QeAs v+ QeA-S..  (541)

In the derivation of Spin-EM, we have replaced the velocity v by spin angular velocity w.in
UMFE. Now we use spin as a “generalized velocity”, substituting it into Hamiltonian,

.j 0L 1 aLtotal aLtotal
H = i 9%total _ =v - 42
Z q aq! Ltotal v + SC S LtOtal' (5 )

we obtain the Hamiltonian for spinning e-particles,

(p—QeA—QeA5)? | (Ps—QeAs—QeA)?
H="=2 + L + Qe + Qe s (5.43)

2m 2ap

which describes dynamics of spinning e-particles in both Extended EM and Spin-EM fields.
Where the pg is a conjugate momentum corresponding to the “generalized velocity” S,

0Liota
p, = Tt (5.44)

Next we will study the effects of the following terms of Eq. (5.43),

(p_QeA_QeAs)Z ~ ﬂ _ Qep-A _ Qep-As (5 45)
2m 2m m m )

(Ps—QeAs—QeA)? ~ (ps)? _ QePs'As  Qeps'A (5 46)
2ap 2ag ar ar )

where non-linear terms have been ignored.

In the following applications, both uniform magnetic field B and uniform spin-magnetic field
Bsare in zdirection, vector potential A and spin-vector-potential A have similar form,

A=_Bxr, (5.47)
As =S Bsx . (5.48)

Eq. (5.48) shows the relation between spin-vector potential and spin-magnetic field induced by
spin, which has the same form as that induced by magnetic momentum.

Substituting Eq. (5.45) to Eq. (5.48) into Eq. (5.43), we obtain,

Hr — 208 QebAs  QeboAs  QebsA__Qeg.y Qepg .y _Qpg.y Qpg.j (549
2m 2m 2ag 2ag

m m ar ar
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Remark: With Hamiltonian of Eq. (5.43)/Eq. (5.49), Spin-EM can be converted to its quantum
version. The Hamiltonian not only provides classical counterparts/origins of several quantum
phenomena, but also predicts several classical effects that may be converted to quantum effects.

Effects and Predictions of Hamiltonian
Zeeman Effect:
The first term of Hamiltonian in Eq. (5.49) presents the regular Zeeman Effect,

Hzeeman = YB - L.

Spin-Zeeman Effect and Extended-Rashba-SOC-1:
The second term of Hamiltonian in Eq. (5.49) presents two effects.

Qe
I'lspin—Zeeman = EBS - L. (5.50)
(1) Analog to the Zeeman effect, Eq. (5.50) represents that the interaction between an
external spin magnetic field B and orbiting motion of a spin particle, referred it as the
spin-Zeeman Effect,

(2) With the definitions of the spin-magnetic field, B; = S. X E, let’s re-write Eq. (5.50),
denote as Hggc—1,

— Qe — Qe
Hsoc_1 -_ EBS " L -_ EE " (L X SC) (551)
The Rashba SOC,

Hrashba = ORE- (G X p)'

is a fundamental effect. Comparing with the Rashba SOC, Eq. (5.51) is referred as the Extended
Rashba-SOC-1.

Where S, and L are the spin angular momentum and the orbit momentum, respectively.
Remark: (1) The p represents a linear motion; L = r X p represents an orbiting motion; thus,
the term, L X S, represents indeed a Spin-Orbit-coupling. Actually, when Rashba SOC is
applied to several situations, the momentum p is replaced by angular momentum L:

HRashba = ORE - (6 X L)
Testing Experiment 1: The spin-Zeeman effect is identical to the Extended-Rashba-SOC-1,
which provides a test that by measuring the spin-Zeeman shift one can test the Extended-

Rashba-SOC-1.

Extended-Rashba-SOC-2:
The fourth term of Eq. (4.53),H = ZQTe B, - L, predicts a new effect.
L
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Substituting the definition, B¢ =S, x E, we obtain the Extended-Rashba-SOC-2, denote
asHgoc—»

Qe
Hsoc-2 = EE *(Ls X Sp), (5.52)

where Lgis defined as
Lg=r X p,, (5.53)
called “conjugate angular momentum” corresponding to conjugate momentum ps.

Extended-Rashba-SOC-3:

An orbiting spinning particle has angular momentum L and conjugate angular momentum
Lithat contains spin S.. To derive a total angular momentum in Spin-EM, we define a total
angular momentum J and Hamiltonian Hggc_3

J = %L +3—ELS. (5.54)
Hsoc—s = —Bs ] = —(Se XE) ] =E - (S x ]). (5.55)

We refer it as Extended-Rashba-SOC-3.
Conjugate Angular Momentum Coupling to Magnetic Field:

The third term of Hamiltonian (Eq. 5.49) represents the Conjugate Angular Momentum-
Magnetic Field Coupling, denoted as Hy__g,

(5.56)

Total Angular Momentum Coupling to Magnetic Field B:
CombiningH;,__g and the first term of Eq. (5.49), we obtain the Total angular Momentum-

Magnetic Field Coupling,
1
Hp_total = EB -J. (5.57)

Where the total angular momentum J = % L+ % L.
L
Total Angular Momentum Coupling to Spin-Magnetic Field:

Combining the second term and the fourth term of Eq. (5.49), we obtain the Total angular
Momentum-Spin Magnetic Field Bg Coupling,

Hp—total = 3 Bs " J. (5.58)
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Spin-Aharonov-Bohm Effect and Experiment:
The regular Hamiltonian, Eq. (5.37), causes the phase shift of Aharonov-Bohm effect. Eq. (5.43)
predicts an effect that a spin-vector-potential Ag induces a phase shift, AQgpin,

AQspin~ =6 Ag -dr, (5.59)

$A;-dr=[[By-ds=[[ (S.xE)-ds =[] {S.x(-Ve.—-3)} ds. (5.60)

which we denote as the Spin-Aharonov-Bohm effect, which is caused by the interaction between
eparticles’ spin, gradient of electric scalar potential, V., and time changing of magnetic vector

tential, 22
potential, —

When a spinning e-particle travelling along the same path P in a region with non-zero A, Vo,
and 2—1:, acquires a total phase shift, A@yta;, Which extends Aharonov-Bohm effect, A =

A@ap,
Qe Qe
A@iotal = App + A‘~pspin = Tfﬁ A-dr+ Tfﬁ Ag-dr (5.61)

Remark: Eq. (5.60) shows that the magnitude of a Spin-Aharonov-Bohm effect depends on the
relative directions between S, V., and 2—1:.

Spin-Lorentz-type Force

Based on the type-2 duality between Extended EM and Spin-EM, we postulate that, beside the

dualities between fields and field equations, there is a type-2 duality between Lorentz force and
a force, denoted as spin-Lorentztype force, i.e., under the transformation,

E & E;,B < Bg

Lorentz force,Fyorent; (abbreviate Fi), converts to Spin-Lorentz-type force, Fspin-rorentz
(abbreviate Fgp ), and vice versa,

d
Fg. = m d—z = Q.E + Q.v x B.. (5.62)
The “v” is the velocity of a test e-particle. We refer “Q.E;” as spin-electric force, “Q.v X By” as
spin-magnetic force.
A moving spinning e-particle Q.experiences both Lorentz force and Spin-Lorentz-type forces,
denoted as
Total-Lorentz-type force, Frotal—Lorentz (@bbreviatedFry ),

FTL = FL + FSL = QeE + QeV X B + QeEs + QeV X BS (563)

Using definitions of Eg and Bg in terms of electric E and magnetic B fields, we obtain,
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Fr. = Q.E + Q.v X B — Q.[aS. X B] + Q.V X [aS. x EJ. (5.64)

The “a” is a coefficient, such that Q.[aS. X B] and Q.v X [aS, X E] have the unit of force. Here

after, absorbing “a” into S..

Extended Landau-Lifshitz (LL) and Landau-Lifshitz-Gilbert (LLG) Equations
Moreover, based on the type-2 duality, under the transformation,

vV & SC,E A ES,B « Bs!

Lorentz force equation converts to a Landau-Lifshitz-type equation,

m% = Q.E; + QuSc X By = —Q.S. X B + Q.S, X (S X E). (5.65)

Which describes the precession motion of spin, and predicts that not only magnetic field but
also electric field induces spin precession, which is a counterpart of gyroscope precession in
gravitational field.

Combining Eq. (5.65) with LL and LLG equations respectively, we obtain Extended LL and LLG
equations,

S = —YM X Hetr —AM X (M X Herr) + aM X (M X Degp), (5.66)
dM dM
5 = ~YM X Hege + BM X —= 4 aM X (M X Deg). (5.67)

Where the Spin Sc has been replaced by the magnetization M, and B = Hg¢g, E = Dgy.

Effects of Spin-Lorentz-type Force

Dual-Hall Effect/Topological Insulator and Experiment:

The term, “Q.S. X B”, of Eq. (5.64) causes a new effect that a magnetic field B in z-direction
acting on the spin of e-particles, even the centers of the spinning e-particles are originally at
rest, drives e-particles to move, which causes e-particles accumulation at the opposite
surrounding edges, which in turn causes transverse electric fields, E, and E;’. Assuming the

magnetic field B is in z-direction, at equilibrium, v, = vy=0, we have,

Ey = Sey+Bay (5.68)
Ey = —ScxsBy- (5.69)

Comparing with Hall transverse electric field, E;, = v,B,, we refer this effect as the Dual-Hall

Effect, i.e., the regular transverse Hall electric field converts to the transverse Dual-Hall electric
field, and vice versa. To detect the Dual-Hall Effect is to test the spin-Lorentz-type force.

Testing Experiment: Place a sheet of material in a magnetic field in z-direction, measuring
transverse electric fields without applying an external electric field.
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Remark: The fundamental differences are: (1) In Hall effect, the motion of e-particles is
required, while not required for Dual-Hall effect; (2) In Hall effect, the transverse electric field
points to one direction, say either +y or —y, while in Dual-Hall effect, transverse electric fields
are in two directions, +x and +y, depend on the orientations of spin, which causes topological
insulator.

Extended-Hall Effect/Topological Insulator:

Eq. (5.64) shows that the spin-magnetic force, Qc.{v X (S, X E)}, deflects the trajectory of
moving spinning eparticles, which causes the buildup of e-particles on opposite surrounding
edge-surfaces. The buildup induces transverse electric fields that balance the spin-magnetic
forces, QeE = —Qe{v X (S, X E)}

For classical spin there is no restriction on orientation of spin. Eq. (5.64) indicates that the
electric field has no effect on spins that are in the same direction; thus, one can say that there
is no spin in the applied electric field /current direction, or one only needs to consider the spins
with orientations perpendicular to the direction of applied electric field. However, in our case,
there is longitudinal electric field in x-direction, and transverse electric fields in both y- and z-
directions, thus we need to consider spins in all x-, y-, and z-directions. We still use the term
“spin” to represent the intrinsic angular momentum including those in the same direction of
movement of e-particles. When convert to quantum, the concepts of Chirality and Helicity
appear.

The spin-Lorentz-type force is the spin’s orientation-dependent. Let’s consider random equal
distribution of spin. For simplicity, denote spins with orientations along positive/negative x-
axis, y-axis, and z-axis, as,

respectively, Sy, Scy+ and S, 4. The positive/negative sings “+” refer to spin-up/spin-down,
Scx+/Scx—» Scy+/Scy— and Sc,4 /Sc,—, in that direction, respectively.

In regular Hall experiment, both an external magnetic field B and an external electric field E are
applied simultaneously. Now we study a 3D material placed in both a B field (z-axis) and an E
field (x-axis) that drives a longitudinal current density j, flowing along x-axis (Fig. 5.1).

Exjx — BZ"Z

X

>

Fig. 5.1 Setup: Extended-Hall Effect/Topological Insulator

Services for Science and Education - United Kingdom 722



Peng, H. (2023). Maxwell Equation Derived From (Coulomb’ Law + Velocity), Maxwell-Type Gravity Derived From (Newton’s Law + Velocity), Spin-
Electromagnetism Derived From (Coulomb’ Law + Spin) ---By Universal Mathematical Field Theory (UMFT). European Journal of Applied Sciences,
Vol - 11(3). 661-738.

Spin Sc can be either in £x direction, or +y direction, or +z direction, denoted as 3-current
model. Starting with the Total-Lorentz-type force, Fy”. An e-current in the x direction contains
e-particles with spins in different orientations. We obtain equations of motion, respectively,

mvy

Qet

II'lVy

Qet

mv,

Qet

= Ey — ScyiBz:

= Ey — VxB; + Sey+ Bz — ViSext By + VxSeys B

= EZ - VXSCXiEZ + VXSCZiEX'

And obtain, in equilibrium,vy =v,= 0,
Qe
vy = —=2{Ey =S¢y By}, (5.70)
E, = % + Scy+By, (5.71)
(5.72)

_ VXBZ+SCZiBZ_szcyiEX
y (1_szch_r)
Scz+E
E, = _ Vx(ScazEx) (5.73)

(1_VXSCXi)

The induced transverse electric fields depend on orientations of spins. The spinning e-particles
are driven to surrounding edge/surfaces at +y and +z symmetrically. The accumulations make
edge/surfaces having better conductivity than bulk.

We use the same definitions of Hall coefficients R._;; and resistivity p._j;, and obtain

= & — m mScy+
Rext—xx — ixBy - n‘thBZ + HTQg(Ex—ScyiBz)' (574)
m mScy+ Bz
Pext-xx = Rext-xxBz = Q2 nTQ%(ExiJ;cyiBz)’ (5.75)
=5 _ t 1 Sex_ Ex
Rext-yx = jxBz _ nQe(1-VxScxs) {1 Vy Scy+ (BZ)}' (5.76)
f— _ BZ S X+ EX
Pext—xy = Rext—yXBZ - nQe(1—vxScx+) {1 B :/X o SCyi (B_Z)}' (5.77)
R o= em) (%) (5.78)
ext-zx = jxBz nQe(l_VxScxi) B, ’ )
SCZ EX
Pext-xz = Rext-zxBz = ——E (5.79)

- nQe (1—szcxi).

We refer the effect described by Eq. (5.70) to Eq. (5.79) as Extended-Hall effect/Topological
insulator, which is caused by Total-Lorentz-type force.

Remark: The term, “v X (S, X E)”, is the classical origin of that no magnetic field required in
Spin-Hall effect of quantum, but an electric field, either an external or a local, is required.
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Extended-Hall effect having Zero Longitudinal Hall Coefficient/Resistivity:
For strong magnetic field, E y < Scy1B,, Eq. (5.74) to Eq. (5.77) reduce to,

m m

Rext—xx = — =~ 0, (5.80)
ext—xx ~ 1q2B, nQéth{l—S Ex }
cytBy
m m
Pext-xx ~ ntQ2 - anr{l— By } ~ 0, (5.81)
€ ScyiBz
- 1 m Scx+ . (E)
Rext—yx ~ nQe(1-vxScx+) {1 + TQeB; (scyi) Scyi B, }’ (5.82)
~ By m Sex+) ExScy+ 5.83
pext—xy nQe(l_VxScxi) + nTQg(l_VxScxi) (Scyi> nQe(l_VxScxi). ( ' )
For 1 > v,S.+, we obtain
ot M (Sexs) _ Seyx (E)
Rext—yx ~ nQe + n‘tQéBZ (Scyi) nQe \B, ] (584)
~ i m SCXi _ EXSCyi
Pext-xy = nQe ' ntQ2 (Scyi) nQe (5.85)
(Scz+) (Ex
Rext—zx == nC—Q: (B_z) (5-86)
ExScz
Pext—xz = _ﬁei (5-87)

Remarks: (1) Eq. (5.70), Eq. (5.80) and Eq. (5.81) show that when spin-electric field, Eg =
S. X B, ie., strong magnetic field, dominants the longitudinal current, there are zero
longitudinal, Reyi_xx= 0 and peyr—xx = 0, which is a classical counterpart of Hall conductance
quantization in edge state,Ry_xx = 0 and py_xx = 0. (2)

For strong longitudinal electric field, we have pext_xx # O.

Extended-Hall effect Contributing to GMR/TMR Effect and Experiment:
Starting with Extended Hall Resistivity for the 3D model in Fig. 1,

m mScy+B;

—xx = ~ . 5.75
Pext—xx n‘th nTQg(EX_SCyiBZ) ( )
The relative resistance change is calculated as,

m | mScy 4Bz m
8p — Pext—xx(B)_Pext—xx(O) _ n‘th nTQ(ZE(EX_SCyiBZ) nTQ% _ SCyiBZ (5 88)
ext—xx Pext—xx(0) n:lz EX_SCyiBZ. .
e

Starting from zero magnetic field and increases it, §pqy¢_xx increases. There is a turning point,

Ey = Sey+By. (5.89)
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After the turning point, the B field continuously increases, we have E , < S4B, thus

Pext—xx(B) < pext—xx(o)» (5.90)

which implies that an external magnetic field B starting at a certain strength decreases the
magnetoresistance.

When a situation

Ex < [Sey+Bsl. (5.91)
is reached, Eq. (5.88) gives

OPext-xx = —1, (5.92)
which implies a Giant/TMR magnetoresistance,

Pext—xx(B) = 0, (5.93)
which agrees with zero longitudinal Hall resistance of Eq. (5.81) and of the quantum Hall effect.

Note, there is always resistance from the insulator layer in GMR/TMR, the net
magnetoresistance is equal to that of insulator and, thus is a non-zero constant.

Testing Experiment: Reducing insulator layer’s resistance to test whether peyi_xx (B) = 0.

Remark: This derivation of GMR/TMR contributes a mechanism in addition to spin scattering.

Extended-Hall Effect Contributing to Spin Hall Effect:
With absence of a magnetic field, there are still transverse dual electric fields, Ey and E,,

VxScy+Ex TQeScy+
By = lvase o) 5.94
Y (1-vxScx+) m(1-vySex+) X ( )
_ _ VxScz+Ex _ TQeSczi 2
Bz = (1-vxScx+) B m(1-vgScx+) Ex . (595)

Remark: the spin-magnetic force, Q.{v X (Sc X E)}, contributes to spin Hall effect. In the
absence of magnetic field: (1) transverse E; and E, are dual/symmetry; an external magnetic

field B breaks the duality/symmetry; (2) transverse E; and E,fields are proportional to the
square of longitudinal electric field, which agrees with experiments.

Extended-Hall effect Contributing to Anomalous-Hall Effect:
Let’s compare with the empirical equation of Anomalous Hall effect,

PAnom-xy = RH—yX—OBZ + RsM(T, B).
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Substituting Eq. (5.71) into Eq. (5.85), we obtain,

B, Sex jxScx Sg +

nTQZe Scy+ l’l‘ng nQe nQe

The third term shows that Extended-Hall resistivity is dependent on the product of current and
spin/magnetization, thus, contributes to RsM(T, B).

Remark: The third term,

m  (jxScx jxScy+ . .
ey (Fei) = PHallxx ( nQ’:), of Eq. (5.96) contributes to both spin

Hall effect and Anomalous Hall effect. We show that, from the perspective of Spin-EM,
GMR/TMR and family of Hall effects belong to the same category, i.e., they are, at least partially,
caused by Spin-Lorentz-type force. Spin-EM indeed provides universal classical models for
several fundamental quantum phenomena.

Temperature Dependence of Extended-Hall Effect:
For describing the temperature-dependent behaviors of Extended-Hall effect, we utilize, for
simplicity, a model of thermal velocity,

V3KT
Vy = ﬁ' (597)

and obtain temperature-dependent Extended-Hall coefficient/resistivity,

Vm 1
Rext-xx = méng_BZ r&(m) Scy+ (5.98)
vm ( B,
Pext—-xx = n:ég n_g; (m) Scyi: (599)
_ 1 _ ScxtVm Ex
Rext-yx = 7 = (11— 50 (2)) (5.100)
= L {B, — VMScxs (12%) — Sey+Ex) (5.101)
Pext—xy nQe(l_\/j?Scxi) z cxt \ /3T, cyxbx | .
(SCZi) Ex
Rext-zx = — s =), 5.102
ext—zx nQe(l—%Scxi) (Bx) ( )
SCZ EX
Pext-xz = — ( \/i;)ﬁ (5.103)

nQe(l_Wscxi)

The second term of Eq. (5.101), \/ESCXJ_r (%) a, shows that the Dual-Hall effect depends on

the B field and temperature; The third term of Eq. (5.101), S+ E,, shows temperature-
independent.

Magnetic Aharonov-Casher-type Effect:
Taking the cross and dot products of Spin-Lorentz-type force and spin of a test e-particle,
respectively, we obtain
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S¢ XFg, = QcS¢ X Eg +Q.S. X (v X By), (5.104)
Sc “Fs, = QeSc - (v XBy) =2 (S X E) - (Sc X p). (5.105)

When converting to quantum, the first term of Eq. (5.104) implies that spin-electric field Es
shifts the phase of a spinning e-particle.

Remark: (1) Denoted Eq. (5.104) as the Aharonov-Casher-type effect. (2) Eq. (5.105) is an
Extended Spin-Orbit-Electric field Coupling.

More Effect:
More effects of Spin-Lorentz-type force are

v X Fg, = Qv X Eg + Qev X (Vv X By), (5.106)
vV X FSL = —QeV (SC X B). (5107)
r X Fg, = Qer X Eg + Qer X (v X By), (5.108)
r-Fs =Qer-Eg+ 2 E-(L X So). (5.109)

Remark: The second term,% E-(L xS.) , of Eq. (5.109) is Extended-Rashba SOC of Eq.

(5.51), which is derived from Hamiltonian. Namely it is the force, Fg, that causes effect of
Hamiltonian.

Lagrangian-Lorentz-type Force
ia‘ctotal — 0L¢otal

T av o where L., is given by Eq. (5.41),

Starting with Lagrangian’s equation,

1 1
Liota = Emvz + QeA v—Qep + EaL (Sc)z + QeAs Sc— Qes + QeAs VvV + QA" S,,

we derive a force, denoted it as the Lagrangian-Lorentz-type Force Fy,

QLFLL =E+VvXB+vVv X(S:XE)+ S X (S X E)+ (S¢-V)Ag + (S. - VA (5.110)

The term, Eg, and the term, S.X B, have canceled each other.

Spin-Potential-Coupling-Induced Force

The Lagrangian-Lorentz-type force F; | predicts a new force, Spin-Potential-Coupling-Induced
force, represented by (S, - V)Ag and (S, - V)A. Namely a magnetic vector potential A, even in an
area where B = 0, drives the originally static spinning e-charges to flow in opposite directions;
the same to the spin-magnetic vector potential Aq.

Testing Experiment: testing the Spin-potential Coupling. Let’s consider a solenoid of p turns
per unit length with the radius r. The current I flow in the direction of increasing ¢, p is the
distance from a point to the solenoid (Fig. 3). The magnetic vector potential is

Ir?2 ~
o= —“2; ¢. (5.111)
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solenoid —»

ring

Fig. 5.2 Setup: Spin-Potential-Coupling-Induced Force: ring and solenoid

The spin-potential-coupling-induced force on spinning e-particles is along the¢ direction,

mve _

la? -~
l;‘spin—poterntial = 5 Qe(Sc-V)A = —-Q, H:p?;\ Scpid)- (5.112)

Taking a ring and placing the “infinity long” solenoid through the center and perpendicular to
the plane of the ring (Fig. 2), the “Sc,, e-particles” and “S,_ e-particles” in the ring will go
around the solenoid in the opposite directions to form opposite spin currents,

nQZt ppla® o~
m 2p2? Scpid)-

jspin—poterntial = nQqu) == (5.113)

For spinning e-particles, spin and e-charge are bonded together; spin current is accompanying
with e-current.

The S, e-particles and S¢,,_ e-particles near the solenoid will flow fast than those farther from
the solenoid.

For an open ring, e-particles with opposite spins will accumulate at opposite ends (Fig. 3). At
equilibrium, the voltage between two ends is

2
V= —Qe%swr (5.114)
solenoid =—p

openg ring

Fig. 5.3 Setup: Spin-Potential-Coupling-Induced Force: open ring and solenoid

Remark: the detection of this voltage/accumulation would prove the existence of the spin-
potential-couplinginduced force and, thus, the Lagrangian-Lorentz-type force.
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Effects of Lagrangian-Lorentz-type Force

Spin-Potential-Coupling Force Contributing to Aharonov-Bohm Effect:

Let’s consider a beam of spinning e-particles shooting at a solenoid. The spin e-particles go
around the solenoid and experience the spin-potential-coupling force and thus, split into
opposite direction, due to the orientations of spins. The spin-potential-coupling force

contributes to Aharonov-Bohm Effect (Fig. 5.4).

Solenoid

Fig. 5.4 Setup: Spin-Potential-Coupling Force Contributing to Aharonov-Bohm Effect

Remark: The Lagrangian-Lorentz-type force, QLFLL~(Sc -V)A, contributes to the A-B effect,

which implies that force is a partial cause of the A-B effect of Hamiltonian.

Lagrangian-Hall-type Effect/Topological Insulator:

In regular Hall experiment, an external magnetic field B and an external electric field E are
applied simultaneously. Let’s study effects of the Lagrangian-Lorentz-type force. Considering a
3D material with width L in y-direction and thickness D in z direction, placed in a B field (z-
axis) and an E field (x-axis), the longitudinal current density j, along x-axis, same as Fig. 2.

For simplicity, ignoring the potential-dependent force. At equilibrium, v, = v, = 0, the

Lagrangian-Lorentz-type force gives the electric fields,

1(121:: = EX(l — Scy+Scy+ — SCZiSCZi)' (5.115)
mvy
vyxBz—bvyEx
Ey - (1—avyx—aa—cc)/ (5117)
cvxEx
E, =- (1—-avy—aa—bb)- (5-118)
The Extended Hall parameters are,
(1) Extended Hall coefficients:
_ Ex _ m
RE-—H-xx = ]X_BZ "~ ntQZB,(1-bb-cc)’ (5'119)
— Ey _ BZ_bEX
RE_H_yX ~ jxBy  nQeB,(1-avg—aa—cc)’ (5.120)
= Fz _ _ CEx
Re-H-2x = jxBz  nQeBz(1-avy—aa—bb)’ (5.121)
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(2) Extended Hall conductivity,

j nQ3t nQit nQ T
OSH-xx = E_); = nf nf Scy+ . Scz+' (5.122)
—Jx _ NnQe  nQevy _NQe nQe
GE H- Xy Ey B,— bEX B,— bE SCX+ B, bE SCX+ B, bE SCZ+’ (5'123)
j nQ nQev nQ nQ
OE-H-xz = E_); = CE: + Ce XScx+ + . Scx+ + —= Scy+’ (5124)

(3) Extended Hall Resistivity,

m
Pext-xx = Rext—xxBz = mor =0 (5.125)
_ _ B, _ bEyx
Pext—xy = Rext—yXBz " nQe(1-avg—aa—cc) nQe(1-avy—aa—cc)’ (5.126)
Ex
Pext-xz = Rext-zxBz = — - . (5127)

nQe(1—avy—aa—bb)

We refer the effects described by Eq. (5.116) to Eq. (5.127) as the “Lagrangian-Hall-type Effect”.
The Lagrangian-Lorentz-type Force induces Lagrangian-Hall-type effect, as Lorentz force
induces Hall effect.

Spin-Larmor-type Precession:
Lagrangian-Lorentz-type  force  Fy; = Q.S X (S¢ X E) induces Spin-Larmor-type
precession,

ds.
S=axs, (5.128)
Q = Q. (S, X E) (5.129)

Which is the same as the second term of Eq. (5.65).

Underlying Mechanism of Rashba Effect:
The work done by Spin-magnetic field By is,

I F=Qer- (VXBy) +Qer (Sc X By) =2 E-[L x S + 2 E-[£ xS]. (5.130)

where ;= mr X S.. The first term of Eq. (5.130) is the Extended Rashba SOC of Eq. (5.51).
The underlying mechanism of the Rashba effect is the spin-magnetic force.

Spin-magnetic-Rashba-type SOC:
The Power of Lagrangian-Lorentz-type force acting on spin is,

v Fi = Qev - (S¢ X By) :%Bs (P X S¢). (5.131)

We refer the term BS (S¢ X p) as the Spin-magnetic-Rashbe-type SOC.
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Effects of Lorentz Force on Spin
Classical Origin of Aharonov-Casher effect:
We suggest that Lorentz force acts on spin as,

S X Fp = Q.S, ><E+ Sx(pr) (5.132)

The first term provides a classical origin of the Aharonov-Casher effect.
Substituting the identity, A X (B X C) = (A - C)B — (A - B)(, into Eq. (5.132), we obtain

Sc X Fp = QeS¢ ><E+ (S x B)p — ee(Sc-p)B. (5.133)
Substituting the identity, A x (B x C) = (A x B) x C + B x (A x C), into Eq. (5.132), we obtain,

S. X F, = Q.S, ><E+ (S Xp)XB+ px(S X B). (5.134)
Substituting the definition of the Eq field into Eq. (5.134), we obtain,

Sc X F, = Q.S, ><E+ (S ><p)><B——p><E (5.135)

Spin-Stark Effect; Magnetic-Rashba-type SOC:
We can find how Lorentz force affects spin differently,

S.-F,=Q.S, E +$—eesc .(p X B) = Q.S - E +$—ZB - (Sc X P). (5.136)
The Q.S. - E causes spin-Stark effect. The % B - (S; X p) is a magnetic-Rashba-type SOC.

Discussion and Summary
Euclidean geometry is the first self-consistent mathematical systems established based on few
axioms, and deriving other theorems from axioms.

Based on mathematical vector identities, we establish self-consistent UMFE that universally
describes classical physical fields induced respectively by velocity and classical spin of a source.
Combining UMFE, Coulomb’s law and velocity, we derived Extended EM, which: (1) justifies
UMFE; (2) shows that the experiments-based EM have their mathematical origin; and (3) the
uniform motion of an eparticle inevitably induce an axial vector magnetic field, which is
predetermined mathematically. Moreover, Extended EM predicts new effects that the spatially
varying velocity of e-particle induces axial magnetic field and axial induced electric field.

Combining UMFE, Coulomb’s law and spin, we derived Spin-EM in the perspective of
fundamental physics.
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Spin-EM is powerful and fruitful, and achieves the following:

1. Derives spin wave.

2. Derives Spin-Lorentz-type force and Lagrangian-Lorentz-type force, which, for 3D
model, cause Dual-Hall Effect, Extended-Hall effect, Lagrangian-Hall-type Effect, and
Temperature Dependence of Extended-Hall effect; also cause Extended Rashba SOC.

3. Extended-Hall effect contributes wuniversally to zero longitudinal Hall
coefficient/resistivity, GMR/TMR, Anomalous Hall effect, Spin Hall effect, and
topological insulator.

4. Predicts Spin-Potential-Coupling-Induces force that contributes to Aharonov-Bohm
Effect.

5. Provides classical counterparts of Aharonov-Bohm effect; Aharonov-Casher effect; Stark
effect; Larmor Precession.

6. Proposes several experiments to test proposed effects, such as, definition of spin-electric
and spin-magnetic fields, Spin-Aharonov-Bohm effect, Dual-Hall Effect/Topological
Insulator, whether pey—xx(B) = 0 of GMR/TMR, Spin-Potential-Coupling-Induced
force, Zeeman effect/Extended-Rashba SOC.

We argue that the powerfulness and fruitfulness are evidences supporting Spin-EM.

The mathematical identities lead to the physical dualities. UMFE provides mathematical origins
of physical dualities between Extended EM, Gravito-EM and Spin-EM.
The Lagrangian-Lorentz-type force and the Hamiltonian, Eq. (5.43), are derived from the same
Lagrangian. We suggest that there is a duality between the Lagrangian-Lorentz-type force and
the Hamiltonian, i.e., an effect of Hamiltonian corresponds to an effect of Lagrangian-Lorentz-
type force, and vice versa, which is heuristic for exploring new effects

The validity of Spin-EM is to correctly predict and agree with experimental results, which need
to be tested.

APPENDIX

A. Duality
In Mathematics, duality is one of the most fruitful ideas, is a ‘principle’ and is very powerful and
useful [37]. In physics, the concept of duality has played an important role in the development
of physical theories. The underlying idea is that the analogy between different phenomena in
Nature is not a mere coincidence.

Moreover, duality gives one point of view of looking at the different objects, which, in principle,
are all duals. When equations/theories are mathematically equivalent, then they are dual to
each other. We argue that: “Mathematical identities lead to mathematical duality that lead to
physical duality. Duality discloses the similarity of intrinsic nature of apparently different
physical interactions and leads to unification”. We show that this point of view of duality is
powerful, fruitful and guidance.

‘Duality’ may be advanced to ‘symmetry’, e.g., the duality between EM and Gravito-EM leads to
the echarge/g-charge symmetry, ultra-symmetry.
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Let’s study mathematical duality between different quantities.

A1l. Type-1 duality and Type-2 duality
For studying dualities clearly and conveniently, let’s introduce different level axial vector fields:
First level axial vector field (abbreviated FAF): “c” is defined as the cross product of a and b,

c=axb,
where both the “a” and “b” are vector field, denote “c” as FAF.

Second level axial vector field (abbreviated SAF): “d” is defined as the cross product of e and
f,
d=eXxf,

where the “e” is a vector field and “f” is a first level axial vector field, denote “d” as SAF.

Third level axial vector field (abbreviated TAF): “n” is defined as the cross product of q and
p,

n=qxp,
where both the “q” and “p” are first level axial vector fields, denote “n” as TAF.
Now let’s introduce two categories of dualities as following:

Type-1 duality: for an axial field Wyefore = S X T, under transformation(s) of either S or T or
both S and T, the field Wyeforetransfers to Wy Under two conditions: (1) Wygrer and Wyetore
are same level axial vector field; (2) the field equations describing respectively W,gorand
Wyerore have either the same form or are mathematically equivalent; then there is a Type-1
duality between W and Wyegore-

Type-2 duality: for an axial fieldWyeore = S X T, under transformation(s) of either Sor T or
both S and T, the field Wyefore transfers to Wyger. Under two conditions: (1) Wyger and
Wyeroreare different level axial vector fields; (2) the field equations describing respectively
Wserand Wyegore have either the same form or are mathematically equivalent; then there is a
Type-2 duality between Wygorand Wyegore

Where the “T” is either a vector field Tyqctor (@abbreviated Tv) or an axial vector field T,yia1—vector
(abbreviated Tav) or a field T.ompination (@abbreviated Tc) that is the combination of a vector and
an axial vector Tc= Tv+ Tav. The “S” may be either a vector field Sycctor (@abbreviated Sv) or an
axial vector field S.yia1—vector (@bbreviated Sav).

Note: A special situation is that, during the transformation, one term in equation becomes zero.
For keeping the same form of equations, we still keep the zero-term for the purpose of
discussing duality. Then, in later calculation, ignore those zero-terms.
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Specific examples of type-1 duality: In the following examples, “n” is an integer and n
= 1, 2, 3.... Example 1: Corresponding to different axial vector fields Tav/p, the fields v X
Tav/p are SAF, where v is a vector. Dualities between those SAFs are type-1 duality, i.e., under
transformation,

Tav/E e O Tav/D
there are conversions between the SAFs,

VX Tayg e -+ &V X Tayp, (n+1)
and between UMFT describing them.

Example 2: Corresponding to different axial vector fields Tav/p, the fields Sv X Tav/p are TAF.
Dualities between those TAFs are type-1 dualities, i.e., under transformation,

Tav/E e O Tav/D
we have conversions between the TAFs,

SvX Tav/E> -+ < Sv X Tav/p, (n * 1),
and between UMFT describing them.

Specific examples of type-2 duality:

Example 1: Corresponding to a vector field Tv/p and an axial vector field Tav/p, the fields v X
Tv/p and fields v X Tav/p are FAF and SAF respectively. Duality between v X Tv/p and v X Tav/p
is type-2 duality.

Example 2: same as Example 1, but replace vector v with vector Sv.

Example 3: Corresponding to a vector field Tv,p, the field v X Tv/p and field Sav X Tv/n are FAF
and SAF respectively. Duality between v X Tv/p and Sav X Tv/p is type-2 duality.
Example 4: same as Example 3, but replace Tv/p with Tav/p.

A2. Transferability between Dualities of Same Type
The mathematical type-1 duality and type-2 duality can be transferred. We propose Transfer
Rules:
1. There are type-1 dualities between A and B and between C and D. If the duality between
A and Cis type-1, then the duality between B and D is type-1, and vice versa;
2. There are type-2 dualities between A and B and between C and D. If the duality between
A and Cis type-1, and if B and D are the same lever axial fields, then the duality between
B and D is type-1, and vice versa;
3. Thereare type-1 (or type 2) dualities between A and B; and C is mathematical equivalent
to A. There is D that is mathematical equivalent to B, and thus is type-1 (or type 2) dual
to C.

Services for Science and Education - United Kingdom 734



Peng, H. (2023). Maxwell Equation Derived From (Coulomb’ Law + Velocity), Maxwell-Type Gravity Derived From (Newton’s Law + Velocity), Spin-
Electromagnetism Derived From (Coulomb’ Law + Spin) ---By Universal Mathematical Field Theory (UMFT). European Journal of Applied Sciences,
Vol - 11(3). 661-738.

4. There is type-1 (or type 2) duality between A and B; and C is mathematical equivalent
to A. There is a type-1 (or type 2) dual of C, which is mathematical equivalent to B.

A3. Duality and Quasi-Duality between Physical Theories

The conventional duality is a one-to-one mapping and equivalence between two physical
theories, which have similar formulations but have different values of corresponding physical
quantities, so that we should describe different interactions with one theory, rather than with
two theories.

To study the above topics further, we restudy the concept of duality:
¢ Duality: between two theories should satisfy the following requirements:
e Requirement 1: both theories have corresponding symmetries.
e Requirement 2: both theories have the formulas of same forms and corresponding
quantities of different values, e.g., linear-to-linear and non-linear-to-non-linear theories.
¢ Requirement 3: each theory has charge conjugation.

In physics, duality with same kind of symmetries will disclose deeper relation between two
theories. Based on Noether’s theorem, Requirement 1 leads to Requirement 2. But Requirement
2 does not necessarily lead to Requirement 1 before proving.

In physics of gravity, the conventional Gauge/Gravity Duality doesn’t satisfy Requirement 1.
The gauge theories are dictated by internal and CPT symmetries. On the contrary, there are no
such symmetries in conventional Einstein theory of General Relativity (GR).

Thus, we introduce a new less-restrict concept of Quasi-Duality:

Quasi-Duality: two theories satisfy part of Requirements of Duality, e.g., both theories with
either noncorresponding symmetries or one of theories with unknown symmetry of the kind
that other theory has.

A4. Theory-independent and Transferability of Duality and Quasi-Duality
With theory-to-theory Duality (Quasi-Duality), we postulate following conjectures:
e Conjecture 1: the intrinsic nature of quantities disclosed by a Duality (Quasi-Duality)
must be theoryindependent.
e Conjecture 2: Dualities (Quasi-Dualities) are transferable.
e Conjecture 3: Quasi-Duality should advance to Duality eventually; otherwise, at least,
one of theories needs to be modified.

Duality reflects intrinsic nature of the real world, while Quasi-Duality reflects only partial
nature of the real world. A theory attempting to describe Nature is limited by present
knowledge. Thus, a Duality, as well as a Quasi-Duality, should not depend on theories, since
theory will be modified eventually. Conjecture 1 reflects this fact. An example of Conjecture 2
is that if there are theory-A/theory-B Duality (Quasi-Duality) and theoryB/theory-C Duality
(Quasi-Duality), we must have theory-A/theory-C Duality (Quasi-Duality). Conjecture 3 implies
that our limited understanding of Nature will gradually progress and reach, hopefully, full
understanding ultimately.
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The general goals of understanding gravity are: (1) Find out the internal symmetry associates
with gravity; (2) Suggest a gravitational charge conjugate; (3) Reformulate gravity in the same
terms as that of other forces. We have completed the above tasks, so gravity and other three
force are on the same footing. We have accomplished the tasks: (1) Quantize gravity; (2) unify
gravity with other forces. Gravity is a physical field as other three interactions in real world 4-
dimention spacetime.

Inver-square Law for Spin
In this article we have assumed that there is no spin-charge, i.e.,, V - E¢ = 0.

However, it might be possible to postulate a physically hypothetical Qgpin—_charge (abbreviated

Qs_m), call “spin-charge”, which is a spin counterpart of e-particle, and satisfies an inverse-
square law,

V- Es = Qsm'"-
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