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ABSTRACT
In this article, we present a detailed analysis on the existence and uniqueness of
solution for the fractional Fredholm integro-differential equation (FFIDE) via the
fractional variational orthogonal collocation method (FVOCM) with Mamadu-
Njoseh orthogonal basis functions. Relevant theorems were formulated and proven
to show that there exist a solution for the problem FFIDE through the FVOCM, and
the solution is shown to be unique.
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INTRODUCTION
Many mathematical models of science and technology are described by fractional integro-
differential equations. The approximate computations of these models have been the central
issue of engineering and scientific computing. Evidently, with the development of
supercomputers, many numerical or iterative schemes have been developed to solve these
problems at ease such as found in the researches [1-10].

Now, a functional equation of the form [7, 9]

D*u(t) = f(t) + z(t), te[0,1], (n—1) < a < n,neN (1.1)
with 2(t) = [ k(x, Du(t)dt (1.2)
w® =4, i=123 .., (1.3)

is called the fractional order Fredhohm integro-differential equations. Here, u(t) is the unkown
function, D*u(t) is the Caputo order fractional derivative of u(t), k(x,t) is the kernel, and f(t)
is the source term. Further related literatures on the subject area can be found in the researches
[11-12].

In this article, we present a detailed analysis on the existence and uniqueness of solution for
the fractional Fredholm integro-differential equation (1.1) via the FVOCM with Mamadu-Njoseh
orthogonal basis functions.
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Now, we rewrite (1.1) - (1.3) in the form

LU0 — #() + [ kG Du(v)dt, (1.4)

w) =4, i=123,.,
and t € Q € R", where Q is bounded and closed.

Define the vector function u(t) = (u,(t), u,(t), ..., u,(t)) such that it is continuous and analytic
on

tERIX A X Q;=ax Q X O, a € (-, »),Q CR™ (1.5)

Suppose that u(t) is Lipchitz continuous, i.e., satisfying the following inequalities:
lu® <K, (1.6)
llu(ty) —ut)ll < Kqllty —toll, (1.7)

forallte R, t; €0, t, € Q4,and K, K; > 0.

The Fractional Variational Orthogonal Collocation Method (FVOCM)

This is a merger numerical approach for seeking the approximate solution of fractional
Fredholm integro-differential equation with the aid of Mamadu-Njoseh orthogonal polynomials
as basic functions.

The method is a mixture of the standard variational iteration method and the orthogonal
collocation method. The method is simple, accurate and reliable with no weak assumptions or
transformations. A brief review of the method with reference to the present work is presented
in the following steps:

Step 1: Construct a correction functional for governing equation (1.1):

U1 () = up () + [T A(5) [D“un(s) —(s) — [ k(x, s)un(s)ds] (ds)*,n=1 (2.1)

where A(s) is the general lagrange multiplier given as [13]
AGs) = —

r(1+o)’

Step 2: Define an approximate solution (initial approximation) of the form:

() = XN aipf (D), te[-1,1], (2.2)
where a;’s are constant parameters to be computed, and ¢{(t) are the Mamadu-Njoseh
orthogonal polynomials [14 -15] in the Caputo sense with respect to the weight function w(t) =

1+ t2.

Step 3: Choose a value for N in (2.2) and collocate orthogonally at ¢f,,(t) and solve the
resulting algebraic equations for the values of a;'’s.

Step 4: Substitute the estimated values of a;’s into (2.2) to obtain the initial approximation.

Step 5: Implement the iterative scheme (2.1) subject to the initial approximation for n > 1.
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MAIN RESULTS: EXISTENCE AND UNIQUENESS OF SOLUTION
Theorem 1
If the equation (1.4) is Lipchitz continuous i.e., satisfies the inequalities (1.6) and (1.7) with the
solution u = u(t,), then the iterates of functions generated via the FVOCM is given as:

Unpa () = un(®) + —— [ [ () — £5) — [ k(x uy()ds| (@), (3.1)

r(1+a)

where
un (1) = %o aif (). (3.2)
Equation (3.1) with
uO(to) = Ug, n= 0,1,2, ey

converges absolutely with respect to:

quRl X Q - Kl (3.3)
to the function U, (t,) defined in (3.3), and thus satisfying the equations:
1 t[d“ b
U(®) = Uy (O + 15 fy [ (W () = £8) — [} K(x, g (s)ds] (ds)*, (34)
provided that

”uoc - uO” < Kl'

Proof: Suppose that j—;un(t), , k(x,t) and f(t)are continuous in t satisfying the following

inequalities:
|55 ua® || <6 <o (3.5)
IfOI <y (3.6)
lluoll = 8¢ (3.7)
Lk llde< M, M >0
T, = ¥, MIKi~! (3.8)

T, = L2, iMK

where —00 <t < T < o0, G,y and §, some are positive constants, and where T; and T, are
convergent series.

Also, we define the non- empty sets:

Qf = Q _— Kl
Q=0 — Ky
where
max
K; = TG(y§y + K), Ky = G8y + G(¥§ + K), || || = 0<t<T

And also

Let u; (t), u,(t), ..., u, (t) be the iterates generated by the recurrence formula (3.1). Each of these
iterates is well defined in the domain (1.5) and also continuous.
Now, when n = 1 using (3.1), we get,
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da

lus (t0) = ot = ||z o [d5e o (®) = £(8) = [ k(x )ug()ds| (ds)“||
<t |5 o || = I = Lk )l lug(s)llds] (ds)

<TT(G—y—M§y) =Ky, T= ||1"(11+oc)||'

Therefore,
luy (to) — up(to) Il < K.

Now, suppose that uy(t,) € Q, VtER?, t, € Q,q € Z*,
when n = q + 1, we have that
lugs1(te) — ue(to) || < Ky, uger(te) € Q, VEERY, ty € Q, qeZ*,

Thus, we have by mathematical induction,
”un(to) - uO(tO) || S Kl) for n= Olllzl eey (3.9)

Similarly, we have:
B 1 tr qo b .
lus (£l = ew f [dsa (u0(s)) = (s) f k(x,s>uo(s)ds] (ds)

< Hlug(toll + T fy [[| 55 ol || = IS = £ 1k G ) lllup()1Ids] (ds)*
< 8, + tTG(G—y — M&,) =K,

up(to) +

and hence
luy (t) Il < Ks.

Thus by mathematical induction, we have
[lu,(to)ll < K,, foralln =10,1,2, ... (3.10)

Next, we show that the iterates of function (3.1) are uniformly convergent on u, € R! x Q.
Letn = 11in (3.1), we have that

(o) = u (Il < T 3 [||5 (02 (9) = wy )| + us(8) = wo) ] (d)*  (3.11)

Using (3.9) and (3.10), we get
lluz (to) — vy (to)ll < TTGK;.
Also, when n = qin (3.1), we get,
[|lug(te) — (to)|| < TTGK,P™.
Now, suppose that the inequality
||uq+1(t0) - uq(to)” < TQK,P™* (3.12)

holds for n = q, then it can be shown that the inequality

||uq+2(t0) - uq+1(t0)|| < TQK; (3.13)
holds forn = q + 1.

Thus,
gz (to) = tuger ()]l < T fy [[[ 555 Qa1 (8) = ug ()| + Mlluge1 () = ug()|]] (ds)®

Services for Science and Education - United Kingdom 538



Tsetimi, J., Mamadu, E. J. (2021). On the Existence and Uniqueness of Solution for the Fractional Fredholm Integro-Differential Equation Through
the Fractional Variational Orthogonal Collocation Method with Mamadu-Njoseh Orthogonal Basis Functions. European Journal of Applied Sciences,
9(6). 535-542.

By (3.12), we get
||uq+1(t0) - Uq(to)”
< T [, Glluge1(s) — ug(®)]| + K1 (T24 MK |[ugss (5) — ug(s)]|(ds)®

Hence,
lugs2(te) — uq(to)|| < TTG(YTGK,P~* + KTGK,K,P™)

By mathematical induction, the following inequality holds:
lupsq(te) — un(te)ll < TTGK, K = TGK,P"*(y +K;),, n=12,.. (3.14)

Hence, from (3.14), the following inequalities holds forr > 1
lun+r(to) — ur(to)ll = f20||un+1+j(t0) - un+j(t0)| , V.

Hence,
”un+r(t0) - un(tO)” < Zf20||un+1+j(t0) - un+j(t0)||
< Z{’io TGKlKn‘”j
< TGK; K" 32, K
< TGK;(1 — K)‘lK“‘l.

Thus,

luns1(to) — un(to)ll < TGK,; (1 — K)7'K™™. (3.15)
Using (3.15) forn = 1,2,3, ..., we obtain

lim Kn_l =0= lim un(to) = uoo(to) (3.16)
n—-oo n—-oo

Thus, the equations (3.15) and (3.16) show that the iterates of the function (3.1) converges
uniformly on the domain u, € R! X (¢ as n — . Hence, the limiting function u,(t,) exist as
the solution of the fractional Fredholm integro-differential equations (1.4).

Theorem 2
Supposing all the conditions and assumptions of theorem 1 are true, then the function u(t,) is

a unique solution of (1.4).

Proof : Assume that

a1 (O = Un(® + i fy [352 (Un(6) = £(5) = [ k(x 9)un(8)ds] (ds)°
and

U1 (O = Un(® + 15w o [ @n () = £9) = [ kG, um(s)ds] (ds)*,
are solutions of (1.4).

Now,

llun+1(to) — um+1 (o)l

uy (to) +

! | f bk ds| (ds)*
F(l +(X) _fo ldsa (un(S)) - (S) _-[a (X’ s)un(s) Sl( S) _um(to)

d« b
57 ) = 16) = [ K shun 18] @0

B r(11+ a) fot
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1 (t0) = s (to) | < (o) = (bl + 7 [|| 555 (un(s) — um () || +
S G Dl () = un ()1 ds| (ds)*

By using all conditions and assumptions of Theorem 1, we get
llun (to) = um (to)ll < TTG + Ky (E{21 iMKT ) llun(te) — um(to)ll + Ky (3.17)

Also, we find:
llun (to) — um (t)ll < Gllup (o) — um (o) Il + Ky llun (to) — um (to) |l
< (G + K)lluy (to) — un (to)ll (3.18)

From the inequalities (3.17) and (3.18), we obtain

llug (to) — um (o)1l < (TG + Kp)? [lun(te) — um (to)l
Thus,
llun (to) — um (to)ll < DK,

Where
D = (TG + K;)?[lup (to) — um (to)|l-
By mathematical induction, we have that
lun (to) — um(to)ll < DK" (3.19)

Therefore, using (3.19) and (3.16) for n — oo, we have that K* - 0.
Thus,

un(to) = um(to)
Thus, u(t,) is a unique solution of (1.4) Vt € R, t, € Q.

For example, the fractional integro-differential equation

3 1
D1/2u(x) _ /8)x /2—2x"/2

1
= + fo xtu(t)dt, x=>0,t< 1,

with exact solution u(x) = x(x — 1), can be solved using the FVOCM through the steps as
follows:

1. Correction functional for the problem is given as
t 1
1 ” (3/8)x /2 — 2x'/2 .
U1 (X)) =u,(x) + m[ D/2u,(s) — e — f xtu, (t)dt | (ds)%, n > 1.
0 0
2. Let N = 3 such that the initial approximation is

uo (%) = XiLoaif (%), x € [0,1].
where @{'(x) is the shifted Mamadu-Njoseh orthogonal polynomials in the Caputo sense
obtained through the transformation

—1t+1 d—ldt
X—z( ), x = Zdt

3. Collocating orthogonally at @ (x), and then solving the resulting algebraic equations to
geta; = 0,i =0(1)3.
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4. Implementing the iterative scheme subject to the initial approximation forn > 1, we
obtain the following iterates with the aid of MAPLE 18;

3/2 B
- 4 x'“(4x—15)

1S rr(a+)

3/2 4.
= - X (Gx=5) ] ! (224x°"% = 360272 = 2016 > /2 (¢

5 frr(e+1) 1890 re+1)*/n

+1) 425202 T(a+ 1) —504x° /1 + 9452/ )

3/2 40
o= -2 X T (Bx=5) 1 (224x°"2 = 360272 = 2016x° "2 T'(o

5 [rr(e+1) B0 ro+1)’)n

+1) +2520° 2T (o + 1) — 5043w + 9452/ )

1 1 ( 13/2 11/2 9/2
— 197120372 — 374400 x'? — 5125120x" "2 (0t + 1)
21621600 F(oc+1)3 /n

+ 8236800572 T (00 + 1) + 5271552x7/2 + 23063040 5° 2 T (0 + 1)
— 1207206,/ 7 x° — 1153152072 — 28828800 2 (o + 1) + 2477475x* )

The Table below show the maximum errors obtained for each iterate above for o = 0.5

compared with the standard least square method (SLSM) and perturbed least square method
(PLSM).

Table 1. Comparison of Maximum Errors at o = 0.5

X FVOCM, u, SLSM [6] PLSM [6]

0.1 1.0000 x 1011 1.6795 x 107> 9.1044 x 1075

0.5 5.0001 x 10711 1.5190 x 107> 7.0128 x 1073

1.0 1.0000 x 10711 3.5524 x 107> 1.4367 x 107*
DISCUSSION OF RESULTS

There exist several numerical schemes for solving fractional Fredholm integro-differential
equations. Here, the proposed method has been compared with the SLSM and PSLM as available
in the literature [6]. From Table 1, it is obvious that the proposed method attained a maximum
error of order 10-11, while the SLSM and PLSM attained maximum errors of order 10-5
and10-4 respectively. Thus, it is obvious that the proposed is a far better solver than the SLSM
and PLSM as it converges rapidly to the exact solution. All computation proceedings were
performed with MAPLE 18 software.

CONCLUSION
We have successfully carried out a detailed analysis on the existence and uniqueness of solution
for the fractional Fredholm integro - differential equation (1.4) via FVOCM with Mamadu-
Njoseh orthogonal basis functions. Our findings have shown that there exists a solution for the
fractional Fredholm integro- differential equation through FVOCM with Mamadu-Njoseh
orthogonal basis functions and that the solution is unique.
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