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ABSTRACT
I have already reported "Property of Tensor Satisfying Binary Law 3". This article
improved a proof part in article "Property of Tensor Satisfying Binary Law 3". The
Proposition that improvement was carried out is Proposition4-8, Proposition10-15
in article "Property of Tensor Satisfying Binary Law 3". The Proposition of article
"Property of Tensor Satisfying Binary Law 3" will become stronger by this
improvement.
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INTRODUCTION
[ have already reported "Property of Tensor Satisfying Binary Law 3".[2] This article improved
a proof part in article "Property of Tensor Satisfying Binary Law 3".

The Proposition that improvement was carried out is Proposition4-8, Proposition10-15 in
article "Property of Tensor Satisfying Binary Law 3".

The Proposition of article "Property of Tensor Satisfying Binary Law 3" will become stronger
by this improvement.

In addition, I performed the explanation about this improvement in Discussion chapter.
The improvement technique that I showed here was performed about other Proposition2-5
equally.

DEFINITION
Definition1 x* # x*, xV # xV,x* = xV,x¥ = x* is established.[1] | named XM= xh xV £
xV,x* = xV,x¥ = x" "Binary Law" .[1]

Definition2 If x* # x*, xV # xV, x* = xV, x¥ = x" is established, x, = x"is established.[1]

Definition3 If x* # x*, xV # xV, x* = xV, x¥ = x" is established, X, = X" is established.[1]

Definition4 If x* # x*, xV # xV, x* = xV, x¥ = x" is established, X, = —Xx, is established.[1]

Definition5 If all coordinate systems x*, xV, x°, x?, .- satisfies x* # xH, xV #= xV, x* = xV,xV =
xM,

all coordinate systems x*, xV, x°, x? - shifts to only two of x*, xV.[1]
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Definition6 g, = 1, g, = 0: (u # v) is establishment.[3]

95" _ _ M is established for — 22
—_— = 1S establishe or—————.
dxV axV oxV dxV dxV oxV

Definition7
Definition8 The first-order covariant derivative of the covariant vector satisfied

dx dx g 0 ag
TH b — Xt ‘Lrlv =—t— Xt g ( ' Jve _ uV)_[4_]
d axVv axVv axVv oxK 0x€

X

Definition9 The first order covariant derivative of the contravariant vector satisfied
no_ 6X“ r xH + x‘r%gep. (agte + O0gve ag‘t\)) [4]

VT axv T oaxv axv ' 9xT 9

Definition10 The second-order covariant derivative of the covariant vector satisfied
2x .
— wv L L
Xuvio = Ixo xl;vrua - xu;LFva

_ 0 (oxy T ox, T i Oxy T t
T 9xc (ax" o xTF“V) N (BxV o xTFW) F“G N (ax‘ TF’“) FVG

_ azx# _ i <x l €T (69#6 + 0gve _ aglﬂ/))

= oxvaxs  axo \X129 axV  9xk  9x€

9l e (ag“e y Qoe _ ag’“’) (agLE 99ve _ 69_W) 1 a (69ue 4 990e _ agua)
axV 2 0x9 OxH 0x€ Xt g axVv axt 0x€) 2 0x9 oxH 0x€

ax_lll €L (agve 09se 09\;0‘) + x, ge-[ (% 09 %) 1 e (Qg\,e n 0gce ngo-) [4]

ax' 2 0x% aoxVv 0x€ axt oxH 0x€/ 2 0x% axV axe )’

Definition11 The second-order covariant derivative of the contravariant vector satisfied
oxt
u _ V. L TH K
+ x50 — x, g

X.
o [oxH* axt axH
=2 (55 4Tl ) + (55 + 2T ) T — (55 + x°T4 ) T

V0 T gxo
0x9 \oxV

9%xt 0 1 09+e 09ve 99+
ST 0 (el g (O D00
daxV 0x% 0x% 2 g axV oxT 0x€

9x'1 en (fl 990¢ _ 09_6) 4yt lge (agu 99ve _ 3grv) 1 en (fl 990¢ _ 09_6)

axV 2 0x% dxt 0x€ 2 ) axV oxT 0x€ ) 2 0x% oxt 0x€
Ox” 1 e (agve 0gse agvc) — T lgeu (% 09 %) 1 e (agve 0gse agvc) [4]
BxL 2 0x% axV 0x€ 2 dxt oxT 0x€/ 2 0x% axV oxe )’

Definition12 The third-order covariant derivative of the contravariant vector satisfied

u _ ax#}:zf K u
Xviod = dxA F K alva = X 0/1

=2{=% (‘;? + xfr“ ) + (& + 2 ) T — (Z5 + 07T T )
o (Z% +X°TE) + (— +x7Th ) Tl — (6i + X ) T} Ty
S (B ) + (Z 4 ) T — (4 T T T
L (E ) + (25 s ) T — () T T
- 6x"(233;:6x7‘ + ax:3 axh (x ;g (Zitve + Zivfe - 0;: ))
(it (e 2

0 1 09ze dgve dgev) 1 € 39,c 09ge 09,6
+-—(x7= E‘( + e _ —get (She 4 Hoc oo
dx? 2 g axVv axT 0x€ ) 2 g 0x9 oxt 0x€
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0 oxt1 €L (agve agce agvc
dxr <6xL Zg 0x° + 0x

0 1 ¢ (agte agLE agn) €L (agve 09ce agvc)
— —— | xT= g (== — —
0x7‘< 2 9 ox* t ot ox* 9 0x° daxV 0x€

9%x* 1 e (69Ke + 0gre ag}ck)

dxV 0x% 2 ox2 ax¥x 0x€
1 e (99ze 09ve 09ty 1 ¢ 09xe 092 (Yo N

+0x"< Zg (6x" + oxT 0x€ ))Zg u(ax7L + ox¥ axe)

Ox'1 e (% 0gce 6g_m) 1 e (69Ke 09xe 69@)

ax" 2 0x% dxt 0x€ ) 2 dx? dax¥ 0x€
+xT lgﬂ (ag‘re + 0gve agtv) 1 e (% 9gse _ agi) 1 e (agKE + 09xe ag}d)

2 axV oxT 0x€ ) 2 0x% dxt 0x€ ) 2 ax2 dox¥ 0x€
_ ax 1 €L (agve 09ce _ aQ\)O') lgeu (69Ke 99x¢ _ ag}ck)
2

axL 2 0x% axVv 0x€ ox2 ax¥ 0x€
—xT lge}( (6g‘te 09 agn) 1 e (agve 0gce _ agvc) 1 e (agKE + 09xe ag}d)
2 dxt oxT 0x€/ 2 0x% axV 0x€ ) 2 oxA dox¥ 0x€

_ i 1 ex (agve 0gre agv}\)

0x¥ 0xC 2 oxA oxV 0x€
0 1 ¢ (agte 09xe ag‘nc) 1 ek (agve 092¢ 9gva
—— [ x* - u + — — + —_
0x° < 2 9 ox¥ ox* 0x€ 2 dxr oxV 0x€
_ 9x' 1 e (6gLE 09se agm) 1 e (agve + 0gre _ agv?\)
dx¥ 2 0x° ox' 0x€ /2 axr dxV 0x€
—xT 1 e (ag‘re 0gxe ag‘m) 1 en (agte 0gce agm) 1 e (agve + 0gre _ agvl)
2 g dx¥ 0xT 0x€ /2 0x° ox' 0x€ /) 2 oxA dxV 0x€
+ & x4 1 €L (agKE + 09ge _ 691{0‘) l €K (agve + 09)¢ _ agvk)
dx' 2 0x©° dax¥ 0x€ /) 2 axr dxV 0x€
+xr lgep, (agte 09,¢ _ agn) l €l (agKE + 09ce _ agKO‘) l €K (agve + 09)¢ _ agvl)
2 ax! 0xT 0x€/ 2 0x° dx¥ 0x€ J 2 oxA dxV 0x€

a2xM 1 ex (agce + 0gre 396)\)
dxV 0x¥ 2 oxA 0x% 0x€

0 [ 11 en (6g‘te 0gve ag‘rv)) 1 ek (690'5 09xe _ agcl)
ax¥ <x Zg oxV + oxT 0x€ Zg ax* + 0x° 0x€
9x'1 e (% 9gxe _ %) 1 e (0gce 09xe 6961)
ax" 2 ox¥ dxt 0x€ ) 2 oxA 0x% 0x€
—xT lgﬂ (ag‘re 0gve agtv) 1 e (% 0gxe %) 1 e (agce 09xe _ agcl)
2 axVv oxT 0x€ ) 2 ax¥ dxt 0x€/ 2 ax? 0x% 0x€
ax” 1 €L (agve 09gxe _ 69\)1{) l €K (agce 09)¢ _ ago-h)
BxL 2 axx axVv 0x€ ) 2 ox2 0x% 0x€
+xT lgep, (% + 09 %) 1 ¢ (agve 0gxe agvr{) 1 e (ago}'te + 09xe _ agc)\).
2 axt oxT 0x€ /) 2 ax¥ axV 0x€ ) 2 dx 0x% 0x€

Definition13 When the next conversion equation is established, xtf is components of a tensor
p o oxMtoxv
BT gxv gxm ™Y

of rank zero. x

Definition14 When the next conversion equation is established, x" is contravariant

oxH

components of a tensor of the first rank.[4] x* = —x"
axV

Definition15 When the next conversion equation is established, x, is covariant components of
_oxVY

a tensor of the first rank.[4] x,, =Xy

Definition16 When the next conversion equation is established, x"V is contravariant

ox¥ axV
components of a tensor of the second rank.[4] x"¥ = T—x"}‘
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Definition17 When the next conversion equation is established, x,,, is covariant components
fat fth d rank.[4] x,, = 202
of a tensor of the second rank.[4] x,,, = S 9 Ko

Definition18 When the next conversion equation is established, x), is components of the mixed

dx" ax?
tensor of the second rank.[4] x} = =—=—"x
[4] %, ax® axV A
Definition19 When the next conversion equation is established, x,,, is covariant components

fat f the third rank[4] x,y, = 25 25 9%°
of a tensor of the third rank.[4] x,,,; = Sk 9y 500 Xhie

Definition20 When the next conversion equation is established, x!_ is components of the
mixed tensor of the third rank of the second rank covariant in the first rank contravariant.[4]
uo_ OxMoxt ox® 5
Vo = 52 o axo Nie

Definition21 When the next conversion equation is established, x‘tlch is components of the

mixed tensor of the fourth rank of the third rank covariant in the first rank contravariant.[4]
M dxM ax€ ax* axP |

X, 3 = 2 or o5 X

VoA Axt dxV 9xC 9x) ~ €aP

ABOUT COVARIANT DERIVATIVE FOR THE VECTOR IN TENSOR SATISFYING BINARY
LAW

ox . ox (4
Proposition1 x,,., = —& x* = —£ _ & is established in tensor satisfying Binary Law.
P wY - axv’TH ax, TV 2 oxk yihg y

. o , . 0g ag
Proof: If all coordinate systems satisfies Binary Law in ﬁ — ax”:,
ag ag
T =0 (1
oxV 0x¢€
is established. I get
dx 1 a ox 109y
x'v:_u_ TS, Et(gve): s — TS, - (2)
W axV 2 axH axVv 2 0xM
from (1),Definision8. I get
ox 1dgy
_%%n_ . 109y
v = v T X o (3)

as if Binary Law being satisfied for all index except the dummy index of (2). If (3) is a tensor
equation, the dummy index of (3) can't make p or v. On the other hand, If all coordinate systems
satisfies Binary Law, dummy index of (3) should be p or v in consideration of Definision5. I aim
at the coexistence of these two demands. I rewrite (3) using Definision2 and get

: 0x 1 foghT ox 1 (ag™y
x’“=—“—xr—(g )=—“—x\,—(g ) (4)
H dx, 2\ oxH dxy 2\ oxk

(4) satisfies two demands mentioned above together here. I rewrite (3) using Definision4 and
get

dx 1 agt) d0x 1 (6g")
w u w u
_x . —_— ——_— + x — —_—— —— + x — . 5
wu oxH T2 (6xll oxK V2 \oxH ( )

(5) satisfies two demands mentioned above together here. I get
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dxy

X T T (6)
in consideration of Definision6 for (5). Because the second term of the right side doesn't exist
in (6),
_ Oxy
xIJ.;V - dxV (7)

can rewrite (6) using Definision4. In addition, x,,,, can't rewrite x;ull of (4) using Definision2
because the second term of the right side exists in (4). End Proof

s axt | . . e .
Proposition2 x;‘\l, = % is established in tensor satisfying Binary Law.

. . : .9 ]
Proof: If all coordinate systems satisfies Binary Law in % — %,
09ve _ 09gzv _
0xT axe 0 (8)
is established. I get
w_0xt 1l e (_aQTE) _oxt  x10gy

Xy axV tx 2 9 axV axV 2 oxV (9)
from (8),Definision9. I get

ax# agt
ot = 1100 (10)

v oxV 2 9xV

as if Binary Law being satisfied for all index except the dummy index of (9). If (10) is a tensor
equation, the dummy index of (10) can't make p or v. On the other hand, If all coordinate
systems satisfies Binary Law, dummy index of (10) should be p or v in consideration of
Definision5. I aim at the coexistence of these two demands. I rewrite (10) using Definision2 and
get

oxt 199y _ oxM 109y

xWHh = —+x =—+x :
dxy 20xy,  Oxy 2 0xy

(11)

(11) satisfies two demands mentioned above together here. I get

. dxH
we — 2
X -~ (12)

in consideration of Definision6 for (11). Because the second term of the right side doesn't exist

in (12),
oxH
X, == (13)

can rewrite (12) using Definision2. | rewrite (10) using Definision4 and get
_oxt  xldgr _ _xb 109y (14)

—xM = =
1S oxk 2 Oxk oxh 2 OxH’

(14) satisfies two demands mentioned above together here. I get

ot = 0 (15)

T gxk
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in consideration of Definision6 for (14). Because the second term of the right side doesn't exist
in (15), (13) can rewrite (15) using Definision4.

If all coordinate systems satisfies Binary Law in % — %,

297 - 6;’7 =0 (16)

is established. I get

=ty (22) - () w
from (8),Definision9. I get

=g 3 (5) 18)

as if Binary Law being satisfied for all index except the dummy index of (17). If (18) is a tensor
equation, the dummy index of (18) can't make p or v. On the other hand, If all coordinate
systems satisfies Binary Law, dummy index of (18) should be p or v in consideration of
Definision5. I aim at the coexistence of these two demands. I rewrite (18) using Definision2 and
get

. axH 1 (oght axH 1 (oghH
o = O () _0nt s 00ty 19
dxy + 2\ 0xT dxy + 2\ axVv ( )

(19) satisfies two demands mentioned above together here. [ rewrite (18) using Definision4
and get

u 11
o oxt e 1f09u) _ axM ,1(00u
Y= T T X3 <6x‘[) AT A (20)
(20) satisfies two demands mentioned above together here. I get
et = 0
x;ll T gxh (21)

in consideration of Definision6 for (20). Because the second term of the right side doesn't exist
in (21), (13) can rewrite (21) using Definision4. End Proof

2

0°x
s — "
Proposition3 x,,,., = 92 9V

is established in tensor satisfying Binary Law.

Proof: If all coordinate systems satisfies Binary Law in
{69ue _0gyv 99pe  99ps 0gve 99w 09ce  O0gvs 99ue agut}
)

axVv 0x€ ’ 0x° ox€ ’ oaxt ox€’ oxV oxe ’ axt 0x€
ag,ue _ aguv _ ague _ ag,ud _ 9gve _ 09w _
axVv dx€ " ax° 0x¢€ ’ 9xt 0x¢€ !
a ] dg dg
Yoe _ 99ve _ ) we 20w _ (22)
axVv 0x€ dxt 0x€

is established. I get
0%x d 1 a ax, 1 d
Xppg = L xt_ger( gve) _ _L_geL( gce)
HVi dxV xS  9xC 2 xH axV 2 xH

1 €T (agle) 1 €L (agce) 6le- 1 €L (agve) 1 €T (agle) 1 €L (agve)
X, = —-— )= - - —= —-— X, = —-— = —-—
+ ng dxV zg dxH axlzg 9x° + ng dxH Zg 9x°
62xu i} ( 1 6g{5) dx, 19g% 10gf 1095 9dxu1dgy Ty 199t 10dgy
T2oxm dxV 2 dxM T20xV2dxh  9x'209x° T20x120x0

T 9xVaxo 0x%

(23)
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from (22),Definision10. I get
Xy = (e 200) _2x 1ok 10oi1och Oxulost 19011088 (o
VIV axvaxy  axv \"T2axk/  axV2oxt T28xV209xH  9xt209xV T20xH12axY

as if Binary Law being satisfied for all index except the dummy index of (23). If (24) is a tensor
equation, the dummy index of (24) can't make p or v. On the other hand, If all coordinate
systems satisfies Binary Law, dummy index of (24) should be p or v in consideration of
Definision5. I aim at the coexistence of these two demands. I rewrite (24) using Definision2 and
get

R 02xll __0 (X lagm) . 6xll¢3g“l lagflagl“ _ 0xulagul lagflagm
W Oxy 0xy  Oxy \ T2 oxM Oxy 2 0xM  TT20x,2 0xH Ax' 2 dxy T20x12 axy
= e (x l"gw) _ O 109% | 109¥10gt  9xu1oght 109Y109% )5
Oxy 0xy  Oxy \7V 2 axM Oxp 2 xt TV 20x,2 axt 9xV2 dxy V2oxh2 axy

(25) satisfies two demands mentioned above together here. [ rewrite (24) using Definision4
and get
10gL 109y 6xul%+ 169[ 1agp

X 0%x, 0 ( lagﬁ) 0x, 109}, e
WK T Bxtaxl  axk \ 1T 2 gxk dxM 2 axH Tzaxuzaxu dxt 2 dxM Tzaxuzaxu
9%x, 0 ( lag‘ﬁ) _ Oxy 109y 10gy 10gy  0xu 109y 1dgy 109y (26)
dxHaxk  gxt \7V 2 9xm dxM 2 dxH V2axm2axth  9xV2axH V2 axk2 gxh
(26) satisfies two demands mentioned above together here. I get
2
X ad Xy
WK T Gx gxkt

(27)

in consideration of Definision6 for (26). Because the second term of the right side doesn't exist
in (27),

2
0%xy

xIJ-;V;V = dxV dxV (28)
can rewrite (27) using Definision4.
If all coordinate systems satisfies Binary Law in
{69ue _0gyv 99pe  99pc 09 0gw 9gve  O0gvs 99ue agut}

axVv ox€ ’ 9x° 0x€ ’ axv 0x€’ 9x% 0x€ ’ dxt 0xE€
ag,ue _ aguv _ agp.e _ ag,ud _ 09.e _ 09w _

axVv 0x€ ’ 9x0o 0x€ ’ 9xV 0x€ ’

09gve 99vs 09ue 094

— =0 — =0 29
0x% 0xE€ 7 9xt 0x€ ( )
is established. I get
8%x d 1 d dx, 1 d

Xppg = L xT_ger( gve) __L_geL( gce)

Hv; 0xV 9xS  9x° 2 dxh xV 2 dxh

09ve 09ce 0xy, 1 0gge agle el [99ce
+x €T ( €L _ — €L
T g 2 g dxh dx' 2 9 dxV Xt g OxH g xV
_ 62xu 0 ( 1 6g6) 9x, 1095 1dgy 1 696 9xp 1 6go 10901095 (30)
0xVax®  9x°\"T2oxk OxV 2 dxM T20xt20x  9x' 2 09xV T20xk2 axy

from (29),Definision10. I get
o= O 2 1096) _0x10gb |, 10081005 0xu10b ., 10901095 (3

ViV gxvaxy  axv \" T 2axH oxV 2 dxH T20xt 20x"  9xt20xV T20xk20xV

as if Binary Law being satisfied for all index except the dummy index of (30). If (31) is a tensor
equation, the dummy index of (31) can't make p or v. On the other hand, If all coordinate
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systems satisfies Binary Law, dummy index of (31) should be p or v in consideration of
Definision5. I aim at the coexistence of these two demands. I rewrite (31) using Definision2 and

get
T —i(x 1agu1) _ox1dgh 10g"T1dgM  Oxu1dght 1090 109"
W Oxy 0xy  Oxy \ T2 oxk 9xy 2 OxM T2 oxt 2 9xM  9x' 2 dxy T20xM2 oxy
_ azxp i( lag“") _ Oxy lag”" +x lag”"lag“" _ axulag“" lag\‘j lw (32)
Oxy 0xy  Oxy \7V 2 axM dxy 2 OxH V2 axV 2 axt 9xV2 dxy V2oxt2 axy,

(32) satisfies two demands mentioned above together here. [ rewrite (31) using Definision4
and get

= Ox L( 109ﬁ) _0x 109 . 109i109h _9xu1099h . 1097109}
WK gxmgxk  gxt \7 T 2 gxk dxM 2 dxh T20xt20xM  9x'20xM T209xM29xM
_ _Pxy 0 ( 109‘ﬁ)_6xv109‘ﬁ+x 10g199% _ 9xu10g% 109V 100% (33)

dxHaxk  gxt \7V 2 9xm dxM 2 dxH V2oaxv2axth  9xV2axh V2 axh2 gxk’

(33) satisfies two demands mentioned above together here. I get
__0%xy

Xpwp = 9xM 9xH (34)

in consideration of Definision6 for (33). Because the second term of the right side doesn't exist

in (34), (28) can rewrite (34) using Definision4. End Proof

a%xM
dxV oxV
Proof: If all coordinate systems satisfies Binary Law in
{agve _0gwv 0dse 9916 99oc _ 09vs 0Gic 091:1}

)

Proposition4 x;‘\l,zv = is established in tensor satisfying Binary Law.

oxT ox€ ’ oxt ox€’ axv 0x€ ’ 9xT 0x€
09ve 99+ 09ce 9. 09ce 99vs 09.¢ 99
oxT 0x€ 7 axt 0x€ ’ axv 0x€ ’ axT 0x€ ( )

is established. I get
2.1 L
no o 0%x a vl _en (09“) ox' 1 en (Qéhe)
Xy =7+ —=(x"= —= —- —=
ViG o 9xV 9x© + ax° < 29 axV + o 29 0x°

1 0g1e 1 09.e ox"1 09ve 1 0g1e 1 09gve
x50 (50) ;9% (5os) = 53 9% (o) — x50 () 3 0% (5%)
_ 0% 2 Tzaﬂ) 02109y \ \x1008100; 0x10g% _ 110051095 (34
dxV 0x° 0x° 2 0xV axV 2 0x° 2 0xV 2 0x° dx' 2 0x° 2 dx' 2 0x©°
from (35),Definision11. I get
po_ 0%k o ( tzaﬁ) 0x'19g; |  x109t199 0xM10gy _ 109:13gy

x. . = — —
ViV oxVaxV = oxV 2 dxV

d0xV 2 oxV 2 0xV 2 oxV dx* 2 oxV 2 Ox' 2 0xV (37)
as if Binary Law being satisfied for all index except the dummy index of (36). If (37) is a tensor
equation, the dummy index of (37) can't make p or v. On the other hand, If all coordinate
systems satisfies Binary Law, dummy index of (37) should be p or v in consideration of
Definision5. I aim at the coexistence of these two demands. I rewrite (37) using Definision2 and
get

M = 9%xt o ( 109" ax' 109" c1dgt1ag"  axt1ag™ c10g510g™

- 0x) 0xy dxy 2 dxy Ox 2 0xy 2 0xy 2 0xy Ox' 2 0xy 2 0x* 2 0xy
%M ) v1agh axV1agh vy10gYy1agh ax*10ag"v v10gh1ag" (38)
- Ox 0xy Oxy 2 0xy Oxy 2 dxy 2 0xy 2 0xy OxV 2 dxy 20xV 2 0xy )
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(38) satisfies two demands mentioned above together here. I get
9%xh  9xM1agH

gx x99 (39)

Oxy 0xy  0xV 2 0xy

IR =

in consideration of Definision6 for (38). I rewrite (37) using Definision4 and get

woo_ 0%t L( tzaﬂ) 4 Ox'10990 | 109t109’ 0xM109h . 109r 109k

S gxHaxk T gxH 2 9xM OxM 2 dxH 20xM29x"  9x' 29xM 2 9x' 2 9xM
%M a ( \,1095) axV10gY v1agy1agh ax*10gy v1agh1ag) (40)
T oxMaxM | QxM 2 OxH OxH 2 ox¥ 20xH20xH  9xV20xH 2 9xV 2 9xW

(40) satisfies two demands mentioned above together here. I get

2
b O (41)

Xwn = Genoxn

in consideration of Definision6 for (40). Because the second term of the right side doesn't exist

in (41),
2,0

poo_ 0%x
Xviv = 9xV dxV (42)
can rewrite (41) using Definision4.
If all coordinate systems satisfies Binary Law in
{ag‘te _0gtv 09« 04w 99ve  09ve 0Gte ag‘tl}

oxV ax€ ’ 9x° ax€ ’ 9x° axe ' axt axe)’
0ge _ 0grv 09.e 090 0gve _ 09vs 0ge _ 0gn
oxV 0x€ ’ 9xo 0x¢ ’ ax°c 0x€ " oxt 0x€ ( )

is established. I get
2.1 L
no o 0%x a vl _en (0gv€) ox' 1 en (Qgce)
Xy = 7o+ —=(x"= —= —- —=<
ViG o 9xV 9x© + ax° < 29 oxT + oxv 29 dx'

1 dag ) 1 (6g ) ox* 1 (ag ) 1 (69 ) 1 (6g )
T_ el 2VE)\_ e [ ZO€) _ 2 _ H€L [ ZJ0E) __ 4T _ H€U [ ZZLE) _ H€L [ __ZLOE
X 2 g ( axT ) 2 g dxt doxt 2 g axVv x 2 g axt/) 2 g axV

axH1ags 1169{‘1093

%M d ( o1 ag\t‘) ax' 10gh c10gy10dgh (44)
T 9xV xS 0x° 2 0xT axV 2 ox' 20xT2 oxt dx' 2 doxV 2 0xT 2 0xV
from (43),Definision11. I get
woo_ o 9%xM d ( T1ag\‘j) ax' 10gy c10gv1agy  axM1agy c10g"10g% (45)
VIV T gV axY | 9xVY 2 0xT dxV 2 dxt 2 0xT2 axt dx' 2 axV 2 0xT 2 9xV

as if Binary Law being satisfied for all index except the dummy index of (44). If (45) is a tensor
equation, the dummy index of (45) can't make p or v. On the other hand, If all coordinate
systems satisfies Binary Law, dummy index of (45) should be p or v in consideration of
Definision5. I aim at the coexistence of these two demands. I rewrite (45) using Definision2 and
get

xhwn — 9% L( Tzag_““) oxt10gM | r10gM19gMt  9xM19gM 1109/ 109gM
0x) 0xy Oxy 2 0xT Oxy 2 Oxt 2 0xT 2 ox' Ox' 2 0xy 2 0xT 2 0xy

o 9%xM i} ( v 16g““) dxV 1 agHhH y1lag*1og*"*  ax*19dg"Y v 16g516g“" (46)

- Ox 0xy Oxy 2 oxV dxy 2 0xV 2 0xV 2 oxV OxV 2 Oxy 2 0xV 2 6xu'

(46) satisfies two demands mentioned above together here. [ rewrite (45) using Definision4
and get
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Mo 0 0 21000\ 9x'109y | 1004109y  0x"10gh < 100{ 109k
R gxlaxk T oxk 2 0xT dxh 2 9xt 2 0xT 2 ox' Oxt 2 axH 2 0xT 2 0xk
_ 9%k 0 (_y109h\ , 0xV19dgy |, 10g)10g ox*10g} ., 1dg} 109} (47)
OxM oxH oxH 2 0xV oxM 2 oxV 2 0xV 2 oxV dxV 2 oxH 2 9xV 2 axH

(47) satisfies two demands mentioned above together here. I get
u 9%xM

Xn = Grnoxn (48)

in consideration of Definision6 for (47). Because the second term of the right side doesn't exist
in (48), (42) can rewrite (48) using Definision4. End Proof

a3xM
dxV dxV oxV
Proof: If all coordinate systems satisfies Binary Law in
{agve _ 99w 09se _ 09is 99oe _ 99vs 99 _ 0gr. 99re _ 0gkn 99rc _ 0gva Ogxe ag‘[K}
)

Proposition5 x;‘\l,;v;v = is established in tensor satisfying Binary Law.

oxT ox€ ’ oxt ox€’ axv 0x€ ’ 9xT 0x€’ 9xx ox€ ’ axV ox€ ' axT 0x€
{agce __99xs 99xre _ 99or 99xe _ 0guc 9gxe 6QVK}
axx 0x€ ' 9xO oxe ’ axt ox€’ axV 0x€
0gve  0gry — 095¢ 090 — 09se _ 99vs — 0ge _ 0gu — 0gre _ 99xa — 09xe _ 9gva =0
gx" gxe ! gxl gx€ ! %x" gxe ! 6ax‘f 6565 ! 03(“ z?axE ’ oxV 0x€ !
Yxe Ite __ Yoe Jxo __ Gre Jor __ Ixe Jw __ Yxe Jvk __
oxT axe 7’ 9xx axe 0' 0x% axe O' oxt axe 0' axV axe 0 (49)

is established. I get
3.0 2

u 0°x a tl e (6915) 0 6x 1 eu 6gt6)
X = X —

V05 69("6x‘76x7l + 9x%9xA < 2 29 axVv + axA \axv 2 0x°
+-Z ( g‘EE) agte) ox"1 €L (agve) _ -[ (agte) €L (agve)

0x7L axV 0x% 6x7L axt 2 29 0x% z3x7L g g 0x%
+-2xX 92x¥ 1 (agke) 1 (agte) en (agke) 6x 1 €K (agte) (agKE)

dxV 0x% 2 2 g axV 2 29 ox2 6x" 2 0x% ox2

) en

1 09e (agKE) 0x 1 (agve) (ag}ce)
xT
+ ( oxA OxL 2 29 0x% oxA

€K

Q

NlP—‘Q.)

axVv

—xT lge (6gte)lga agve)lg u (agKE) _ 92xH 1ge|< (agve)
2 axt /) 2 d0x% ) 2 ox2 0x¥ 9xC 2 oxA
09+e )
(6xK

9 tl e 6x 1 e (agl€) 1 ex (agve)
—— [ xT=geH [ e e AU
0x° < 2 9 ox* 2 29 0x%/ 2 9 axr

(s
|
ety (B ()2 () + 22 ()20 ()
|
(

a
agKE)l GK( gve) _ 9%x" 1 €K (690'6)
x%® )2 ) ox2 dxV 0x¥ 2 29 dx2
6x 1 . (6gl€) 1 (09“)
— M=) = geK ( =2
) 6x" 2 29 axx) 2 g ox2
1 0gre) 1 09\ 1 09ce ox"1 dgve) 1 K 09ce
—xT2 g€t ( Pt 2 €k €L 2 €
2 g axV /) 2 g axx ) 2 9 ox2 T o axt 2 29 ax¥ ) 2 ) oxA
1 0gre) 1 dgve) 1 K 09ce
xT2 geH (_ L Odve\ 2 €
+ 2 g axt /) 2 g ax¥ ) 2 g oxA
i O (o) 0 (omioely, 0 (jelostioely 0 (or'ioah)

T AxY 9x0 dx} 0x% dx) 2 0xV dxV 2 0x° oxA 2 0xV 2 0x° ox2 \ ox' 2 9x©°
d ( Tlagﬁlag\a) 2%x* 1dgk | @ ( tlag.‘f)lag}% dx' 199K 1099y
a

h ox2 2 0x' 2 0x° xV 0x% 2 dx? 0x% 20xV/ 2 ax? OxV 2 9x9 2 ax*
+x.[16g.};1ag{<16g]% ax*1agy10dgk <10g¥10gY10g% 9%xM 10dg¥
20xV 20x0 2 dxr Ox' 2 0x% 2 dx* 2 Ox' 2 0x% 2 dx* 0x¥ 9x% 2 t?x}L
d ( T10g$)1ag\, dx' 10g"10g% c10gt10gl1ag%  oax"10agk10g%
0x% 2 0x%) 2 ax 0x% 2 9x% 2 dx? 2 0x% 2 0xC 2 ox* dx' 2 9x0 2 dx*
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1 ag.[ 1dg% 1 ag¥
2 dx' 2 9x0 2 axr
rt1ldgt1 OgL 1 696

20xV 2 0x¥2 6x7L

+‘E

%x" 109K

dxV oxx E oxA -
ox*10gy10gk

Ox' 2 9x¥ 2 dxA

9

axx

(xt 1 0g$) 1995  09x'1dg) 1099k
2 0xV) 2 axr OxV 2 0x¥ 2 0x7L

1 ag.[ 1dgy1 OQ(y

2 0x' 20x%2 z3x7L

(50)

from (49),Definision12. I get

M o 02 (x 1ag5) L0 (a_fzagt‘) + 2 (x 16_51%1091‘)
ViVIVe T 9xVaxVaxy  axVoxV 2 dxV dxV \oxV 2 oxV oxV 2 0xV 2 dxV
a (axu 1 6g\5) d (x‘ 10g¥1 6g\L,) + 0%x* 1dgk 0 (xT 1 agg) 10g%

dxV \dx' 2 axV axV 2 0x' 2 0xV axV oxV 2 dxV oxVv 20xV/) 2 dxV

oxt10gF1 6gK

dxV 2 0xV 2 oxV

h dx¥ dxV E doxVv -
ox"*10gk 10g¥

dx' 2 0xV 2 oxV
ox' 1 0gtl 10g%

dxV 2 0x¥ 2 oxV

+xT

1dgt1dgX1agk ax*10gi10dgk

20xV20xV 20xV dx' 2 0xV 2 dxV

rlog¥1agy1 6gK

2 0x' 2 6x" 2 dxV

(xrlaii‘)zagb‘ 0x' 109/ 109¥ _  +10gt1099)" 10g%
2 0x¥/) 2 oxV d0x¥ 2 oxV 2 axV 2 0x¥2 0xV 2 dxV
1199y 199k 19g¥ __0°xH 10g¥ _i(xfl%)l@

2 0x' 2 0xV 2 0xV dxV 0x¥ 2 oxV dax¥ 20xV/) 2 0xV

rlogk1 6gL 1 6g\,

2 0xV 2 0x¥ 2 oxV

dx*10gy10g¥

Ox' 2 0x¥ 2 oxV

1 6gt 1dgy 1 6g\,

2 0x' 2 0x¥ 2 dxV

(51)

as if Binary Law being satisfied for all index except the dummy index of (50). If (51) is a tensor
equation, the dummy index of (51) can't make p or v. On the other hand, If all coordinate
systems satisfies Binary Law, dummy index of (51) should be p or v in consideration of
Definision5. I aim at the coexistence of these two demands. I rewrite (51) using Definision2 and

get
1 M
IR — %M 0? o 109c + 2 9 (ox* 109 + 0 X7 1091109,
Oxy 0xy 0xy Oxy 0xy 2 0xy Oxy \0x 2 z?xu Oxy 2 0xy 2 0xy
d (ax*1ag™ a xt1ag$1agul 92x* 10gk | 0 ot 109% 10g%
Oxy \ 0x' 2 dx, dxy 2 0x' 2 6xll Ox) 0x 2 z?xu dxy 20xy) 2 axu

dx'1agk1 6g£

0xll 2 6xu 2 z?xll

rlog¥1oghti 6g

2 0x' 2 6xu 2 z?xu

t10gtr10gf 1agK ax¥ 1ag“llag

2 z?xu 2 63@l 2 z?xu doxt 2 69@l 2 63@l

92xM 1 9gMK d (x.rlag.tl) 10g"¢  ax'1dgl1agh¢ t10gt19g} 19g"<
Ox¥ dxy 2 dxy Oxy 20x¥/) 2 0xy 0x¥ 2 dxy 2 0xy 20x¥20xy 2 0xy
dxM 1 dgy 1 9gH< c10g" 10gk10g"% 2xM" 1agMe d xr1agil 1 aghx
Ox' 2 0x, 2 0xy 2 0x' 2 6xu 2 O0xp 0x 0x* 2 dx ax¥ 20xy) 2 dxy
ax' 10g!" 109gmx t10gt10g) 19g"<  axH19g" 19" c10g" 19g" 19g"x
Oxy 2 0x¥ 2 O0xy 20xp 2 0x* 2 dxy Ox' 2 0x* 2 dxy 2 9x' 2 0x¥ 2 0x,
33xH 92 v1agh o (oxV1agh d v10gy1dgh
= xvoSPe) g S (o) S (v
Ox 0xy 0xy Ox 0xy 2 dxy dxy \0xy 2 0xy dxy 2 0xy 2 0xy
a [ox*1ag"Y d vl agh 1ag"v + 9%xV 1agY a L agy\ 109
dxy \0xV 2 Bxu dxy 2 0xV 2 0xy Ox 0xy 2 Oxy Oxy 20xy) 2 0xll

dxV1dgy1 6gv

0xll 2 z?xu 2 axu

v1dgy1dgy 16g‘5l

axV1ag*v1 agtl

2 z?xll 2 63@l 2 6xu axV 2 63@l 2 z?xu

v1dgy1og"V1 ag

20xV 2 6xll 2 6xu

9%t 199w @ (x" lag\‘j) 19g"  axV1dgh19g" |, 19gy1dg} 199"
OxV dx 2 0x Oxy 20xV/ 2 0xy OxV 2 0xy 2 Oxy 20xV 2 0xy 2 0xy
dxH 19gy 1ag" 4 oyvl agh 1agy1ag"y 2x" 19gHY d vl agh\ 1ag"v
OxV 2 0xy 2 0xy 20xV 2 z?xll 2 Oxy Oxy 0xV 2 0x axV 20xy) 2 0xy

dxV 1 ag\l,1 1og"v

0xll 2 0xV 2 z?xu

oxH1agHv1 69”"

oxV 2 oxV 2 z?xll

v1 6g\l,l 1ag"v 1ag"y

20xV 2 oxV 2 z?xu

v1dgy1 0gv 1 6g“"

2 6xll 2 0xV 2 6xu

(52)

(52) satisfies two demands mentioned above together here. 1 get
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a3xM
z?xll axu 63@l

5}

dxy

dx*1ag"v 1ag"y

oxV 2 oxV 2 z?xll

9%x" 10g"y
xV0xy 2 dxy

2%x" 109"

xWHWILH —
63@l axV 2 6xu

ox* 1ag"y
oxV 2 dxy

)3

in consideration of Definision6 for (52). I rewrite (51) using Definision4 and get

et o P 9 (leagE) @ (ax 1dg; ) @ (x.[lag}[laglu)
SR OxMoxHoxth  dxMoxH 2 Oxk OxM \oxk 2 oxk dxk 2 0xH 2 oxH
L(aﬁzﬁ) n i(xﬂ%l%) _ 9% 1099 _ L(xmﬁ)z%
OxM \0x' 2 dxM oxK 2 0x' 2 oxM OxM oxH 2 dxH doxH 20x"/ 2 oxH

dx' 10g¥1 Qg}‘cl

OxM 2 0xH 2 dxM
02x” lagu

Ox¥ gxH 2 gxH oxK

w(x

t1ldgt1agii OgK
20x"20xH 2 0xH
1 ag;‘) 10g%
2 0x¥/ 2 0xH

[
ax* 109} 109,

Ox' 2 0xM 2 oxM
dx' 10g"10g%

0x¥ 2 dxH 2 gxM

c10g¥10gp1 z?gllcl

2 0x' 2 6xll 2 OxM
1dgt1 agh1 0gu

20x¥20xH 2 0xH

dx" 1 dgk 109} c10g" 10gk 109§ 9%2x™ 10gf 9 [ 1094\ 109
T omzoxhzaxh % 20xtz0xnzaxh T 2xRoxK 2 oxk EZE(x EEZF)EEZE
ax' 10g"10g% c10gt10g"10gf oax"10g}10gf c10g¥ 109} 10g%
axh20x<2xh T X 20xn20x 20k oxt20xK22xh X 2 0xt20x2 0xk
o @ (xvzait‘) _9 (ax“ 1ag5) ~ 2 (= 16_9816gt‘)
OxH axH oxH dxH oxH 2 OxK dxM \OxH 2 oxH dxH 2 0xH 2 0oxk
L(ax“zagﬁ) + i(xvzait‘zagﬁ) _ Y 199y _ i(gg“i@)l@
dxH \dxV 2 oxM dxH 2 0xV 2 OxM OxH dxH 2 z?xFl oxH 20xK/ 2 oxH

dxV1agy 1 Qg\hl

OxM 2 0xH 2 gxH
92xH 1agﬁ
dxV oxH 2 oxH
ax* 1agy 109\
OxV 2 0xK 2 gxH
ax¥ 10gY 109)

OxM 2 0xV 2 0xH

a
oxK

(=

v 109 109y 109}

v1dgy1dgy1 6gv
Eﬁ?ﬁzaxu
19gy) 199}
EE?V)EEZF
Eﬁzﬁzaxu
v19dgY 19gY 109}

20x"20xV20xH

axV10gy1 0gv

oOxV 2 0xH 2 dxH
ax¥ 10g 109},
OxV 2 OxM 2 dxM
92xH 1ag‘li
OxH oxV 2 oxH
ox"10gp1dgy

oxV 2 0xV 2 dxM

axV

ylagy1 agy 1 agv

20xV 2 OxFl 2 OxM
v1dgy1 agh1 0gu

20xV20xH20dxH
(X 109\))169“

20xW/ 2 0xH
1ag‘,1agu109u

2 0xV 2 dxV 2 axW

5}

(54)

(54) satisfies two demands mentioned above together here. I get

I
.k _ 0°x
e = T Fxnoxtoxk (55)

(53)

in consideration of Definision6 for (54). Because the second term of the right side doesn't exist

in (55),
3xk
u 0°x
VIVIV T 9xV axV axV (56)
can rewrite (55) using Definision4.
If all coordinate systems satisfies Binary Law in
{ag‘te _ 099w 99 095 99ve _ 99vs 99ie _ 99t 99xe _ 99xr 99ve _ 0gvr 99t ag‘m}
oxV ax€ ’ 9x° ax€ ’ 9x° axe ’ axt axe’ ax* axe ' axr dx€ ' axx axe )’
{agke __99xs 99oe _ 99or 99 _ 09w O9gve agvx}
0x° dx€ ’ 9x* axe " axx dx€ ' ax¥ axe )’
0ge 091y — 09 0gc — 0gve _ 99vs — 0gte _ 09z, — 0gxe _ 0gxa — Ogve _ 0gva =0
oxV 0x€ ’ 9xo 0x¢ " ax°c 0x€ ’axt 0x€ " axh 0x€ ’ 9x? 0x€ ’
] 0 ] 0 ] ] ] 0 0 ]
Gre _ 09w _ ) 9xe _ 99xc __ 0, go}'\e _996r _ ) Gie _ 99w _ 0, Gve _ 99vk _ 0 (57)
0x¥ 0x€ 0x° 0x€ ox 0x€ ax¥ 0x€ 0x¥ 0x€
is established. I get
83xH 82 1 0 a (ox'1 ]
x.u. N — = = x‘[_ u( gve) + < gep_( go‘e)
V;0; 0xV 0xC° dx 0x% 0x 2 oxT ax* \axv 2 ox'
1 Ogve\ 1 09 8 (oxt1 09 9 1 99\ 1 09gse
+_ xT2 El(__ ep (99ce)) __9 e (Zhoe) ) _ 2 (T2 gen (D) 2 per (ZToe
dxr 2 9 0x*/ 2 9 oxt Ax \ dx' 2 29 oxV dxr 2 0x*/ 2 9 oxV
567
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9%x¥ 1

9ga ) 0 1 (0gve) 1 (6gx ) ax' 1 0gce) 1 9gx
- e [ ZZAe + — xT_ —JVe Z €U [ ZZAE + == €K [ ZJ0€ ) = q€U [ ZJA€
dxV 0x% 2 29 (69{K 0x% g axT 2 g dax¥ axV 2 g axt ) 2 g ax¥x
1 dgve 1 K agce E 09)¢ 6x 1 e (99ce\1 ¢ 092
+x‘r_get(_ _ge n =g OYce _gu 09e
2 axT ) 2 ax' ax¥x 6xl 2 axV /] 2 ax¥
(69Le) €L (agce eu (agke) _ 9%x" 1 €K (ag}\e)
oxT axVv a 0x¥ 0x% 2 29 axVv
< o ()0 (3) - ko ()10 (2)
Ox" 2 6x‘[ 2 x 6xK 2 axt ) 2 axVv
09xe e ag 1 ex (992c 6x 1 e (990e\1 ek (992re
~ g (% 59 59450 )39 55
oxT z?xL 2 axV axl 2 axx /) 2 axV
2,1
(agte) €L (ag )l €K (6 ) 6 X" 1 e (6«97&)
g oxT axx /) 2 g axV 6x" ax¥ 2 29 0x%
tl EH 6gve l dg ax 1 €|J. agKG ex [(09re
OxK 2 0xT 2 x" 2 axt ) 2 g 0x%
09gve e ag 1 ek (992 0x 1 e (99xe\1 ex (99ac
2 ( “)39 5945 )59 (55
2 oxT 6 2 a0x% xl 2 axvV /] 2 0x%
1 09.c 6g 1 09x¢
x5 g™ (— -g“ 29
2 axTt/ 2 oxV / 2 0x%
__ ok " (wd agc‘) r (2 1ag£) 4 ( 169&1692‘) ~ 0 (et 10a)
dxVaxTaxA 0x90x 2 0xT dxA \9xV 2 dxt ax 20xT2 oxt dx* \ax' 2 oxV
_9 (xtgagfgaga)_+ 0’x* 1995 , @ (xtgag§)1agx 0x' 10951995
ox2 2 0xT 2 0xV d0xV 0x% 2 dx¥ 0x% 2 0xT/) 2 0x¥ OxV 2 0x' 2 dx¥
+x11ga(%)1%16i_£1%1%_ t109E1095109, _ _0°x¥ 109}
2 0xT /) 2 dx' 2 0x¥ dx' 2 0xV 2 0x¥ 2 0xT 2 0xV 2 0x¥ 0x¥ 9x% 2 axV
_L(xtzaii)zaﬁ_a_fzﬁzﬁ_ © 109k 19951095 | 9x" 1099 1993
0x% 20xT/ 2 0xV 0x¥ 2 dx' 2 dxV 20xT2 dxt 2 oxV Ox' 2 0x¥ 2 dxV
e dgi 1995199y  8%xH 1095 2 (xtlagfj)lag§ _ 9x' 1099y 1995
2 0xT 2 0x¥ 2 doxV dxV 0x¥ 2 0x° axx 20xT/) 20x° oxV 2 0x' 2 0x%

x" 19g% 109y

Ox' 2 0xV 2 0x°

tlogy1 agh1 ag)L

20xT2 0x' 20x°

1 ag'1agi1 Bg;L

2 0xT 20xV20x°

from (57),Definision12. I get

03xH

L i (xtzagt‘) +L(a_fzagt‘) +1(x11@1695
ViVIVe 9xV axVaxy - axVoxV 2 9xT dxV \oxV 2 axt oxV 2 0xT 2 dxt
a (axhag‘g) d (xtwghag\l,) + 2%x* 1agh 0 (xT 16g\',<) 10gY
dxV \dx' 2 axV axV 2 0xT 2 0xV dxV oxV 2 0x¥ axV 20x%) 2 6xK

oxt10g¥1 6gv

OxV 2 0x' 2 Ox¥

109y 1119{'}169“,l BxKlag\L,lag‘L,l
20xT2 dxt 29x%  Ox' 2 9xV 2 9x¥
1 Bg,fcl 10g¥ ox‘'1 6‘9\1,l 19g%
55;?)Eaxv 9x¥2 ax' 2 0xV
1109199y 19g% _ x4 10g¥ _
2 0xT 2 0x¥ 2 9dxV OxV 0x¥ 2 oxV
r10gy1 agh1ag¥  o0xM1agk1ag¥

20xT2 dxt 2 0xV dx' 2 0xV 2 oxV

rtlogif1agy1 6gv

20xT2 6x" 2 0x¥
r10gk1 Bgv 1 ag\,

20xT2 dxt 2 dxV
(x11095)16g5

20xT/ 2 0xV
10gL 1agK16gV

2 0xT20xV 2 0dxY

+xT

h x¥ dxVv E doxVv -
dx"10gy 10g¥

dx' 2 0x¥ 2 oxV
ox' 1 z?gfcl 10g%

dxV 2 dax' 2 oxV

9

axx

(58)

)

(59)

as if Binary Law being satisfied for all index except the dummy index of (58). If (59) is a tensor

equation, the dummy index of (59) can't make p or v. On the other

hand, If all coordinate

systems satisfies Binary Law, dummy index of (59) should be p or v in consideration of
Definision5. I aim at the coexistence of these two demands. I rewrite (59) using Definision2 and

get
3,1 2 Hu pp HL Hu
XLILH — 0°x a (x.[lag ) + 9 a [ox' 1dg n a (xtlag 1dg )
Oxy 0xy 0xy Oxy 0xy 2 0xT Oxy \O0xy 2 Ox* dxy 2 0xT 2 ox'
d [ox*1ag™ d X 19" 109" + 92x* 19gHH d (x.tlag“K) 1 9gHH
Oxy \ 0x' 2 dx, dxy 2 0xT 2 dxy Ox 0xy 2 0x¥ dxy 2 0xT /)2 0x¥
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dxt19g"*€1agHt tlog*1ag"€1ag** ox*19g" 109" tlogf1ag"t1og"*

Oxy 2 Oxt 2 0x* 2 0xT 2 Ox' 2 Ox¥ Ox' 2 0x, 2 0x¥ 2 0xT 2 0xy 2 0xX¥
0%xM 1 9ghK i} ( Tlagﬁ) 1og*®  ax' 10gM"H 10agHK 1agK1agW1agHK

Ox¥ dxy 2 0xy Oxy 20x%) 2 0xy 0x¥ 2 0x' 2 dxy 20xT2 dxt 2 O0xy
Oxulagullag“‘{ Tlﬁg#lﬁg‘“lag““ 9%2x" 1 9gghx a ( Tl@g““)l@g““
Ox' 2 0x* 2 dxy 2 0xT 2 0x¥ 2 0x 0x 0x* 2 dx, ax¥ 2 0xT /2 0xy
dx' 10k 19g4x t19g" 1dgy 19gH< | axH1dgk 19g"< t10g) 19gk 19g"<
Oxy 2 0x' 2 O0xy 2 0xT 2 0x' 2 0xy Ox' 2 0xy 2 dxy 2 0xT 20xy 2 0xy

_ 93xH 02 ( v1 6g””) 0 oxY 1 agHk a ( v1ag*V1 6g““)

- Ox 0xy 0xy Ox) 0xy 2 doxV 6xll 6xu2 axV Oxy 2 0xV 2 oxV

d <6x“ 1 agw) d ( v1lagh1 agw) 2xV 1 9gHH d ( v1 09“") 1 9gHH

Oxy \0xV 2 dxy dxy 2 0xV 2 0xy Oxy 0xy 2 0xV dxy 2 0xV /2 oxV
dxV1ag*v1agHt y1lag®1ag* 109" o9xV10g"v 109" v1adgy1og*v1og"t
0x, 2 9xV 2 9xV 2 0xV 2 0x¥ 2 0x¥  0xV2 dx, 2 Ox¥ . 20xV2 dx, 2 0x
9%x" 1agWy 0 v1 0g\5l 1ag"Y  oxV1agHt 1 6g“" v1dgy1og**10ag"y
B Tr o ot ol G+ ) il i e ot M e e
ox*1agHv 1agHy v1 6g\tl 1ag"v 1ag"y 9%2x™ 19g"v i} v1og*™\ 10g"Y
Pt T Pt M et ek ol e v ) o
_0x'100y 109" _ 109" 100y 109" | 0xV109Y 109t | 100y 106Y100% (g
Oxy 2 0xV 2 Oxy 2 0xV 20xY 2 0xy OxV 2 0xy 2 0xpy 2 0xV 2 0xy 2 z?xu

(60) satisfies two demands mentioned above together here. get

b — 0 O (xvi00), 0 (00100M) 0 (1007 1000
Oxy 0xy 0xy  Oxp 0xy 2 oxVv z?xll dxy 2 0xV dxy 2 0xV 2 oxV

d <6x“16g“") 2xV 1 9gHH d ( V1agw)1aguu axV 1agHv 1 aghH

axV 2 Bxu 2 0xvV /2 oxV 6xu5 axV E axVv

- dx
u

Y 1 ag™v 1 gty 1 6g““ axV 1 ag™v 1 agHt _ 0%xH 1 ag™v _ oxY 1 aogHt 1 gty
2 0xV 2 0xV 2 oxV 0xV2 dxy 2 oxV OxV dxy 2 dxy oxV2 0xV 2 0xy

ox*1agHv 1agHy 9%x™ 19g"v i} ( vl 69“”) 1ag"y (61)

oxV 2 oxV 2 z?xu - 69@l axV 2 Bxu axV 2 0xV /2 63@l

axu 69@l 2 dxV 0xll

in consideration of Definision6 for (60). I rewrite (59) using Definision4 and get

b oot 0% .100y) 0 (0x'109y) _ 9 ( 109109u
SR OxMoxHoxt  dxMoxH 2 0xT Oxt \ 9xH 2 dxt oxk 2 0xT 2 dox'
9 (6x“lagh) d ( Tlagﬁlagh) 9% 199y 9 ( Tlagﬁ)lagt
OxM \dx' 2 gxM oxK 2 0xT 2 0xM OxM oxH 2 dx¥ doxH 2 0x%/) 2 0x¥
_9x'1098100y 71094109199y | 0x*1094100u | 109109k 109y
OxM 2 0x' 2 9x¥ 2 0xT 2 dxt 2 0x¥ Ox' 2 0xM 2 ox¥ 2 0xT 2 6xll 2 0x¥
92xh 109k ( o1 ag,‘j) 10gf | 9x' 109} 10gf | 109k 109} 109}
Ox¥ gxH 2 oxH oxK 20xT/ 2 0xM 0x¥ 2 0x' 2 oxM 20xT2 dxt 2 0xH
_0xt100h100% 109109109 0% 10gf | 0 ( 1904\ 100k
Ox' 2 0x¥K 2 dxM 2 0xT 2 0xK 2 dxH OxH ox¥ 2 gxH ax¥ 20xT/)20x"
n ax' 16g£16g[f+x 10g}i10gk 1095 oax"1agk10gf e r10g; 10gk 199§
OxM 2 0xt 2 oxM 20xT2 0x' 20xH Ox' 2 0xH 2 oxH 2 0xT 2 0xH"20xH

I L L (o 10gh 0 (ax¥10gy\ @ o 10g) 1094

OxM OxM oxH dOxH dxH 2 0xV dOxH \oxH 2 oxV oxK 2 0xV 2 0xV
e vzﬁzﬁ) _ﬂl‘lﬁ_i( vzaﬂ)z%
OxM" \0xV 2 dxH oxK 2 0xV 2 dxM OxM oxH 2 oxV oxH 20xV/) 2 oxV
_oxV1dgu1 gy _ yl0gii1dgf1 dgy . dxV19g)1 054l ylagy1dg)h1 69ll

OxM 2 dxV 2 dxV 2 0xV 2 0xV 2 dxV 0xV 2 0xM 2 dxV 20xV20xHK20xV
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a%x* 10gy n a ( v lag\t‘) 10gy | 9xV1 gy 109, v 10gY 109, 10g}

axvaquaxu oxK 20xV/ 20xH dxV 2 0xV 2 dxH 20xV20xV2dxH
_0xM10g8100% 109010081098 | 9%x* 109k | 0 ( 1994109k
oxV 2 0xV 2 dxM 2 0xV 20xV 20xH OxH oxV 2 oxH axV 20xV ) 20x"
4 xV10gy 1098 | 1098109y 1098 0xM10gV100% _ 199y 109y 10995 (62)
OxM 2 0xV 2 oxH 20xV 2 0xV20oxH oxV 2 0xH 2 oxM 2 0xV 2 9xM 2 axW

(62) satisfies two demands mentioned above together here. I get
L 0t (63)

TXwwn T T e oxt oxn
in consideration of Definision6 for (62). Because the second term of the right side doesn't exist
in (63), (56) can rewrite (63) using Definision4. End Proof

ABOUT A COORDINATE TRANSFORMATIONS EQUATION IN TENSOR SATISFYING
BINARY LAW
Proposition6 When all coordinate systems satisfies Binary Law, x

components of a tensor satisfying Binary law of rank zero.

1!
18

T

= Xy is established for x

Proof: If all coordinate systems satisfies Binary Law, [ get

p o oxMoxV
KT 9xv axk ™Y (64)

from Definision13. Because (64) accords in Definision13, the components of a tensor of rank
zero is equivalent with components of a tensor satisfying Binary law of rank zero. If all
coordinate systems satisfies Binary Law, I get

02 v (65)

axV

xM =

from Definision14. Because (65) accords in Definision14, the contravariant components of a
tensor of the first rank is equivalent with contravariant components of a tensor satisfying
Binary law of the first rank. If all coordinate systems satisfies Binary Law, I get

oxY
n= oty (66)

X

from Definision15. Because (66) accords in Definision15, the covariant components of a tensor
of the first rank is equivalent with covariant components of a tensor satisfying Binary law of
the first rank. End Proof

Proposition7 When all coordinate systems satisfies Binary Law, x*V = x"* is established for
x*¥ contravariant components of a tensor satisfying Binary law of the second rank.

Proof: I get
ax" axV

as if Binary Law being satisfied for all index except the dummy index of Definision16. If all
coordinate systems satisfies Binary Law, dummy index of (67) should be p or v in consideration
of Definision5. Thus, I rewrite dummy index of (67) and get

dxH axV
uv — UV — .1V
X =St = x, (68)
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v
_ ox" axY .y ox" Ly

AV -
x ax; oxVv axVv X (69)
dxH axV

wv — 9X° 0% yvp
e )

w = 9t oxY oy 0xY g
X P PRI (71)
[ decide not to handle (68),(69),(71) because %ﬁ,% exists in (68),(69),(71). I rewrite (70)
using Definision2,Definision3 and get

w_ OxHoxy

BT ogxv dxy “; (72)
[ rewrite x"V = x*V, x"¥ = xV using Definision2,Definision3 and get
X = xh, XV = (73)
[ get
Oxk 0y 0xhOxy
oxV dxh axv ax, VY
_ 0xMOxy vy
T oaxy axy (74)
from (70),(72),(73). 1 get
XM = x) = xy = xV (75)

from (72),(73). End Proof

Proposition8 When all coordinate systems satisfies Binary Law, x,,, = x,,, is established for
X,y covariant components of a tensor satisfying Binary law of the second rank.
Proof: I get
9x% ax*
Xpv = DM dxV Xor (76)

as if Binary Law being satisfied for all index except the dummy index of Definision17. If all
coordinate systems satisfies Binary Law, dummy index of (76) should be p or v in consideration
of Definision5. Thus, I rewrite dummy index of (76) and get

\Y

Xy = %ﬁ%xw = Xuvs (77)
v \Y v

Xpv = Ziu%xw = %wi (78)
v

Xow = o (79)
M gyl 1

Xy = %%xw = %xw. (80)

[ decide not to handle (77),(78),(80) because %,%
using Definision2,Definision3 and get
v _ O oxt ou

VT Bx, axv TR

exists in (77),(78),(80). I rewrite (79)
(81)

[ rewrite x,,, = Xy, Xy, = Xy, using Definision2,Definision3 and get

Vi
— AV —_ M

Xy = Xy, Xyy = Xy (82)

[ get

dxV oxt _ Oxpox"

—_— X e
oxk oxv "VH  gx, dxV TR
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_ Oxy Ox*

- dx, dxV Xvu (83)
from (79),(81),(82). I get
Xy = Xy = X} = Xy (84)

from (81),(82). End Proof

dxM 9x
Proposition9 When all coordinate systems satisfies Binary Law, x| = axv Py x), is established
for x!' components of the mixed tensor satisfying Binary law of the second rank.
Proof: I get

po_ oxHoaxt X0
v ax® axv A

(85)

as if Binary Law being satisfied for all index except the dummy index of Definision18. If all
coordinate systems satisfies Binary Law, dummy index of (85) should be p or v in consideration

of Definision5. Thus, I rewrite dummy index of (85) and get
dxM 9xV
Y = Xy = A (86)

u o oxHoxV ,  oxM

Xy = 6x"ﬁxv T axv TV (87)
oxH axM
o = (59)
u o OxHoxH p__ax"l u
Xv = dxM axV T oaxv T (89)
[ decide not to handle (86),(87),(89) because — 0x 90X oxists in (86),(87),(89). End Proof

axh’ axv

_ 0xY 0x™ oxM
MWW T 300 v v VER
established for x,,,, covariant components of a tensor satisfying Binary law of the third rank.
Proof: I get
6x7L Ox' ax€
Xuwy = 5k axv v T

is

Proposition10 When all coordinate systems satisfies Binary Law, x

(90)

as if Binary Law being satisfied for all index except the dummy index of Definision19. If all
coordinate systems satisfies Binary Law, dummy index of (90) should be p or v in consideration
of Definision5. Thus, I rewrite dummy index of (90) and get

6xll 0x" axV
Xpvww = axH 9xV 9xv v Xpww = Xpvws (91)
axVY oxV axV axV
xuvv T oxh ﬁﬁxvvv - axuxvvw (92)
axV z?x*l axV axV oxH
Xyvw = v Xvpy = Xypvs (93)
H 9xH dxV dxv VW dxH gxv VK
axV oxH oxH
Xuvw = 5n gy v Py (94)
dxH axH axt dxH axt
Xypyy = — ———X = ——— X uuw (95)
Hvv AxW dxV dxV ~ HHH AxV dxV T HHH
axH axY oxt axFl
Xpvv = IxH dxV dxV Xpvp = Axv Xpvp- (96)

v

[ decide not to handle (91),(92),(93),(95),(96) because Oxl 0x  exists in

axh’ oxV
(91),(92),(93),(95),(96). Because two same index is existing in xy, x

vuu 0f (94), itis a problem.
[ rewrite (94) using Definision2,Definision3 and get
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v o_ Oxy ox* oxH* (97)
Vo 9xy 0xV dxV MW

Two same index is existing in x\‘,’v,xltfu of (97), but the problem doesn't occur because one is
dummy index. Because (97) could rewrite (94), the problem of (94) was solved. I rewrite x,, =

Xyvvs Xypp = Xy Using Definision2,Definision3 and get

— AV — M
Xuww = Xyys Xypp = Xpy- (98)
[ get
oxV oxH 6x“x _ Oxy ox¥ 6x“xu
AxM 9xV AxV VMK T gy, dxV 9xV T HM
dxy oxH oxH
— [ (99)

- dx, dxV dxV xvuu
from (94),(97),(98). End Proof

- . e : axV . :
Proposition11 When all coordinate systems satisfies Binary Law, x.,, = unxl‘ju is established

for x!,, components of the mixed tensor satisfying Binary law of the third rank of the second
rank covariant in the first rank contravariant.
Proof: I get

wo_ 0xkoxt 0xt 3 (100)
YV T gxh gxVv axV L€

as if Binary Law being satisfied for all index except the dummy index of Definision20. If all
coordinate systems satisfies Binary Law, dummy index of (100) should be p or v in
consideration of Definision5. Thus, [ rewrite dummy index of (100) and get

T dxH oxV axV TR 1
W = 50k s g v = B (10h)
wo_ oxboxtoxt y _ oxt
VW T 5xV 9xV axVY Ko = dxV Xvvs (102)
dxH axt axV oxH axt
L=, = x,, (103)
dxV axVv axv M dxV axv KV
dxH axH axt
W= M (104)
dxV dxV axv THH
dxH axH axt oxH axt
== xh, = " (105)
v dxW dxV axV HH dxV gxV HH
dxH axY oxt oxH
== b= —x! (106)

YV T gl gxV axV VR T gy VIS

\Y

[ decide not to handle (101),(102),(103),(105),(106) because Ol Ox”  oxists in

axt’ axVv
(101),(102),(103),(105),(106). Because two same index is existing in xf,‘v,xﬁu of (104), itis a
problem. I rewrite (104) using Definision4 and get

po_ oxMoxYoxy
I = 5V gxh gxh AWV (107)

X

Two same index is existing in x:fu, xyy of (107), but the problem doesn't occur because one is

dummy index. Because (107) could rewrite (104), the problem of (104) was solved. [ rewrite
Xby = Xy, Xy = X5, using Definision4 and get
xb, = xl, XY, = . (108)

pw e T
[ get
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ox" ox" ax" ,  oxMoxY oxV

AxV AxV 9xV THH T gxv gxh gxk VY
ox" oxY axV
= xv 0xh oxv YK (109)

from (104),(107),(108).1 get
ox" ox"  oxY oxV
AxV AxV  AxM gxM

from (109). End Proof

(110)

Proposition12 When all coordinate systems satisfies Binary Law, x.,,, = X\ is established

for x!,,, components of the mixed tensor satisfying Binary law of the fourth rank of the third
rank covariant in the first rank contravariant.

Proof: I get
W ok oxt axoxf
Xoww = dx' dxV axV oxV Xeap (111)

as if Binary Law being satisfied for all index except the dummy index of Definision21. If all
coordinate systems satisfies Binary Law, dummy index of (111) should be p or v in
consideration of Definision5. Thus, [ rewrite dummy index of (111) and get

po o 0xtoxVoxVox¥ u  _ n
Xyw = axuﬁﬁﬁx\wv = Xyyw (112)
axH axY axV oxV axH
x\tlvv = ___x\\)}vv = x\\)}vv: (113)
dxV axV daxV dxV axV
R 1333 DM (114)
Vv dxV dxV dxV axv HVV dxV gxVv UV’
o oxH ox* 6x“£xv _ oxH ox* axuxv (115)
VvV dxV dxV dxV axVv T HHV dxV dxV dxv THHV!
dxH axt axt axt
Xjyy = X (116)
dxV dxV dxV dxv ~HHU
dxH axt axt axt dxH axH axt
X, = — X, = X (117)
Oxl dxV daxV axV THHH  gxV gxV gxV THHH
o 9xM axY oxt oxM _ oxH ax“xu (118)
VWV gxH gxV dxV axV T VHH  gxV gxVv T VHIY
DV . v M g L - o (119)
VUV 9xH axV axV 9xV T VVH oxV VI

v

[ decide not to handle (112),(113),(114),(115),(117),(118),(119) because %,% exists in
of

(112),(113),(114),(115),(117),(118),(119). Because three same index is existing in x,.,,, x
(116), it is a problem. I rewrite (116) using Definision4 and get

uo_ oxMoxYoxYoxt | 120
MUV = 55V o ox 9xv VK- ( )

v
HHR

X

Two same index is existing in xﬁw, Xyyu Of (120), but the problem doesn't occur because one is

dummy index. Because (120) could rewrite (116), the problem of (116) was solved. [ rewrite

S V. — 4V i Thici
Xywy = Xyyyr Xpup = X using Definision4 and get
B H v — 4V
Xyvy = Xppvr Xppp = Xowp- (121)
[ get
oxM ox" ax* ox® |, oxMoxYoxYox"

—_— X = —— —Xx
dxV dxV dxV axVv THHE  gxv gxh gxk gxv T VVH
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_ OxM oxY oxY ox"

= Bxv Oxh 9xH 9xv THHM (122)
from (116),(120),(121). 1 get

dxH axt dxV oxV

AxV dxV ~ 9xM axM (123)
from (122).1 get

Xowy = Xy = Xowp = Xy

Xhoy = Xy = Xyy = X (124)
from (120),(121). 1 get

Xpyy = Xy = Xy = X} = Xy = Xy (125)

from (84),(124). I rewrite (125) by consideration of x.,, — x*

VvV

xy = xy, %y = x,,(4),(7),(56), u, v-inversion form of (4),(7),(56) and get

Xyy 2 X

Vi viw W
03xH _Oxpy  0xy 1/ag'*
axVaxYox¥  9xvV a_ “E(ax\')
0x 1 (ag"Y dxy 3xV
- ?i_x‘i(axu) T ox¥  oxHoxhoxh (126)
[ get
03xH _Oxpy  0xy 1/ag'*
axVaxvax¥  oxV a_ “E(ax\')
_ Oxy 1/0g"V\ _ oxy a3xV _
T oax, "E(axu) T oxM T axHoxHaxH

from (126),Definision7. End Proof

DISCUSSION
About Proposition1
If all coordinate systems satisfies Binary Law, I get
N Oxy _ 1 09uv dgvv _ 09uv
~39 W ( )

X

xY ., = xy

v

WY = gy axv | oxt oxV
_ Oxy _ 1 vy (6gvv) _ % _ 1 agy
T axv V2 axt/) " axv TV20xm (128)
from Definision8. At first [ applied Binary Law only for a part to show in
_ 0y 1 e a?ue 09gve _ a’g\uv
Yy = oy T %129 <axv T T oxe (129)
for Definision8 and got (2) in this article. Then, I applied Binary Law only for a part to show in
oxq 1 695
Xgo = =< — Xg=———t
WV axv T 2axR

for (2) and got (3). I get (128) as if Binary Law being satisfied for all index of (3).

(130)

(128) isn't tensor satisfying Binary Law here. On the other hand, I rewrite (3) using Definision2

and get (4). (4) is tensor satisfying Binary Law here.
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