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ABSTRACT
This paper investigates the existence of periodic oscillations for an eight-neuron
BAM neural network model with discrete delays. Two theorems are provided to
guarantee the existence of periodic oscillations for this model by using
mathematical analysis method, which is simpler than bifurcation method. The
criteria for selecting of the parameters in this network are provided. Computer
simulation examples are presented to demonstrate the correctness of this method.
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INTRODUCTION
Due to various applications of neural networks, the dynamics behaviors of neural networks
with delays have attracted great attention of many researchers [1-21]. In particular, there are
extensive literatures on simplified bidirectional associative memory (BAM) neural networks.
Various interesting results on periodic solution have been reported. For example, in 2006, Yu
and Cao have considered the Hope bifurcation for the following four-neuron BAM neural
network model with discrete delays [1]:
x1(8) = —uyx1 () + c11f11 1 (E — 73)) + €12f12 (V2 (& — T3)),

x3(8) = —px5(8) + 2121 (V1(E — T4)) + o2 f22 (V2 (€ — T4)),

Y1) = —psy1 (t) + d11911 (1 (¢ — 71)) + d12912 (%2 (¢ — 72)),

Y2(£) = —1sy,(£) + da1921 (%1 (¢ — T1)) + d2922 (32 (t — T2)).

(1)

The existence of Hopf bifurcation, a formula for determining of the Hopf bifurcation and the
stability of bifurcating periodic solution have been obtained. Ge and Xu have investigated a five-
neuron BAM network model with delays as follows [2]:

x1(8) = —pxy () + c10f (1 (& — 73)) + €12 (V2 (t — 73)) + €131 (¥3 (€ — 73)),

Xz () = —puxy(t) + o1 f (1 (E — T4)) + Conf (V2 (£ — 74)) + 23 f (Y3 (t — 74)),
Y1) = —py () + dya f (1 (E — 1)) + dipf (x2(t — T2)), (2)
Y2 () = —py,(8) + doy f (31 (& — 71)) + doa f (32 (E — 72),
y3(t) = —pys(t) + da1 f (1 (t — 71)) + daof (2 (t — 72).

Some sufficient conditions for the synchronization and bifurcation were exhibited. The global
attractively of the trivial solution were also established. Xu et al. extended model (1) to six
dimensional delayed BAM network system [3]:
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(x1(6) = —pyx1(8) + 11 f11 1 (€ = T4)) + C12f12 (V2 (8 — T4)) + c13f13 (73 (E — 74)),
%3 () = —pax2(8) + 2121 (V1 (E — T5)) + Ca2f22 (V2 (t — T5)) + €23 f23(¥3(t — T5)),
x3(t) = —uzx3(t) + c31 3171 (t — T6)) + C32f32(V2(t — T6)) + C33f33(¥3(t — 76)),
Y1) = —pay1 () + Ca1far (1 (8 — T1)) + Canfar (X2 (t — T2)) + Cazfaz(x3(t — 73)),
Y2(t) = —usy,(t) + cs1f51(x1(t — 71)) + Cs52f52 (X2 (t — 72)) + C53f53(x3(t — 13)),
\y3(t) = —p6Y1(t) + co1fo1 (X1 (t — T1)) + Coafo2 (X2 (t — T2)) + Co3fe3(x3(t — 73)).

A

(3)

By analyzing the associated characteristic transcendental equation, the linear stability of the
model and Hopf bifurcation were demonstrated by using the normal form method and center
manifold theory. However, it was pointed out that by using the bifurcating method to discuss
the existence of bifurcating periodic solution it is necessary to make some restrictive conditions
such that the neural network contains only one delay. For example, in model (3) the authors
assumed that,

T+ T, =T, +Ts=T3+T, =1, and let u(t) =x;(t —19), U (t) = x,(t — 72), uz(t) =
x3(t = 73), us(t) = ¥1(1), us(t) = y,(¢), ue(t) =

y3(t), and then model (3) changes to only one delay system as the follows:

(Ui () = —pus (8) + c11f11 (et — 1)) + ¢r2f12(us(t — 7)) + c13f13 (U6 (t — 7)),
uz () = —pauy (8) + €21 fo1(Ug(t — 7)) + 22 22 (Us(t — 7)) + C23f23(Us(t — 7)),
) uz(t) = —p3us(t) + c31f31 (Wa(t — 7)) + c32f52(us(t — 7)) + c33f33 (U6 (t — 7)),
Us(t) = —paus (8) + C41f21(Us () + Cazfaz (U2 (8)) + Cazfas(us (D)),
us () = —psus(t) + cs51f51 (w1 (0)) + c52f52 (U2 (1)) + 5353 (U3 (8)),

\ ug () = —pgue(t) + co1fe1(ua(0)) + coafoz (U2 (1)) + o3 fes (s ().

(4)

Thus, the bifurcating equation can be discussed. In this paper, we extend model (3) to an eight-

neuron BAM system:

(x1() = —px1(8) + c11fr1 1 (€ — T5)) + C12f12(V2 (8 — T6)) + C13f13(V3(E — 7)) + Crafra(Va(t — T3)),
x3(8) = =5 (8) + 2121 (V1 (t — T5)) + Co2f22 (V2 (t — T6)) + Ca3f23(V3(t — T7)) + Coafu (Va(t — T3)),
x3(8) = —pzx3(t) + c31f31(V1(t — T5)) + C32f32 (V2 (t — T6)) + C33f33(V3(t — 77)) + C34f34 (Va(t — T5)),

) x4 (8) = —psx4 (8) + Ca1far 1 (€ — T5)) + Ca2fa2 (V2 (t — T6)) + CasfasV3(t — 7)) + caafaa(Va(t — T3)),
Y1(8) = —usy1(t) + c51f51 (01 (€ — 1)) + Cs2f52 (%2 (€ — 72)) + C53f53(x3 (¢ — 73)) + Csafsa(xa(t — 74)),

Y2(£) = —1ey2(£) + Co1fo1 (1 (t — T1)) + Co2fe2 (X2 (t — T2)) + Co3f63(X3(t — T3)) + Coafea(xa(t — 74)),

V3(8) = —p7y3(8) + c71f71 (01 (E — T1)) + €72 f72 (%2 (t — T2)) + €73f73(X3(t — T3)) + C7af74 (X4 (t — T4)),

\Yig)) = —pgys(t) + cg1 1 (01 (t — 71)) + Cgafe2 (X2 (t — 72)) + a3 fa3 (X3 (t — T3)) + Caafaa (x4 (t — T4)).

where —u; < 0 (i =1,2,...,8). Our goal is to consider the dynamical behavior of model (5).

Noting that system (5) has eight delays. If those delays are different positive numbers, then the

bifurcating method is extremely hard to deal with model (5). Because one cannot solve the

bifurcating equation which is an eight variables transcendental equation. In order to discuss

the existence of periodic solutions for system (5), we adopt the generalized Chafee's criterion

[23], and the appendix of [24]. and this particular instability of the unique equilibrium point

and the boundedness of the solutions will force system (5) to generate a limit cycle, namely, a

periodic solution. In this paper, by using the mathematical analysis method, the existence of

periodic solutions has been established.
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Preliminaries

For the activation functions f;;, we assume that f;; are continuous bounded differentiable
functions, satisfying:

fij(0) =0, ufij(u) >0 (u # 0) (6)

The general activation functions such as tanh (x), arctan (x) satisfy condition (6). The linearized
system of (5) is the following:
(x1(t) = —p121(8) + 111 (t — Ts) + b1y, (8 — T6) + b13ys(t — 77) + b1aYa(t — 7s),

x3(t) = —paxz(8) + by Y1 (t — Ts) + by ¥ (€ — T) + bazys(t — 77) + bpsya(t — g),

x3(t) = —pax3(t) + b31y1(t — Ts) + b3y (€ — T6) + b33y3(t — 77) + b3sya(t — 7g),

x4 (8) = —pgx4(t) + bary1(t — T5) + bz Y2 (t — T6) + bazys(t — T7) + 4344 (t — T5), 7)
y1(8) = —psy1 () + bs1x; (t — T1) + bsaxa(t — T2) + bsaxs (£ — T3) + bsaxs(t — 14),

Y2(8) = —ueY2(t) + be1x1 (t — T1) + bezx2(t — T2) + bezxs(t — T3) + beaXa(t — 74),

Y3(t) = —p7y3(8) + b7y, (t — T1) + bypxp (8 — T3) + byaxs(t — T3) + byyxs(t — 74),
\Y4(t) = —ugys(t) + bg1x1 (t — T1) + bgpx,(t — T2) + bazx3(t — T3) + bgaxs(t — T4).

where b;; = ¢;;f;;(0), i,j = 1,2,..,8. For convenience, let u;(t) =x;(¢t)(i=1,..,4) and
us(t) = y,1(t), ug(t) = y,(t), u,(t) = y3(t), ug(t) = y,(t), then system (7) can be rewritten
as the follows:

(up(t) = —pauy (t) + byaus(t — 75) + byoug(t — 76) + bysu; (t — 77) + byaug(t — 75),
uy () = —pauz(t) + bagus(t — 75) + booug(t — 76) + bazuy (t — 77) + bagug(t — 75),
uz(t) = —p3us(t) + b3 us(t — 75) + bspue(t — 76) + bszuy (t — 77) + byaug(t — 1),
uy(t) = —pauy (t) + baaus(t — Ts) + baoue(t — T6) + bast; (t — 77) + 434ug(t — 15),
us(t) = —psus(t) + bs uy (t — 1) + bspup (6 — 73) + bsaus(t — T3) + bsaug(t — 74),
ug(t) = —peUs(t) + bo1uy (t — 1) + bz (t — T3) + ezt (t — T3) + beatty (t — 74),
Uz (t) = —p7u7 (t) + byruy (8 — T1) + brpuy (t — 72) + brzus(t — 73) + braus(t — 74),
\ug(t) = —pgug(t) + bgiuy (€ — 1) + bgauz (8 — T3) + b3zus(t — T3) + bgaus (t — 74).

(8)

A

The linearized system (8) can be written in a matrix form:
U'(t)=AU) +BU(t —1) 9)

where U(t) = [uy(t), up(t), .., ug(®) 1", Ut —1) = [us(t — 71), up(t — 7)), ..., ug(t — 75) I" .
A =diag (—1, —U3, ..., —Ug ), and B is an eight by eight matrix

00 bll b12 b13 b14
0 0 b21 b22 b23 b24
0 0 b31 b32 b33 b34

_ _ 0 0 p,, by, bys b
B =(ij)exs = bsy bs; bsz  bs, 81 82 83 84'

0 0 0 0
b;1  bz; bzz byy 0 0 0 0
0 0 0 0

Lemma 1 All solutions of system (5) are bounded.
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Proof From condition (6), the activation functions are continuous bounded, and assuming that
|f;(w)| < N; (i =1,2,...,8), then

dlu(t .
POl < — (1 + Ny, Ny = hoy|by| Ny (i =1,2,...,8) (10)

From (10), noting that u; (i = 1,2, ..., 8) are positive real numbers, we obtain
I ()] < ’Z— (i=12..8) (11)

This system (8) has a unique equilibrium point means that the solutions of system (5) are
uniformly bounded.

Lemma 2 If the matrix B is not a positive definite matrix, then system (5) has a unique
equilibrium point.

Proof First we show that system (8) has a unique equilibrium point. An equilibrium point U * =
[u;, u;,...,us ] is a solution of the following algebraic equation:
(—uui + by us + byyug + bysus + byyug =0,

—UaUs + byug + byyug + byzuy + byyug = 0,

—H3Uz + bsiug + bsyug + byzuy + basug =0,

—uauy + byug + byyug + byzuy + byuug =0
—UsUs + bsyu; + bsyu; + bszuz + bsauy =0
—UelUg + b1u + beyuy + bezuz + bgauty
—H7u7 + by1uq + byou; + byzuz + by
\—pglUg + bg Ui + bgru; + bgzuz + bgau;

~

(12)

”

[l
o L

Il
e

System (12) can be written as a matrix form
BU*=-AU" (13)

Obviously, there is a trivial solution of system (12), implying that zero is an equilibrium point
of system (8).Noting that - A is a positive definite matrix, so system (8) has a unique
equilibrium point if B is not a positive definite matrix. Now for system (5), zero also is an
equilibrium point of system (5) since f;; (0) = 0. Meanwhile, condition uf;;(u) > 0 (u # 0)
ensures that there exists a unique equilibrium point and it is exactly the zero point of system

(5).

We adopt the following norms of vectors and matrices in this paper [22]: |Ju(t)|| = X2, |w; (t)],
|B]l = max;<;<g Z?=1|bij |, the measure u(B) of a matrix B is defined by u(B) = 6’lir& %,

which for the chosen norms reduces to u(B) = max;<;<g(b;; + Z?ﬂ#j |bl-j| ). B > 0 which
indicates that B is a positive definite matrix.

Definition 1 The trivial solution of system (5) is unstable, if there exists at least one component
of the trivial solution which is unstable.
Existence of periodic solutions
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Theorem 1 Assume that system (5) has a unique equilibrium point for a set of selected
parameters. If the following condition holds

9UIBID =2 p. exp(—7. ) > 5 (14)

where 7,= min {74, Ty, ..., Tg }, and u, = min {g,, U, ..., g }. Then the unique equilibrium point
of the system (5) is unstable and it generates a limit cycle, namely, a periodic solution.

Proof We must prove that the unique equilibrium point of system (5) is unstable. Obviously, if
the trivial solution of linearized system (7) or equivalent system (8) is unstable, then the trivial
solution of system (5) is unstable. Thus we only need to consider system (8) and prove that the
unique equilibrium point of system (8) which is exactly the zero point is unstable. Consider a
special case of system (8) as follows:

U't)=AU({t)+BU(t—r1,) (15)

where 7,= min {74, 7,, ...,7g }, and U(t — 7,) = [u (t — 7,), uy(t — 7.), ..., ug(t — 7,) ]*. Noting
that |u; (t)| = w;(t) asu;(t) > 0 and |u;(t)| = —u;(t) asu;(t) <0 (i =1, 2,...,8). From (15),
when each u;(t) > 0 we have

@ = AU(t)+BU(t—1.) (16)
and for each u;(t) < 0 one can obtain
% = —AU(t) —BU(t—1.) (17)

Noting that —u; < 0 (i = 1,2, ..., 8). Therefore we have

d(Ee_; w0
W 1Ol <y 39 (O] + BN By T — 7)) (18)

Specially, for the scalar time delay differential equation

d
EE = —pz(t) + 1Bl z(t — 7.) (19)

where z(t) = Y%, |u;(t)|. If the unique equilibrium point of system (19) is table, then the
characteristic equation associated with (19) given by

A=—u. +|IBll e** (20)
will have a real negative root say 4, and we have from (20)
0] = [IB| elol™ —p, (21)

. 9
Using the formula e* > Exz for x > 0 one can get

||B|| ellolr* _ ||B|| T*e—ﬂ*‘f*e(#*HAoDT* - (”B” . e—u*‘[*) 9(#* + I/‘IOI)T*
R o] (. + 12D, - " 5
— *Tx
> (Bl z.e™# ™) == = = (IBI) 72 . exp(~7. .) (22)

The last inequality contradicts (14). Hence, our claim regarding the instability of the
equilibrium point of system (15) is valid. Based on the comparison theorem of differential
equation, we have Y%, | u;(t)| < z(t). According to the definition of the instability of the trivial
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solution, for an arbitrary € > 0, there exists a sequence {t;} such that |z(t;)| > €, where
z(t) represents the trivial solution of system (15). Since Y%, | u;(t)| < z(t), this means that

there exists a subsequence {tkj} of the sequence {t,} such that ¥¥ . |u; (tk].)l < Z(tk].).
Therefore, there exists at least one u;(t), and without loss of generality, we assume that
|uq (tk].) | > g. Since ¢ is an arbitrary sufficiently small positive number, g is also an arbitrary

sufficiently small positive number. Thus, u, (t) is unstable. According to the definition 1, the
instability of the component u, (t) implies that the trivial solution of system (15) is unstable.

Now we prove that the trivial solution of system (9) is also unstable. System (15) is a special
case of (9). Obviously, u;(t — t,) is equivalent to u;(t — ;) (i = 1,2, ...,8) as t is sufficiently
large. So, we still have

|uq (tk].) | > g as ty, is sufficiently large. This means that the trivial solution of system (9) is

unstable. We can then prove that the trivial solution of system (5) is unstable. Indeed, system
(9) is alinearized version of system (5), in other words, system (5) is a disturbing system of (9).

Thus, the instability of the trivial solution of system (9) implies that the instability of the trivial
solution of the original system (5). Since all solutions of system (5) are bounded, the instability
of the unique equilibrium point together with boundedness of the solutions lead system (5) to
generate a limit cycle, namely, a periodic solution based on

Chafee’s criterion [23] and the appendix of [24].

Theorem 2 Assume that system (5) has a unique equilibrium point for a set of selected
parameters. If the following condition holds
IBIl = p. >0 (23)

then the unique equilibrium point of the system (5) is unstable. System (5) generates a limit
cycle, namely, a periodic solution.

Proof We still prove that the trivial solution of system (15) is unstable. The characteristic
equation of system (15) is the following

A=—u. +|IBll e** (24)
namely
A+p. —IIBlle=*™ =0 (25)

and there exists a positive characteristic root of equation (25) under the restrictive condition
(23).Indeed, let f(1) = A + pu, — ||B|l e=*%, then f (1) is a continuous function of A.Obviously,
£(0) = pu, —|IBIl = =Bl = u.) <0,and while as A (> 0) is sufficiently large, e~*** will be
sufficiently small, Therefore,

there exists a A (> 0) such that f(1) = 1+ . — [|B]l e™*™ > 0. According to the well known
the Intermediate Value Theorem, there exists a positive value of A say 1;, 1; € (0, 1) such that
f(1)) = A, +u,. — ||B]| e*1% = 0. In other words, equation (25) has a positive characteristic
root. Therefore, the trivial solution of system (15) is unstable. Similar to the proof of Theorem
1, the unique equilibrium point of system (5) is unstable. According to the generalized Chafee’s
criterion, system (5) has a limit cycle, namely, a periodic solution.
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Simulation result
These simulations are performed by using the system (5). First, the activation function is
selected as f;;(z) = tanh(z). Then f'(z) = 1 —tanh?(2), so f'(0) = 1. The parameters are
selected as u; = 0.45,

Uy = 0.64,u; = 0.48,uy = 0.55, 45 = 0.62, ug = 0.58, u; = 0.52, ug = 0.65; c;; = 1.25,¢45

= 1.15,

c;3 = 0.85,¢44, =0.75, ¢, =-2.15,¢,, = 0.55, c¢,3 =—-1.05,c,, =0.45, ¢33 =1.35,¢c3, =
—0.48,
c33 = 0.52,c34 = —0.25, ¢4 = 0.75,¢c4, = 1.25, c43 = —0.35,¢c44 = 0.36, c5; = —0.95,¢5, =
0.85,
cs3 = —1.16,c54 = 0.88, cg; = —2.65,¢4, = —0.75, c43 = 0.82,¢44 = 0.45, ¢;; = —0.45,¢,, =
—0.32, ¢;3 = 0.64,c54 = —0.25,cg; = —0.42,cg, = 0.36, cg3 = —0.12, cg, = —0.85; time delays
are selected as t; = 1.12,7, = 1.16,73 = 1.25,7, = 1.22,75 = 1.15,7, = 1.24, 1, = 1.26,74 =
1.18. The characteristic values of matrix B are —0.7177,0.7177, —0.3376 + 1.9017 i,0.3376 +
1.9017 i, £0.1104 i. Thus, B is not a positive definite matrix. From Lemma 2, this system has a
unique equilibrium point, namely, the zero point. We have 7, = 1.12, u, = 0.45, ||B|| = 5.5 and
9(|IBI) 72 . exp(—7, ) =9 X 5.5 x 1.12 X 1.12 x 0.45 x exp(—1.12 x 0.45) = 16.8799 >
5. Based on Theorem 1, there is a periodic solution (see figure 1). Then we change time delays
as 1, =052,17,=0.56,73 =0.58,7, = 0.62,75 = 0.65,7, = 0.64,7, = 0.46,74 = 0.48, the
other parameters are the same as in figure 1. Obviously, the conditions of Theorem 2 are
satisfied, there exists a periodic solution (see figure 2). However, we see that
9(|IBI) 72 . exp(—7, u,) =9 X 5.5 X 0.46 X 0.46 X 0.45 x exp(—0.46 x 0.45) = 3.8321 < 5.

The condition of Theorem 1 is not satisfied. This means that the Theorem 1 is a stronger
sufficient condition. Then we select the activation function as f;;(z) = arctan(z). Keeping all
parameters similar to those used to generate figure 2, we see that the oscillatory frequency and
amplitude remain almost the same (see figure 3), implying that the oscillatory behavior is just
a little effected by the activation functions. However, when we increase the time delays, the
oscillatory frequency changes greatly (see figure 4). In order to see the effect of u;, we change
U =1.25,  u, =1.42,u; =148,y = 1.35,us = 1.42, g = 1.52, 4, = 1.46, u3 = 1.38 , the
other parameters are the same as in figure 4, time delays are selected as t; = 0.72,7, =
0.76,73 = 0.78,7, = 0.82,75 = 0.85,74, = 0.84,7, = 0.86,73 =088, and 1, =152,7, =
1.56,7; = 1.58,7, = 1.62,75 = 1.65,75 = 1.64, 7, = 1.46, 13 = 1.48, respectively. We see that
the oscillatory frequency changes very much (see figure 5 and figure 6). This means that time
delays and p; effect the oscillatory frequency. Finally we select another set of parameters as
uy =085 u, =082,u;3 =0.75u, =0.72, us = 082, ug = 0.78,u;, = 0.76, ug = 0.84; c;; =
—-0.45,¢,, = 1.25, ¢35 =0.35,¢;4 =0.55, ¢,; =—-1.65,c,, =0.85, c,53 =1.45,¢,, =0.75,
c31 = 1.15,¢c3, = —0.68, ¢33 = 0.22,¢3, = —0.58, c4; = 0.15,c4, = 1.65, c43 = —0.95,c44 =
0.46, c5; =—0.75,c5, =0.45, cg3 =—1.76,c54 = 0.38, 41 = —2.35,c45 = —0.92, 43 =
0.42,c¢, = 0.75, ¢;; =—0.85,¢,, = —0.72, ¢;3 = 0.24,¢,, = —0.85, cg; = —0.32,¢cg, = 0.96,
cg3 = —0.42,cg, = —0.15. We see that the characteristic values of matrix B are — 1.2444,
1.2444, +£2.21591i, +1.2138i,40.2593 i, and ||B|| = 4.27. Therefore, B is not a positive
definite matrix. From Lemma 2, the system has a unique equilibrium point, namely, the zero
point. When time delays are selected as t; =0.85,7, = 0.82,73 = 0.75,7, = 0.72,75 =
0.82,75, = 0.78,7;, = 0.76, 7g = 0.80,andtime delays are selected as 7; = 1.24,7, = 1.26,13 =
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1.28,t, = 1.32,75 = 1.35, 14 = 1.34,7, = 1.38, 73 = 1.36, respectivery, there exist periodic
oscillations based on the Theorem 2 (see figure 7 and figure 8).
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Fig. 3 Oscillation of the solutions, delays: 0.52, 0.56, 0.58, 0.62, 0.65, 0.64, 0.46, 0.43.
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Fig. 4 Oscillation of the solutions, delays: 1.52, 1.56, 1.58, 1.62, 1.65, 1.64, 1.46, 1.48.
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Fig. 5 Oscillation of the solutions: delays: 0.72,0.76,0.78,0.82, 0.85, 0.84, 0.86, 0.88.

(a) Solid line: x, (t), dashed line: x,(t), dotted line: x

5(0).

-2 1 1 ] - Sl | B3 | T
0 10 20 30 40 50 60 70 80
(c) Solid line: y,(t), dashed line: y,t).
1 T T 1 1 T

T gt Lt 1 1 1/.\/ 1 1
0 10 20 30 40 50 B0 70 8a

Fig. 6 Oscillation of the solutions, delays: 1.52, 1.56, 1.58, 1.62, 1.65, 1.64, 1.46, 1.43.
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Fig. 7 Oscillation of the solutions, delays: 0.85,0.82,0.75,0.72,0.82,0.78,0.76, 0.8.
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Fig. 8 Oscillation of the solutions, delays: 1.24, 1.26, 1.28, 1.32, 1.35, 1.34, 1.38, 1.36.
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CONCLUSION
This paper considers an eight-neuron BAM network with discrete delays. Two sufficient
conditions to guarantee the existence of periodic solutions are provided. A specific selection of
parameters is used to demonstrate the results. Our simple criteria to ensure the existence of
permanent oscillations are easy to check, as compared to predicting the regions of bifurcation.
The computer simulation suggests that our theorems are only sufficient conditions.
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