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Abstract: In this paper, a complex-valued neural network model with discrete and distributed
delays is investigated under the assumption that the activation function can be separated into its
real and imaginary parts. Based on the mathematical analysis method, some sufficient conditions to
guarantee the existence of periodic oscillatory solutions are established. Computer simulation is given
to illustrate the validity of the theoretical results.
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1 Introduction

In the past two decades, many researchers have studied various complex-valued neural network models
with or without discrete and distributed delays [1-20]. For example, Samidurai et al. have discussed
the delay-dependent stability for some complex-valued neural networks with discrete and distributed
time-varying delays [1,2]. Wang et al. considered the stability for complex-valued stochastic delayed
networks with Markovian switching and impulsive effects [3]. Guo et al. studied the existence,
uniqueness, and exponential stability for complex-valued memristor-based BAM neural networks with
time delays [4]. Popa discussed the global u-stability of neutral-type impulsive complex-valued BAM
neural networks with leakage delay and unbounded time-varying delays [5]. Many authors focus on
the synchronization of complex-valued networks, such as exponential synchronization of complex-
valued delayed coupled systems on networks with aperiodically on-off coupling [7,8]. Synchronization
of impulsive coupled complex-valued neural networks with delay by the matrix measure method,
distributed impulsive method, a direct error method, and a non-reduced order and non-separation

approach [9, 10, 11, 12]. With complex-valued neural networks, a new multi-modal technique for
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assisting visually-impaired people in recognizing objects in public indoor environment was provided
[16]. For a complex-vaJued Wilson-Cowan neural network with time delay as follows:
v1(t) = —v1(t) + ar1g(v1(t)) + azg(va(t — 7)) + P,

vy(t) = —va(t) + azg(vi(t — 7)) + asg(va(t)) + Q.

(1)

By using proper translations and coordinate transformations, Ji et al. have decomposed the activation
functions and connection weights into their real and imaginary parts, so as to construct an equivalent
real-valued system. Then, the sufficient conditions for Hopf bifurcation and its directions are provided
through normal form theory and central manifold theorem [19].

Hang et al. have investigated a two-node fractional complex-valued neural network with time delay

as follows [20]:

DIz (t) = —pma1(t) + af (z1(t = 1) + bf (2a(t — 7)),
D2 (t) = —paza(t) + cf (21(t = 7)) + df (22(t — 7).

2)

By using time delay as the bifurcation parameter, the dynamical behaviors that including local asymp-
totical stability and Hopf bifurcation were discussed, the conditions of emergence of bifurcation were
also obtained. Furthermore, it reveals that the onset of the bifurcation point can be delayed as the
order increases. In [21], Li et al. extended a real-valued network model to a complex-valued model

with discrete and distributed delays as the following:
A() = —z1(0) + b fua (21t = 7)) + brafra(J o F(t = 8)22(s)ds),
() = —29(t) + bor for (21 (t — 7)) + baa foo (J* o F(t — 8)22(s)ds).

Regarding the discrete time delay as the bifurcating parameter, the problem of Hopf bifurcation in

3)

the newly-proposed complex-valued neural network model was investigated under the assumption that
the activation function can be separated into its real and imaginary parts. Based on the normal form
theory and center manifold theorem, some sufficient conditions which determine the direction of the
Hopf bifurcation and the stability of the bifurcating periodic solutions were established. Zhang et al.
have considered a complex value delayed Hopfield neural networks model, in which a ring topology
consists of two coupling unidirectional rings, each with four oscillators is given [22]. For a real-valued
three-node network as follows:
2y (t) = —21(t) + a [L  k(t — s) f(z1(s))ds + b[f (23t — 7)) + flaa(t — 7)),

B(t) = —xa(t) +a [l k(t — 8)f(wa(s))ds + b[f (x1(t — 7)) + f(as(t —7))], (4)

wh(t) = —a3(t) +a L k(t — ) f(23(s))ds + b f (z2(t — 7)) + f(z1(t —7))].

In this model, the distributed signal transmission delay has introduced in the self-connection of the

x

network [23]. The author has discussed the Hopf bifurcation and stability switching of model (4).
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Motivated by the above models, In this paper, we extend model (4) to the following complex-valued

network system:

A(t) =~z (t) +rinfi(JE o F(t — s)z1(s)ds) + riafia(22(t — 7)) + ri3 fiz(za(t — 1)),

Z(t) = —laza(t) + ror far (21 (t — 7)) + raafor (1 oo F(t — 8)22(s)ds) + 123 fa3(23(t — 7)), (5)
24(t) = —l3z3(t) + a1 far (21 (t — 7)) + raafaz(z2(t — 7)) + r33fas([L o F(t — 5)23(5)ds),

where F'(s) = ae™*®,s > 0,a > 0 is a weak kernel. [j,74;(k,j = 1,2,3) are complex numbers. Let
zy(t) = [* F(t — 8)z1(s)ds, z5(t) = [* F(t — s)22(s)ds, z6(t) = [* F(t — s)z3(s)ds, then system
(5) changes to the following

21(t) = =liz1(t) + rinfia(za(t)) + riafro(ze(t — 7)) + ri3fis(zs(t — 7)),

25(t) = —laza(t) + ra1for(21(t — 7)) + raafaa(25(t)) + raz fas(z3(t — 7)),

25(t) = —l323(t) + ra1far(21(t — 7)) + raafso(22(t — 7)) + ra3fas(z6(t)), (©)
2y (t) = —azy(t) + az (t),

2E(t) = —azs(t) + aza(t),

zg(t) = —aze(t) + azs(t),

It was emphasized that the bifurcating method is hard to deal with system (6). From [21] one can
see that the authors need to investigate a 6-degree bifurcating equation (see equation (11), page 155).
Similarly we must consider a 12-degree bifurcating equation according to the bifurcating method. It
is quite not easy to deal with a 12-degree algebraic equation. Therefore, in this paper, by means of
the mathematical analysis method, we discuss the periodic oscillation for system (6). For convenience,
let [j = aj +ibj, iy = Prj + kg, (2 (1) = Fli(ai(),y;(t) + ifi (25 (t), 95 () (25(8) = a;(t) +
iy;(t)),k,j = 1,2,3. Then the complex-valued system (6) can be expressed by separating it into real
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and imaginary parts as the following;:

21 (t) = —arz1(t) + biyi (t) + puufii (wa(t), ya(t)) — quu fi (za(t), ya(t))
+p12fi(xa(t — ), y2(t — 7) )
+p13f13(x3(t —7),ys(t—7)) — Q13f1 (z3(t —7),y3(t — 7)),

+ puu Sl (@a(t), ya(t) + quuffi (zalt), ya(t))
+p1afia(@2(t — 1), y2(t — 7)) + quaf3(w2(t — 7), y2(t — 7))
) ( )

) — @12 fly(x2(t — 7). ya(t — 7)
) )
y1(t) = —a1y(t) — bz (t
( ) (
+p1sfis(@s(t — 7),y3(t — 7)) + qus fi5(zs(t — 1), y3(t — 7)),
25(t) = —aswa(t) + baya(t) +par f31 (w1 (t — 7),y1(t — 7)) — g2 f3y (@1 (t = 7), 1 (t — 7))
+paz f35(x5(1), y5 (1)) — qazfao(5(t), ys(t))

Las(t —7),y3(t — 7)) — qusfaz (w3t — 7),y3(t — 7)),

)

)
5(
+pas 5
)+ parfay (w1t = 7),y1(t = 7)) + qar f3i (1 (t — ), y2 (¢ — 7))
5(t)
6(
)

Y5 (t) = —agya(t) — baxa(t
+p22 foo (25 (1), y5 (1)) + qua fay(25(t), ys(t))
+p23fa3(xs(t — 7),ys(t — 7)) + qas fa5(z3(t — 7),ys(t — 7)), )
25(t) = —azz3(t) + bays(t) + par f} (w1 (t — 7), 91t — 7)) — gz 3y (@1 (t = 7), 91 (t — 7))
+p32 f35(2(t — 7), y2(t — 7)) — gz2fia(w2(t — 7), y2(t — 7))
33 f35 (@6 (1), y6 () — as3.fi5(6 (1), ys (1)),
y5(t) = —asys(t) — bazs(t) + pa1 fiy (w1 (t = 7),y1(t = 7)) + gz fa} (21 (t = 7), 91 (¢ — 7))
+psafia(2(t — 1), y2(t — 7)) + aza (w2t — 1), y2(t — 7))
+p33f33(26 (1), y6 (1)) + g33.f33 (26 (1), y6 (1))

9

) (t) = —axq(t) + ax(t),
ya(t) = —aya(t) + ayi(t),
x5 (t) = —axs(t) + axa(t),
y5(t) = —ays(t) + aya(t),
xg(t) = —awe(t) + axs(t),
ys(t) = —ays(t) + ays(t)

Thus, in order to discuss the periodic oscillation of system (6), we only need to consider the periodic

oscillation of system (7). Suppose that the derivative of f,f} (z,y) and f,gj(x, y) with respect to = and

A4
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y exist, continuous, and f,ﬁ (0,0) =0, f,gj (0,0) = 0. Then the linearized system of (6) is the following:

21 (t) = —a1z1(t) + b1y1(t) + crawa(t) + draya(t) + c12w2(t — 7) + di2ya(t — 7))
+cizxs(t — 1) + digys(t — 7)),

Y1 (t) = —a1y1(t) — brz1(t) + maaxa(t) + n1aya(t) + misxe(t — 7) + nigy2(t — 7))
+mizzs(t — 7) + nagys(t — 7)),

zh(t) = —agwa(t) + baya(t) + co55(t) + dasys(t) + ca1z1(t — 7) + darya (t — 7))
+cozxs(t — 7) + dogys(t — 7)),

Ya(t) = —agya(t) — baza(t) + masws(t) + nasys(t) + moarz1(t — 7) + naaya(t — 7))
+mazzs(t — 7) + nagys(t — 7)),

z5(t) = —azw3(t) + bsys(t) + caewe(t) + daeys(t) + ca1z1(t — 7) + da1ya (t — 7))

+e3222(t — 7) + da2ya(t — 7)), ®
y3(t) = —asys(t) — bszs(t) + maswe(t) + naeye(t) + ma1z1(t — 7) + narya(t — 7))
+maaxa(t — ) + nsaya(t — 7)),
2y (t) = —axq(t) + ax(t),
y4(t) = —aya(t) + ayi (1),
x5 (t) = —aws(t) + axa(t),
y5(t) = —ays(t) + aya (),
xg(t) = —axe(t) + axs(t),
Yo(t) = —aye(t) + ays(t)
where for k=1,2,3, j = 4,5,6, ci; = pkk%x(?’o) - Qkk%x(?’o), dij = pkk%y(f’o) - qkkﬁf%y(;m), Myj =
dij = Pr; 8f'§£’0) — Gk 8f%£’0)= M) = Pka‘w T 8@?0)7 Tkj = Pkj Bf%;;),o) ki 8f’%y(f 2. Th
matrix form of system (8) is the following:
U'(t)= AU(t) + BU(t — 1) (9)
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where U(t) = [l‘ (t)ay (t)a"' y L (t)vy (t)] ) U(t_T) = [.TC (t_T)vy (t_T)ax (t_T)vy (t_T)axii(t_
7),y3(t —7),0,0,0,0,0,0]", Both A = (aij)12x12 and B = (bjj)12x12 are 12 x 12 matrices as follows:

—a; b 0 0 0 0 0 0
-b —a 0 0 0 0 0 0
0 0 —ax b2 O dys 0 0
0 0 —by —ax O nos 0 0
A= (a;j)12x12 = e I
0 0 o 0 0 0 0 0
0 0 0 a 0 —a 0 0
0 0 0 o 0 —a O
0 0 0 0 0 0 —«
0 0 c1a  dig  ci3 0 0 O
0 0 mi2 M2 Mg 0 0 0
o1 doq 0 0 C23 0 0 O
ma1 n21 0 0 mao3 0 0 0
B = (bij)i2x12 =
0 0 0 0 0 0 0 O
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 O

2 Preliminaries

Let C is a six by six matrix as follows:

P11 —qu1 P12 —qi2 P13 —qi3
qi1 P11 q12 P12 q13 P13
P21 —Q21 P22 —(Q22 P23 —q23
C = (cij)ex6 =
921 P21 Q22 P22 G23 P23

P31 —@31 P32 —¢32 P33 —Q33

431 P31 432 P32 433 P33

Lemma 1 Assume that a; > 0,b; > 0(j = 1,2,3), f/1(0,0) = 0,f/,(0,0) = 0, fii(z,y) >
0, f]-lk(:c,y) > 0 when x > 0,y > 0, while ﬁg(:c,y) <0, ]Ik(x,y) < 0 when z <0,y <0 (4,k =1,2,3),
C' is not a positive definite matrix, then system (7) has a unique equilibrium.

Proof An equilibrium point z* = [23,9%, -, 25, y5]7 of system (7) is a constant solution of the

6
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following algebraic equation

—arz} + byt + pu S (@8, vE) — e f (2, vh) + paff(as,y )
—quafL (x5, y3) + pis S (25, y5) — qusfis(@5, v5) =

—a1y; — by + pu fi (@5, vl + qu fi

3)

o}, y5) + prafia(ah, y )
+a12f15 (x5, y5) + puafis(af, v3) + a5 (25, v3)
—ag®y + bays + par f31 (27, 1) — qa1 31 (27, 1) + pazfas (w3, y )

—agys — bowy + par f3 (23, y7) + qo1 foL (5, yF) + poafio (@ )

v5) + qos 5 (x5, y

(
(
—q22 /39 (2%, y3) + pasfay (a3, y3) — qasfaz (25, v5)
( (z3
+(]22f22(5175, )+p23f23(517§a
(

3)
—asw} + bays + ps1fay(a}, yi) — as f4y (2%, ut) + psafas(ah,y )

—Q32f32(3327 3) +p33f33(33§= Y6) — Q33f33(3367 5)

—azy; — bsal + pa1 f4 (21, ut) + g3 f4 (27, uT) + psafia(as,y )
+a32f35 (x5, y5) + as f3 (a5, v§) + ass f35 (x5, v5) =

—axy + azx] =0,

—ay; +ayp =0,

—azxi +axy =0,

—ays +ay; =0,

—axg + axy =0,

—ays +ay; =0.

Obviously, zero is an equilibrium point since fﬁc(O, 0) =0, f]?’k(O, 0) =0(j,k =1,2,3). From —axj, 3+
arj = 0,—ayj s +ay; =0 = 1,2,3) we get x7,5 = 27,953 = y;(J = 1,2,3). Therefore, system
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(10) changes to the following:

punfi (@1, u1) — qufii (@5, u7) + praff (a5, y3) — quafla (23, y3)
+pisfi(e3,3) — quafis(ad, v3) = v — by,

qu ffi(at,y1) + pufh (@, uf) + affi (@5, v5) + piafls (23, v5)
s f15 (@5, 95) + piafis(ah, v3) = bz} + a1y,

P fot (1, 4%) — 1 far (5, 4F) + a2 f35 (25, y3) — qoafa(5, y5)
+p23fa5 (x5, y5) — qo3faz(x5, y5) = asah — bays, (11)

1 f31 (2%, y1) + par 3, (21, UF) + qoaf35(x5, 43) + P22 fon (23, y5)
23 f35 (25, U5) + oz f33(a%, y3) = baw + a2y,

a1 fai (21, yt) — as1fda (aF, yi) + pa2 (a5, y3) — as2fdy(25, 3)
+p33fa5(25, y3) — g33.f43(25,y3) = asah — bays,

gs1 [R5, y7) + a1 A (25, y7) + aso 5 (x5, v3) + paafia (25, v3)

+qs3 fE (x5, v3) + pasfig(xh, v3) = bsas + asyi.

System (11) can be written as a matrix form, the matrix of the left hand is C. Obviously, when
z; > 0,y; > 0(j = 1,2,3) we have biz] + a1y7 > 0, and ﬁc(:n* y*) >0, ]Ik(x* y*) > 0. However, the
left hand can not guarantee greater than zero since C' is not a positive definite matrix. The same as
when 2% < 0,y; <0(j = 1,2,3) we have b12] + a1yj <0, and fﬁ;(x* y*) <0, ]Ik(x* y*) < 0. But the
value of the left hand can not guarantee less than zero. This means that system (7) has a unique zero
equilibrium.

Lemma 2 Assume that fﬁ(az,y), jlk(x,y)(j,k = 1,2,3) are continuous bounded functions, a; >
0,b; >0(j =1,2,---,6). Then all solutions of system (7) are uniformly bounded.

Proof Since ﬁ,(m,y), ]-Ik(:n,y)(j,k: = 1,2,3) are continuous bounded functions, then from the def-
inition z4(t) = [*__ F(t — s)z1(s)ds, and the boundedness of f{}(z4(t),ya(t)), and ff;(z4(t), ya(t)),
we get that z4(t), and ys(t) are bounded. Similarly, from z5(t) = [*_ F(t — s)za(s)ds, z(t) =
J oo F(t — s)23(s)ds, and the boundedness of f35(x5(t), ys(t)), f45(w5(t), ys (), and fiz(w6(t), ys(t)),
fA(w6(t), y6(t)) we get that x5(t), y5(t), and x6(t), ys(t) are bounded. From the equations

2y (t) = —axq(t) + ax(t),

ya(t) = —awa(t) + ay (t),

x5 (t) = —axs(t) + axa(t), 12)
ys5(t) = —ays(t) + aya(t),

zg(t) = —awe(t) + axs(t),

ys(t) = —aye(t) + ays(t)
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we get x;(t), y;(t) are bounded (j = 1,2, 3).

3 Main Results

In order to discuss the instability of the trivial solution of system (7) we only need to discuss the
instability of the trivial solution of system (8).

Theorem 1 Assume that Lammal and Lemma 2 hold. For selected parameters values of a;,b;, pjx
and ¢ji(1 < j,k < 3). Let the eigenvalues of matrix A + B = D be §;(i = 1,2,---,12). If there
exists at least one eigenvalue dx, k € {1,2,---,12} such that 6 > 0 or Re(dx) > 0, then the unique
equilibrium point of system (8) is unstable, implying that system (7) generates an oscillatory solution.
Proof Obviously, if the trivial solution of system (8) is unstable, then the trivial solution of system
(7) is also unstable. Therefore, we only need to consider the instability of the trivial solution of system

(8). When 7 = 0, system (8) reduced to
U'(t) = AU(t) + BU(t) = DU(t) (13)
The characteristic equation corresponding to system (13) is
det[\l;; — D] = 0. (14)

where I;; is the 12 by 12 identity matrix. Since §;(¢ = 1,2,---,12) are eigenvalues of matrix D,

therefore we have from (14)
2\ — ;) = 0. (15)

Since there exists some 0 > 0 or Re(d) > 0, this means that system (14) has a positive real eigenvalue
or an eigenvalue which has a positive real part. Therefore the trivial solution of system (13) is unstable
according to the basic result of differential equation. Now we prove that the trivial solution of system
(8) also is unstable. Suppose that U(t) is a trivial solution of system (13). It is known that U(t)
~ U(t—7) when t is sufficiently large. According to the definition of instability of the trivial solution,
for any € > 0 one can find a sequence {t1,tg,- -, ty,, -}, where ¢t1(> 7) is sufficiently large such that
|U(tr)| > €. When t; is sufficiently large, we have U(tx) ~ U(tx — 7), means that U(t) also is the
solution of system (8). Thus, the trivial solution of system (8) is unstable, implying that the trivial
solution of system (7) is unstable. Since system (7) has a unique equilibrium point and all solutions
are bounded, this instability of the trivial solution will force system (7) to generate a limit cycle,

namely, a periodic oscillation [24], and the appendix of [25].
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Set p S0 Bl =max 2

Theorem 2 Assume that Lammal and Lemma 2 hold. For selected parameters values of a;,b;, pj
and ¢;i(1 < j,k <3). If
p(A) +|B] > 0. (16)

Then the unique equilibrium point of system (8) is unstable, implying that system (7) generates an
oscillatory solution.
Proof Similar to Theorem 1, we show that the trivial solution of system (8) is unstable, then the
trivial solution of system (7) also is unstable. The characteristic equation corresponding to system (8)
is

A= u(A)+ Bl (17)

or
A= u(A) — |[Blle ™ = 0. (18)

Equation (18) is a transcendental equation. We prove that there is a positive characteristic root
of system (18). Let f(A) = A — u(A) — || B|le™", then f()\) is a continuous function of A. f(0) =
—u(A) — || B|| = —(u(A) + ||B|) < 0. Noting that limy_,., e~ = 0. So, there exists a A\g > 0 such
that f(Ao) = Ao — u(A) — || B|le™*7 > 0. According to the Intermediate Value Theorem, there exists
a A1 € (0,)) such that f(A\;) = A\ — u(A) — ||B|le™" = 0. This means that equation (18) has a
positive characteristic root. Therefore, the trivial solution of system (8) is unstable, implying that the
trivial solution of system (7) is unstable. This instability of the trivial solution will force system (7)

to generate a limit cycle, namely, a periodic oscillatory solution.

4 Simulation Results

This simulation is based on system (7). We first select the parameters as o = 0.24, time delay 7 = 0.8,
a1 = 0.0065, ag = 0.0055, ag = 0.0075; by = 0.095, bo = 0.085, b3 = 0.075; the other parameter values as
p11 = 0.5,p12 = 0.4, p13 = 0.6,p21 = —0.075, pa2 = 0.086, p23 = —0.065,, p3; = 0.55, p32 = 0.45, p33 =
0.65; g11 = 0.95,q12 = —0.92,q13 = 0.96,¢q21 = 0.25,g22 = 0.35,q23 = —0.15,, g31 = 0.15,¢g32 =
0.12, g33 = —0.16. The activation function as ﬁi(m,y) = ]Ik(:n,y) = (tanh(x) + tanh(y)) + i(tanh(z) +

R R I I
tanh(y))(j,k = 1,2,3), thus 8fjgio’0) = 8fjg;0’o) =1, and 2 jggm) = 8fjg;070) =1(j,k=1,2,3). We
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have c14 = d1s = p11 — qguu = —0.4, c12 = di2 = p12 — q12 = 1.32, c13 = diz = p13 — q13 = —0.36;
mig = nig = pun + qun = 1.45, mi2 = nig = pi2 + 12 = —0.52, miz = ni13 = pi13 + @13 = 1.56;
o5 = dos = p22 — q22 = —0.264, co1 = do1 = pa1 — g1 = —0.0175, 93 = dag = p2g — q23 = 0.085; mas =
ngs = p22 + q22 = 0.436, mo1 = no1 = pa1 + g1 = 0.175, ma3 = no3 = pa3 + 23 = —0.215; c36 = d3e =
p33—qs3 = 0.81, c31 = d31 = p31—qs1 = 0.4, c32 = d32 = p32—q32 = 0.33; m3ge = nze = p33+qs3 = 0.49,
ms1 = ng1 = p31 + q31 = 0.7, m3a = n3z = p32 + g32 = 0.57. Thus, the eigenvalues of matrix C are
1.1537 £+ 1.12914, 0.4928 + 0.20514, —0.4105 + 0.2161¢. This means that C' is not a positive definite
matrix. The eigenvalues of matrix A + B are 1.3757,0.0208, —1.3757, —0.4354, —0.2400, —0.2306,
0.0818 + 0.1350¢, —0.2114 + 0.0760¢, —0.2400 + 0.0001i. Obviously, 1.3757 is a positive eigenvalue.
Based on Theorem 1, there exists a periodic oscillatory solution (see Fig. 1). In order to see the effect
of the parameter o, we change a = 0.86, the other parameters are the same as in figure 1, we see the
oscillatory frequency and amplitude are almost the some as in figure 1 (see Fig. 2). Then we change the

activation function as ff,i(x, y) = ]Ik(a;, y) = (arctan(z) + arctan(y)) + i(arctan(z) + arctan(y))(j, k =

OLLO0) _ OFL00) g 200 0000 gk 1 9 3) The

1,2,3), thus we still have —Z5— = By = oy

parameters are the same as in figure 2, we see the oscillatory frequency almost the same as in figure
2. However, the oscillatory amplitude changes too much (see Fig. 3). Now we select the parameters
as a = 1.6, time delay 7 = 0.5, a1 = 0.15,a9 = 0.25,a3 = 0.18; by = 1.15,bo = 1.05,b3 = 1.18;p11 =
0.72,p12 = 0.25,p13 = 0.48,po1 = 0.175,pa2 = —0.16, p23 = 0.65, p31 = 0.15,p32 = —0.24, p33 = 0.36;
q11 = —0.25,¢q12 = 0.24, q13 = —0.36, ¢21 = 0.18, g2 = 0.15, g23 = —0.35, ¢g31 = 0.28, 32 = —0.25, ¢33 =
0.4. We have c14 = dia = p11 — q11 = 0.97, c12 = d12 = p12 — q12 = 0.01, 13 = d13 = p13 — q13 = 0.84;

mig = nia = p11 + qu1 = 047, mi2 = ni2 = p12 + g2 = 049, miz3 = ni13 = p13 + @13 = 0.12;

co5 = das = pa2 — qu2 = —0.31, o1 = do1 = pa1 — g1 = —0.005, ca3 = dog = p23 — qa3 = 15
mos = Nas = pa2 + qa2 = —0.01, ma1 = no1 = pa1 + g21 = 0.355, ma3z = nag = pag + q23 = 0.3;
c36 = dzg = p33 — q33 = —0.04, c31 = d31 = p31 — q31 = —0.13, c32 = d32 = p32 — q32 = —0.01;

m3e = n3e = p33 + g3z = 0.76, m31 = n31 = p31 + g31 = 0.43, m32 = nza = p32 + qz2 = —0.49. We see
that |B|| = 1, u(A) = 1.85. Therefore, ||B]| + u(A) = 2.85 > 0. Based on Theorem 2, there exists a

periodic oscillatory solution (see Fig. 4).

5 Conclusion

In this paper, we have discussed the oscillatory behavior of the solutions for a complex-valued neural
network model with discrete and distributed delays. By means of the mathematical analysis method,

two criteria to guarantee the existence of periodic oscillations, which is easy to check, as compared
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to find the regions of bifurcation have been proposed. In this network, we decomposed the activation

functions and connection weights into their real and imaginary parts, so as to discuss an equivalent

real-valued system. The activation function affects the oscillatory amplitude. When these time delay

systems generate a periodic oscillatory solution, the delays affect oscillatory frequencies.
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Fig. 1 Oscillation of the solutions. delay: 0.8, alpha=0.24.
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Fig. 2 Oscillation of the solutions, delay: 0.8, alpha=0.86.
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Fig. 3 Oscillation of the solutions, activation function: arctan(x)+ arctan(y).
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Fig. 4 Oscillation of the solutions, delay: 0.5, alpha: 1.6.
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