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Abstract: In this work, we prove that the closed right half-plane is contained in the 
resolvent set of odd-order differential operator A and that the norm of the resolvent 
operator of A on z with positive real part is bounded by the inverse of the real part of z, 
which connects us to the Hille-Yosida’s Theorem. Furthermore, we explore the connection 
between being a strongly continuous semigroup of contraction and the dissipativeness of 
its infinitesimal generator. Finally, we generalize the results obtained for odd-order 
differential operators. 
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INTRODUCTION 

Let´s remember that 𝐻𝑝𝑒𝑟
𝑠  denotes the periodic Sobolev space with s a real number, we 

consider 𝑎 > 0 and 𝐴:= −𝜕𝑥
3 − 𝑎𝐼 is the infinitesimal generator of the semigroup {𝑆(𝑡)}𝑡≥0 in 

𝐻𝑝𝑒𝑟
𝑠  that we proved in [2]. We are interested in knowing the resolvent set of 𝐴, and 

bounding the norm of the resolvent operator of 𝐴 in the sense of obtaining 

‖(𝜆𝐼 − 𝐴)−1‖ ≤
1

𝑅𝑒 𝜆
, ∀𝜆 ∈ ℂ∗ 

 where ℂ∗:=  {𝜆 ∈ ℂ: 𝑅𝑒 𝜆 ≥ 0} ⊂ 𝜌(𝐴) , which connects us to the Hille-Yosida’s 

Theorem. 

 In this analysis we obtain much more, we will obtain that the closed right half-plane 

is contained in the resolvent set of 𝐴. And we will generalize the results obtained for an 

odd-order differential operator. 

 Furthermore, we will explore the connection between being a strongly continuous 

semigroup of contraction and the dissipativeness of its infinitesimal generator; we will do 

this study for A and its generalization 𝒜:= −𝜕𝑥
𝑛 − 𝑎𝐼 . So, we also obtain results for the case 

a=0 and their generalizations. 

 We can cite [2] and [3], where we find some results related to operator 𝐴. And we 

cite [5] and [6] for being a source of inspiration for this work. 

 The structure of our article is as follows. In section 2, we outline the methodology 

used and provide the citations for the references consulted. In section 3, we study the 

resolvent operator of A and its generalization 𝒜. In section 4, we study the equivalence 

between 𝐶0 -Semigroup of contraction and dissipative operator, and its generalization. 

Finally, in section 5, we present the conclusions of our study. 
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METHODOLOGY 

In this article, we mainly employ [2] and [3] as the theoretical framework. In addition, we 

use the references [4], [1] and [7] for the Fourier theory in 𝐻𝑝𝑒𝑟
𝑠 , and differential calculus 

in Banach spaces. 

 Motivated by proving that A is the infinitesimal generator of a contraction semigroup, 

obtaining important properties of the resolvent of A, we will compare the results obtained 

with the famous Hille-Yosida’s theorem and its Corollary, from [6] . 

 Moreover, we will explore the connection between being a strongly continuous 

semigroup of contraction and the dissipativeness of its infinitesimal generator. 

 

RESOLVENT OPERATOR OF A AND 𝓐 ON ℂ∗ 

Resolvent Operator of a 

We introduce the following set  

ℂ∗: = {𝜆 ∈ ℂ,𝑅𝑒 𝜆 > 0 } 

and we denote 𝜆 =  𝑅𝑒 𝜆 + 𝑖 𝐼𝑚 𝜆. Thus, we will prove that ℂ∗ ⊂ 𝜌(𝐴). 

 In Theorem 3.1 from [3] we proved that A is dissipative. That is, 𝑅𝑒 < 𝐴𝑣, 𝑣 >𝑠=

−𝑎 ‖𝑣‖𝑠
2 ≤ 0, ∀𝑣 ∈ 𝐷(𝐴). 

 So, we will prove that 𝐴 dissipative implies (3.1). 

  

Theorem 3.1: Let 𝑠 ∈ 𝑅 and 𝑎 > 0. Then the operator 𝐴:= −𝜕𝑥
3 − 𝑎𝐼 satisfies  

‖(𝜆𝐼 − 𝐴)𝑢‖𝑠 ≥ 𝑅𝑒 𝜆 ‖𝑢‖𝑠 , ∀𝑢 ∈ 𝐷(𝐴), 𝜆 ∈ ℂ∗.                        (3.1) 

 Proof.- Indeed, let 𝑢 ∈ 𝐷(𝐴), 𝑢 ≠ 0 and 𝜆 ∈ ℂ∗ , 

‖(𝜆𝐼 − 𝐴)𝑢‖𝑠‖𝑢‖𝑠 ≥ |< (𝜆𝐼 − 𝐴)𝑢, 𝑢 >𝑠| ≥ 𝑅𝑒{< (𝜆𝐼 − 𝐴)𝑢, 𝑢 >𝑠}.  (3.2) 

 Now,  

< (𝜆𝐼 − 𝐴)𝑢, 𝑢 >𝑠= 𝜆‖𝑢‖𝑠
2 −< 𝐴𝑢, 𝑢 >𝑠 . 

 Then  

𝑅𝑒 < (𝜆𝐼 − 𝐴)𝑢, 𝑢 >𝑠= 𝑅𝑒 𝜆‖𝑢‖𝑠
2 − 𝑅𝑒 < 𝐴𝑢, 𝑢 >𝑠≥ 𝑅𝑒 𝜆 ‖𝑢‖𝑠

2      (3.3) 

 since 𝑅𝑒 < 𝐴𝑢, 𝑢 >𝑠≤ 0 . 

 Using (3.3) in (3.2) we obtain 

‖(𝜆𝐼 − 𝐴)𝑢‖𝑠‖𝑢‖𝑠 ≥  𝑅𝑒 𝜆 ‖𝑢‖𝑠
2 . 

 Since 𝑢 ≠ 0 implies ‖𝑢‖𝑠 > 0, then 

‖(𝜆𝐼 − 𝐴)𝑢‖𝑠 ≥ 𝑅𝑒 𝜆 ‖𝑢‖𝑠 . 

 If 𝑢 = 0, equality in (3.1) holds. 

∎ 

 Remark 3.1: From Theorem 3.1 we have that 𝜆𝐼 − 𝐴 is injective for all 𝜆 ∈ ℂ∗ . 
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Theorem 3.2: Let 𝑠 ∈ 𝑅 and 𝑎 > 0. Then the operator 𝐴:= −𝜕𝑥
3 − 𝑎𝐼 satisfies 𝐼𝑚(𝜆𝐼 − 𝐴) =

𝐻𝑝𝑒𝑟
𝑠  , ∀ 𝜆 ∈ ℂ∗.  

 Proof: Indeed, let 𝜆 ∈ ℂ∗ , 𝑓 ∈ 𝐻𝑝𝑒𝑟
𝑠  , we will prove that there exists 𝑢 ∈ 𝐷(𝐴) such 

that (𝜆𝐼 − 𝐴)𝑢 = 𝑓. 

 First, we will obtain the candidate for the solution. To achieve this, we apply the 

Fourier transform to  

 𝑓 = 𝜕𝑥
3𝑢 + (𝜆 + 𝑎)𝑢                                                        (3.4) 

 with 𝑢 ∈ 𝐷(𝐴) and obtain 

𝑓(𝑘) = (𝑖𝑘)3𝑢̂(𝑘) + (𝜆 + 𝑎)𝑢̂(𝑘) = (𝜆 + 𝑎 − 𝑖𝑘3 )𝑢̂(𝑘).           (3.5) 

 We have 

 𝜆 + 𝑎 − 𝑖𝑘3 ≠ 0, ∀𝑘 ∈ ℤ                                       (3.6) 

 since |𝜆 + 𝑎 − 𝑖𝑘3| = √(𝑅𝑒 𝜆 + 𝑎)2 + (𝐼𝑚 𝜆 − 𝑘3)2 > 0 , ∀𝑘 ∈ ℤ  , where 𝜆 = 𝑅𝑒 𝜆 +

𝑖 𝐼𝑚 𝜆 . 

 From (3.5) and (3.6) we obtain 

 𝑢̂(𝑘) =
𝑓(𝑘)

𝜆 + 𝑎 − 𝑖𝑘3
 , ∀𝑘 ∈ ℤ .                                                (3.7) 

 From which we get our candidate for the solution of (3.4) 

 𝑢 = [(
𝑓(𝑘)

𝜆 + 𝑎 − 𝑖𝑘3
)
𝑘∈ℤ

]

∨

 .                                                      (3.8) 

 Second, we will prove  

 𝑢 ∈𝐻𝑝𝑒𝑟
𝑠+3 and ∃ℳ > 0, ǁ𝑢ǁs ≤ǁ𝑢ǁs+3  √ℳ ǁ 𝑓 ǁs.     (3.9) 

 Indeed, from (3.8) we have 

‖𝑢‖𝐻𝑝𝑒𝑟𝑠+3
2 = 2𝜋 ∑ (1 + 𝑘2)𝑠+3. | 𝑢̂(𝑘)|2

+∞

𝑘=−∞

 

= 2𝜋 ∑ (1 + 𝑘2)𝑠+3  |
𝑓(𝑘)

𝜆 + 𝑎 − 𝑖𝑘3
|

2+∞

𝑘=−∞

 

                                                    = 2𝜋 ∑ (1 + 𝑘2)𝑠 |𝑓(𝑘)|
2

+∞

𝑘=−∞

 
(1 + 𝑘2)3

(𝑅𝑒 𝜆 + 𝑎)2 + (𝐼𝑚 𝜆 − 𝑘3)2⏟                  
𝔖(𝑘):=

                (3.10) 

  

 where 𝜆 =  𝑅𝑒 𝜆 + 𝑖 𝐼𝑚 𝜆. 

 We have that there exists ℳ > 0 such that  

 0 < 𝔖(𝑘) ≤ ℳ,∀𝑘 ∈ ℤ.                                             (3.11)  

 Using (3.11) in (3.10) we get 

‖𝑢‖𝑠+3
2 ≤ℳ.2𝜋 ∑ (1 + 𝑘2)𝑠 |𝑓(𝑘)|

2
+∞

𝑘=−∞

=ℳ‖𝑓‖𝑠
2. 
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 As 𝐻𝑝𝑒𝑟
𝑠+3 ⊂ 𝐻𝑝𝑒𝑟

𝑠  and with continuous immersion we get (3.9). 

 Finally, we will prove (𝜆𝐼 − 𝐴)𝑢 = 𝑓 in 𝐻𝑝𝑒𝑟
𝑠  . Indeed, 

 

 ‖(𝜆𝐼 − 𝐴)𝑢 − 𝑓‖𝑠
2 = 2𝜋 ∑ (1 + 𝑘2)𝑠. | (𝜆 + 𝑎 − 𝑖𝑘3)𝑢̂(𝑘) − 𝑓(𝑘)|

2
+∞

𝑘=−∞

 

 = 2𝜋 ∑ (1 + 𝑘2)𝑠. | (𝜆 + 𝑎 − 𝑖𝑘3) ∙
𝑓(𝑘)

𝜆 + 𝑎 − 𝑖𝑘3
− 𝑓(𝑘)|

2+∞

𝑘=−∞

 

                           = 2𝜋 ∑ (1 + 𝑘2)𝑠 |𝑓(𝑘) − 𝑓(𝑘)|
2

+∞

𝑘=−∞

 =  0 .                                                (3.12) 

 

 That is, (𝜆𝐼 − 𝐴)𝑢 − 𝑓 = 0. 

∎ 

 

Theorem 3.3: Let 𝑠 ∈ 𝑅  and 𝑎 > 0.  Then (𝜆𝐼 − 𝐴)−1: 𝐻𝑝𝑒𝑟
𝑠 → 𝐷(𝐴)  is a bounded linear 

operator for each 𝜆 ∈ ℂ∗ and it satisfies: ∃ℳ > 0 such that 

‖(𝜆𝐼 − 𝐴)−1‖ ≤ √ℳ , 𝜆 ∈ ℂ∗ . 

 Proof: The inequality (3.1) implies 𝜆𝐼 − 𝐴  injective for all 𝜆 ∈ ℂ∗ . Thus, from 

Theorem 3.2, we have that 𝜆𝐼 − 𝐴 is bijective then there exists (𝜆𝐼 − 𝐴)−1: 𝐻𝑝𝑒𝑟
𝑠 → 𝐷(𝐴) 

which is linear with (𝜆𝐼 − 𝐴)−1𝑓 = 𝑢 and from (3.9) it satisfies 

 ‖(𝜆𝐼 − 𝐴)−1𝑓‖𝑠 ≤ ‖(𝜆𝐼 − 𝐴)
−1𝑓‖𝑠+3 ≤ √ℳ‖𝑓‖𝑠 , ∀𝑓 ∈ 𝐻𝑝𝑒𝑟

𝑠  , ∀ 𝜆 ∈ ℂ∗ .     (3.13)  

 Then (𝜆𝐼 − 𝐴)−1 is a bouded operator such that ‖(𝜆𝐼 − 𝐴)−1‖ ≤ √ℳ holds for all 𝜆 ∈

ℂ∗. 

∎ 

 Remark 3.2: Also from Theorems 3.1 and 3.2 we obtain ‖(𝜆𝐼 − 𝐴)−1𝑓‖𝑠 ≤
1

𝑅𝑒 𝜆
‖𝑓‖𝑠 , ∀𝑓 ∈ 𝐻𝑝𝑒𝑟

𝑠  , ∀ 𝜆 ∈ ℂ∗. That is, ‖(𝜆𝐼 − 𝐴)−1‖ ≤
1

𝑅𝑒 𝜆
 , ∀ 𝜆 ∈ ℂ∗ . 

 Therefore, we obtain the following result. 

 Corollary 3.1: Based on the hypothesis of the previous Theorem, we get ℂ∗ ⊂ 𝝆(𝑨) 

and  

‖(𝜆𝐼 − 𝐴)−1‖ ≤
1

𝑅𝑒 𝜆
 , ∀ 𝜆 ∈ ℂ∗. 

 Proof: From Remark 3.2 or Theorems 3.2 and 3.3 we obtain the result. 

∎ 

 Corollary 3.2: Since ℝ+ ⊂ ℂ∗ then ℝ+ ⊂ 𝜌(𝐴) and ‖(𝜆𝐼 − 𝐴)−1‖ ≤
1

𝜆
 , ∀ 𝜆 > 0. 

 Proof: From Corollary 3.1 we obtain the result. 

∎ 
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 Remark 3.3: Based on the hypothesis of the previous Theorem, using Corollary 3.1 

with Theorem 3.10 or Corollary 3.4 from [3], we have 𝑖ℝ ∪  ℂ∗ = {𝜆 ∈ ℂ: 𝑅𝑒 𝜆 ≥ 0} ⊂ 𝜌(𝐴) 

and 

‖(𝜆𝐼 − 𝐴)−1‖ ≤ {

1

𝑅𝑒 𝜆
 , 𝜆 ∈ ℂ∗ 

1

𝑎
 , 𝜆 ∈ 𝑖ℝ .

 

That is, the closed right half-plane is contained in the resolvent set of A. 

 

Resolvent Operator of 𝓐 

In Theorem 3.13 from [3] we proved that  𝒜  is dissipative. That is, 𝑅𝑒 < 𝒜𝑣, 𝑣 >𝑠=

−𝑎 ‖𝑣‖𝑠
2 ≤ 0, ∀𝑣 ∈ 𝐷(𝒜). 

 So, we will prove that 𝒜 dissipative implies (3.14). 

 

Theorem 3.4: Let 𝑠 ∈ 𝑅 , 𝑎 > 0 and n is an odd number such that 𝑛 − 1 is not multiple of 

four. Then the operator 𝒜:= −𝜕𝑥
𝑛 − 𝑎𝐼 satisfies  

‖(𝜆𝐼 −𝒜)𝑢‖𝑠 ≥  𝑅𝑒 𝜆‖𝑢‖𝑠 , ∀𝑢 ∈ 𝐷(𝒜), ∀𝜆 ∈  ℂ∗.                 (3.14) 

 Proof: Its proof is analogous to the demonstration of Theorem 3.1.  

∎ 

 Remark 3.4: From Theorem 3.4 we have that 𝜆𝐼 −𝒜 is injective for all 𝝀 ∈  ℂ∗ . 

 

Theorem 3.5: Let 𝑠 ∈ 𝑅 , 𝑎 > 0 and n is an odd number such that 𝑛 − 1 is not multiple of 

four. Then the operator 𝒜:= −𝜕𝑥
𝑛 − 𝑎𝐼 satisfies 𝐼𝑚(𝜆𝐼 −𝒜) = 𝐻𝑝𝑒𝑟

𝑠  , ∀ 𝜆 ∈  ℂ∗.  

 Proof: Its proof is similar to the demonstration of Theorem 3.2.  

∎ 

 

Theorem 3.6: Let 𝑠 ∈ 𝑅 , 𝑎 > 0 and n is an odd number such that 𝑛 − 1 is not multiple of 

four. Then (𝜆𝐼 −𝒜)−1: 𝐻𝑝𝑒𝑟
𝑠 → 𝐷(𝒜) is a bounded linear operator for each 𝜆 ∈  ℂ∗ and it 

satisfies: ∃𝕄 > 0 , 

‖(𝜆𝐼 −𝒜)−1‖ ≤ √𝕄 , 𝜆 ∈  ℂ∗ . 

 Proof: Its proof is analogous to the demonstration of Theorem 3.3.  

∎ 

 Remark 3.5: Also from Theorems 3.4 and 3.5 we obtain ‖(𝜆𝐼 −𝒜)−1𝑓‖𝑠 ≤
1

𝑅𝑒 𝜆
‖𝑓‖𝑠 , ∀𝑓 ∈ 𝐻𝑝𝑒𝑟

𝑠 , ∀𝜆 ∈  ℂ∗. That is, ‖(𝜆𝐼 −𝒜)−1‖ ≤
1

𝑅𝑒 𝜆
 , ∀ 𝜆 ∈  ℂ∗ .  Therefore, we obtain 

the following result. 

 



Vol. 14 No. 03 (2026): European Journal of Applied Sciences 

Scholar Publishing 

 

 
 

Page | 224  

 

 Corollary 3.3: Based on the hypothesis of the previous Theorem, we obtain ℂ∗ ⊂

𝜌(𝒜) and 

‖(𝜆𝐼 −𝒜)−1‖ ≤
1

𝑅𝑒 𝜆
 , ∀𝜆 ∈ ℂ∗ . 

 Proof: From Remark 3.5 or Theorems 3.5 and 3.6 we obtain the result. 

∎ 

 Corollary 3.4: Since ℝ+ ⊂ ℂ∗ then ℝ+ ⊂ 𝜌(𝒜) and ‖(𝜆𝐼 −𝒜)−1‖ ≤
1

𝜆
 , ∀ 𝜆 > 0. 

 Proof: From Corollary 3.3 we obtain the result. 

∎ 

 Remark 3.6: Based on the hypothesis of the previous Theorem, using Corollary 3.3 

with Theorem 3.22 or Corollary 3.8 from [3], we have 𝑖ℝ ∪  ℂ∗ = {𝜆 ∈ ℂ: 𝑅𝑒 𝜆 ≥ 0} ⊂ 𝜌(𝒜) 

and  

‖(𝜆𝐼 −𝒜)−1‖ ≤ {

1

𝑅𝑒 𝜆
 , 𝜆 ∈ ℂ∗ 

1

𝑎
 , 𝜆 ∈ 𝑖ℝ .

 

 That is, the closed right half-plane is contained in the resolvent set of 𝒜. 

 Remark 3.7: Similar results are also obtained when 𝑛 is an odd number such that 

𝑛 − 1 is multiple of four, in this case, note that (𝑖𝑘)𝑛 = 𝑖𝑘𝑛, ∀𝑘 ∈ ℤ .  

 

Case 𝒂 = 𝟎 

Theorem 3.7: Let 𝑠 ∈ 𝑅 and 𝑎 = 0. Then the operator 𝐴:= −𝜕𝑥
3 − 𝑎𝐼 = −𝜕𝑥

3 is dissipative on 

𝐻𝑝𝑒𝑟
𝑠  where 𝐷(𝐴) = 𝐻𝑝𝑒𝑟

𝑠+3 . That is,  

 𝑅𝑒{< 𝐴𝑢, 𝑢 >𝑠} = 0, ∀𝑢 ∈ 𝐻𝑝𝑒𝑟
𝑠+3.                                                 (3.15)  

Moreover, < 𝐴𝑢, 𝑢 >𝑠= 𝑖𝛿, ∀𝑢 ∈ 𝐻𝑝𝑒𝑟
𝑠+3 where  

ℝ ∋ 𝛿:= 2𝜋 ∑ (1 + 𝑘2)𝑠𝑘3|𝑢̂(𝑘)|2
+∞

𝑘=−∞

 

Proof.- Let 𝑢 ∈ 𝐻𝑝𝑒𝑟
𝑠+3,  

< 𝐴𝑢, 𝑢 >𝑠 = < −𝜕𝑥
3𝑢, 𝑢 >𝑠 

=  𝑖. 2𝜋 ∑ (1 + 𝑘2)𝑠𝑘3|𝑢̂(𝑘)|2
+∞

𝑘=−∞⏟                  
 .                                (3.16)

𝛿≔ 

 

 At this point, we will prove the convergence of the series (3.16). Indeed, using the 

inequality: |𝑘|3 ≤ |𝑘|6 = (|𝑘|2)3 ≤ (1 + |𝑘|2)3 and 𝑢 ∈ 𝐻𝑝𝑒𝑟
𝑠+3 , we have 

| ∑ (1 + 𝑘2)𝑠𝑘3|𝑢̂(𝑘)|2
+∞

𝑘=−∞

| ≤ ∑ (1 + 𝑘2)𝑠|𝑘|3|𝑢̂(𝑘)|2
+∞

𝑘=−∞
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 ≤ ∑ (1 + 𝑘2)𝑠(1 + |𝑘|2)3|𝑢̂(𝑘)|2
+∞

𝑘=−∞

 = ∑ (1 + 𝑘2)𝑠+3|𝑢̂(𝑘)|2
+∞

𝑘=−∞

 =  
1

2𝜋
‖𝑢‖𝑠+3

2 < ∞ .

 

 Then the series (3.16) is convergent, that is, 

 < 𝐴𝑢, 𝑢 >𝑠= 𝑖𝛿 , with 𝛿 ∈ 𝑅 .                                                   (3.17) 

 Finally, from equality (3.17) we obtain 𝑅𝑒{< 𝐴𝑢, 𝑢 >𝑠} = 0 , for all 𝑢 ∈ 𝐻𝑝𝑒𝑟
𝑠+3. 

∎ 

 

Theorem 3.8: Let 𝑠 ∈ 𝑅 , then the operator 𝐴:= −𝜕𝑥
3 satisfies inequality (3.1). 

 Proof: The proof is similar to the demonstration of Theorem 3.1 where the Theorem 

3.7 is used. 

∎ 

 Remark 3.8: From Theorem 3.8 we have that 𝜆𝐼 − 𝐴 is injective for all 𝜆 ∈ ℂ∗. 

 

Theorem 3.9: Let 𝑠 ∈ 𝑅 , then the operator 𝐴:= −𝜕𝑥
3 satisfies 𝐼𝑚(𝜆𝐼 − 𝐴) = 𝐻𝑝𝑒𝑟

𝑠  , ∀ 𝜆 ∈ ℂ∗.  

 Proof: The proof is similar to the demonstration of Theorem 3.2. 

∎ 

 

Theorem 3.10: Let 𝑠 ∈ 𝑅  and 𝑎 = 0.  Then (𝜆𝐼 − 𝐴)−1: 𝐻𝑝𝑒𝑟
𝑠 → 𝐷(𝐴)  is a bounded linear 

operator for each 𝜆 ∈ ℂ∗ and it satisfies: ∃𝔙 > 0 such that 

‖(𝜆𝐼 − 𝐴)−1‖ ≤ √𝔙 , 𝜆 ∈ ℂ∗ . 

 Proof: The proof is consequence of Theorems 3.8 and 3.9. 

∎ 

 Remark 3.9: Also, from Theorems 3.8 and 3.9 we obtain ‖(𝜆𝐼 − 𝐴)−1𝑓‖𝑠 ≤
1

𝑅𝑒 𝜆
‖𝑓‖𝑠 , ∀𝑓 ∈ 𝐻𝑝𝑒𝑟

𝑠  , ∀ 𝜆 ∈ ℂ∗. That is, 

‖(𝜆𝐼 − 𝐴)−1‖ ≤
1

𝑅𝑒 𝜆
 , ∀ 𝜆 ∈ ℂ∗ . 

 Therefore, we obtain the following result. 

 Corollary 3.5: Based on the hypothesis of the previous Theorem, we get ℂ∗ ⊂ 𝜌(𝐴) 

and  

‖(𝜆𝐼 − 𝐴)−1‖ ≤
1

𝑅𝑒 𝜆
 , ∀ 𝜆 ∈ ℂ∗. 

 That is, the open right half-plane is contained in the resolvent set of A. 

 Proof: From Remark 3.9 or Theorems 3.9 and 3.10 we obtain the result. 
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∎ 

 Corollary 3.6: Since ℝ+ ⊂ ℂ∗ then ℝ+ ⊂ 𝜌(𝐴) and ‖(𝜆𝐼 − 𝐴)−1‖ ≤
1

𝜆
 , ∀ 𝜆 > 0. 

 Proof: From Corollary 3.5 we obtain the result. 

∎ 

 Remark 3.10: If 𝑎 = 0 then 0 ∉ 𝜌(𝐴).  

 Remark 3.11: If 𝑎 = 0 then the {𝑆(𝑡)}𝑡≥0 semigroup is not exponentially stable (See 

[1]). 

 Next, we will generalize the results obtained. 

 

Theorem 3.11: Let 𝑠 ∈ 𝑅 and 𝑎 = 0 and 𝑛 is an odd number such that 𝑛 − 1 is not multiple 

of four. Then the operator 𝒜:= −𝜕𝑥
𝑛 − 𝑎𝐼 = −𝜕𝑥

𝑛 is dissipative on 𝐻𝑝𝑒𝑟
𝑠  where 𝐷(𝒜) = 𝐻𝑝𝑒𝑟

𝑠+𝑛. 

That is,  

 𝑅𝑒{< 𝒜𝑢, 𝑢 >𝑠} = 0, ∀𝑢 ∈ 𝐻𝑝𝑒𝑟
𝑠+𝑛.                                              (3.18)  

 Moreover, < 𝒜𝑢, 𝑢 >𝑠= 𝑖𝛿, ∀𝑢 ∈ 𝐻𝑝𝑒𝑟
𝑠+𝑛 where  

ℝ ∋ 𝛿:= 2𝜋 ∑ (1 + 𝑘2)𝑠𝑘𝑛|𝑢̂(𝑘)|2
+∞

𝑘=−∞

 

 Proof: The proof is similar to the demonstration of Theorem 3.8. 

∎ 

 

Theorem 3.12: Let 𝑠 ∈ 𝑅 and n is an odd number such that n-1 is not multiple of four. Then 

the operator 𝒜:= −𝜕𝑥
𝑛 satisfies inequality (3.14). 

 Proof: The proof is similar to the demonstration of Theorem 3.1 where the Theorem 

3.11 is used. 

∎ 

 Remark 3.12: From Theorem 3.12 we have that 𝜆𝐼 −𝒜 is injective for all 𝜆 ∈ ℂ∗. 

 

Theorem 3.13: Let 𝑠 ∈ 𝑅 and n is an odd number such that n-1 is not multiple of four. Then 

the operator 𝒜:= −𝜕𝑥
𝑛 satisfies 𝐼𝑚(𝜆𝐼 −𝒜) = 𝐻𝑝𝑒𝑟

𝑠  , ∀ 𝜆 ∈ ℂ∗.  

 Proof: The proof is similar to the demonstration of Theorem 3.2. 

∎ 

 

Theorem 3.14: Let 𝑠 ∈ 𝑅 , 𝑎 = 0 and n is an odd number such that n-1 is not multiple of 

four. Then (𝜆𝐼 −𝒜)−1: 𝐻𝑝𝑒𝑟
𝑠 → 𝐷(𝒜) is a bounded linear operator for each 𝜆 ∈ ℂ∗  and it 

satisfies: ∃𝔏 > 0 such that 

‖(𝜆𝐼 −𝒜)−1‖ ≤ √𝔏 , 𝜆 ∈ ℂ∗ . 
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 Proof: The proof is consequence of Theorems 3.12 and 3.13. 

∎ 

 

 Remark 3.13: Also from Theorems 3.12 and 3.13 we obtain ‖(𝜆𝐼 −𝒜)−1𝑓‖𝑠 ≤
1

𝑅𝑒 𝜆
‖𝑓‖𝑠 , ∀𝑓 ∈ 𝐻𝑝𝑒𝑟

𝑠  , ∀ 𝜆 ∈ ℂ∗. That is, 

‖(𝜆𝐼 −𝒜)−1‖ ≤
1

𝑅𝑒 𝜆
 , ∀ 𝜆 ∈ ℂ∗ . 

 Therefore, we obtain the following result. 

 Corollary 3.9: Based on the hypothesis of the previous Theorem, we get ℂ∗ ⊂ 𝜌(𝒜) 

and  

‖(𝜆𝐼 −𝒜)−1‖ ≤
1

𝑅𝑒 𝜆
 , ∀ 𝜆 ∈ ℂ∗. 

 That is, the open right half-plane is contained in the resolvent set of 𝒜. 

 Proof: From Remark 3.13 or Theorems 3.13 and 3.14 we obtain the result. 

∎ 

 Corollary 3.10: Since ℝ+ ⊂ ℂ∗ then ℝ+ ⊂ 𝜌(𝒜) and ‖(𝜆𝐼 −𝒜)−1‖ ≤
1

𝜆
 , ∀ 𝜆 > 0. 

Proof: From Corollary 3.9 we obtain the result. 

∎ 

 Remark 3.14: If 𝑎 = 0 then 0 ∉ 𝜌(𝒜).  

 Remark 3.15: If 𝑎 = 0 then the {𝒯(𝑡)}𝑡≥0 semigroup is not exponentially stable (See 

[1]). 

 Remark 3.16: Analogous results are also obtained when 𝑛 is an odd number such 

that 𝑛 − 1 is multiple of four, in this case, note that (𝑖𝑘)𝑛 = 𝑖𝑘𝑛, ∀𝑘 ∈ ℤ .  

 

Comments 

We have already the following statements, where 𝐴 = −𝜕𝑥
3 − 𝑎𝐼  is a linear operator. 

Remember that items 1 and 2 were proved in [2] and item 3 in [3] for 𝑎 > 0. On the other 

hand, items 1 and 2 were proved in [1] for 𝑎 = 0. 

 𝐴 is closed and 𝐷(𝐴)̅̅ ̅̅ ̅̅ ̅ = 𝐻𝑝𝑒𝑟
𝑠  , where D(A)= 𝐻𝑝𝑒𝑟

𝑠+3. 

 A is the infinitesimal generator of a 𝐶𝑜 semigroup of contractions {𝑆(𝑡)}𝑡≥0  

  ℝ+ ⊆ 𝜌(𝐴) and for every 𝜆 > 0 

‖(𝜆𝐼 − 𝐴)−1‖ ≤
1

𝜆
 

 ℂ∗ ⊂ 𝜌(𝐴) and for every 𝜆 ∈ ℂ∗ 

‖(𝜆𝐼 − 𝐴)−1‖ ≤
1

𝑅𝑒 𝜆
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 Now, we will analyze its connection with Hille-Yosida’s Theorem 3.1 from [6]. By 

Hille-Yosida’s Theorem we have that item 2 implies items 1 and 3 and that the reciprocal is 

fulfilled. We proved it without resorting to this Theorem. Note also that using item 4 we get 

item 3. 

 Another commonly used result is the Corollary 3.6 from [6], which tells us that item 

2 implies item 4. Note that we naturally proved it without resorting to this Corollary.  

 This analysis also applies to 𝒜 = −𝜕𝑥
𝑛 − 𝑎𝐼 when n is odd. Thus, we have compared 

our results with two important results: Hille-Yosida’s Theorem and its Corollary, that 

motivated this study. 

 This study is limited to operators of type: 𝒜 = −𝜕𝑥
𝑛 − 𝑎𝐼 in 𝐻𝑝𝑒𝑟

𝑠  where n is an odd 

number; analogous to this can be established for n multiple of four in which, for example, 

an equality is obtained: 𝑅𝑒 < 𝒜𝑣, 𝑣 >𝑠= −𝑎 ‖𝑣‖𝑠
2 −  ‖𝜕𝑥

𝑛 2⁄ 𝑣‖
𝑠

2
≤ 0, ∀𝑣 ∈ 𝐷(𝒜) , unlike the 

odd case in which the equality 𝑅𝑒 < 𝒜𝑣, 𝑣 >𝑠= −𝑎 ‖𝑣‖𝑠
2 ≤ 0,∀𝑣 ∈ 𝐷(𝒜) is obtained. 

 Let us remember that in the case studied we do obtain the explicit form of the 

solution, which is a great advantage; whereas Hille-Yosida's Theorem allow us to know 

theoretically that exists a solution, without knowing the explicit form of the solution (as in 

the applications in Liu-Zheng [5] or Pazy [6]). Hence the relevance of this important 

Theorem. 

 

EQUIVALENCE BETWEEN SEMIGROUP OF CONTRACTION AND DISSIPATIVE 

OPERATOR 

Theorem 4.1: Let 𝐻𝑝𝑒𝑟
𝑠  be a Hilbert space and the 𝐶𝑜- semigroup {𝑆(𝑡)}𝑡≥0 from [2] such 

that 𝐴 is its infinitesimal generator, then the following equivalence holds: {𝑆(𝑡)}𝑡≥0 is of 

contraction if and only if 𝐴 is dissipative, that is, 𝑅𝑒 < 𝐴𝑣, 𝑣 >𝑠= −𝑎‖𝑣‖𝑠
2 ≤ 0, ∀𝑣 ∈ 𝐻𝑝𝑒𝑟

𝑠+3 =

𝐷(𝐴).  

 Proof: As {𝑆(𝑡)}𝑡≥0 is of contraction then 

 ‖𝑆(𝑡)‖ ≤ 1, ∀𝑡 ≥ 0.                                           (4.1) 

 Then, let 𝑢 ∈ 𝐻𝑝𝑒𝑟
𝑠 − {0}, 

〈𝑆(ℎ)𝑢 − 𝑢, 𝑢〉𝑠 = 〈𝑆(ℎ)𝑢, 𝑢〉𝑠 − 〈𝑢, 𝑢〉𝑠 = 〈𝑆(ℎ)𝑢, 𝑢〉𝑠 − ‖𝑢‖𝑠
2        (4.2)  

 Taking part real, we obtain 

 𝑅𝑒 〈𝑆(ℎ)𝑢 − 𝑢, 𝑢〉𝑠 = 𝑅𝑒 〈𝑆(ℎ)𝑢, 𝑢〉𝑠 − ‖𝑢‖𝑠
2 ,                  (4.3)  

 Using 𝑅𝑒(𝑧) ≤ |𝑅𝑒(𝑧)| ≤ |𝑧|, ∀𝑧 ∈ ℂ , Hölder’s inequality and (4.1), we obtain 

𝑅𝑒 〈𝑆(ℎ)𝑢 − 𝑢, 𝑢〉𝑠 ≤ | 〈𝑆(ℎ)𝑢, 𝑢〉𝑠| − ‖𝑢‖𝑠
2 ≤ ‖𝑆(ℎ)𝑢‖𝑠‖𝑢‖𝑠 −‖𝑢‖𝑠

2 

 ≤ ‖𝑢‖𝑠
2 − ‖𝑢‖𝑠

2 = 0                                              (4.4) 

 Therefore,  

 𝑅𝑒 〈𝑆(ℎ)𝑢 − 𝑢, 𝑢〉𝑠 ≤ 0, ∀𝑢 ∈ 𝐻𝑝𝑒𝑟
𝑠 .                         (4.5) 

 In particular,  
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 𝑅𝑒 〈𝑆(ℎ)𝑣 − 𝑣, 𝑣〉𝑠 ≤ 0, ∀𝑣 ∈ 𝐻𝑝𝑒𝑟
𝑠+3 = 𝐷(𝐴).   (4.6) 

 If 𝑣 ∈ 𝐷(𝐴) then 

 𝑅𝑒 〈
𝑆(ℎ)𝑣−𝑣

ℎ
, 𝑣〉𝑠 ≤ 0, ∀ℎ > 0.     (4.7) 

 As 
𝑆(ℎ)𝑣−𝑣

ℎ
→  𝐴𝑣 when ℎ → 0+ and 〈∙,∙〉𝑠 is continuous then 

 〈
𝑆(ℎ)𝑣−𝑣

ℎ
, 𝑣〉𝑠 → 〈𝐴𝑣, 𝑣〉𝑠 when ℎ → 0+.   (4.8) 

 Therefore, 

 Re 〈
𝑆(ℎ)𝑣−𝑣

ℎ
, 𝑣〉𝑠 → 𝑅𝑒 〈𝐴𝑣, 𝑣〉𝑠 when ℎ → 0+.   (4.9) 

 Im 〈
𝑆(ℎ)𝑣−𝑣

ℎ
, 𝑣〉𝑠 → 𝐼𝑚 〈𝐴𝑣, 𝑣〉𝑠 when ℎ → 0+.   (4.10) 

 Using (4.9) in (4.7), we get 

𝑅𝑒 〈𝐴𝑣, 𝑣〉𝑠 ≤  0. 

 Then  

 𝑅𝑒 〈𝐴𝑣, 𝑣〉𝑠 ≤  0, ∀𝑣 ∈ 𝐷(𝐴).     (4.11) 

 Now, we want to know 𝑅𝑒 〈𝐴𝑣, 𝑣〉𝑠 explicitly; what is 𝑅𝑒 〈𝐴𝑣, 𝑣〉𝑠 ? 

 Let ℎ > 0, we know 

〈
𝑆(ℎ)𝑢 − 𝑢

ℎ
, 𝑢〉𝑠 =

2𝜋

ℎ
∑ (1 + 𝑘2)𝑠{𝑒(𝑖𝑘

3−𝑎)ℎ

+∞

𝑘=−∞

𝑢̂(𝑘) − 𝑢̂(𝑘)}𝑢̂(𝑘)̅̅ ̅̅ ̅̅  

 = 2𝜋 ∑ (1 + 𝑘2)𝑠
{𝑒(𝑖𝑘

3−𝑎)ℎ − 1}

ℎ

+∞

𝑘=−∞

|𝑢̂(𝑘)|2 

 for 𝑢 ∈ 𝐻𝑝𝑒𝑟
𝑠 . 

 In particular,  

 〈
𝑆(ℎ)𝑣 − 𝑣

ℎ
, 𝑣〉𝑠 = 2𝜋 ∑ (1 + 𝑘2)𝑠

{𝑒(𝑖𝑘
3−𝑎)ℎ − 1}

ℎ

+∞

𝑘=−∞

|𝑣(𝑘)|2         (4.12) 

 for 𝑣 ∈ 𝐻𝑝𝑒𝑟
𝑠+3 = 𝐷(𝐴). 

 Using the Weierstrass M-Test we have that the series (4.12) converges uniformly and 

consequently it is possible to exchange limits and obtain 

𝑙𝑖𝑚
ℎ→0+

〈
𝑆(ℎ)𝑣 − 𝑣

ℎ
, 𝑣〉𝑠 = 2𝜋 ∑ (1 + 𝑘2)𝑠 𝑙𝑖𝑚

ℎ→0+
{
𝑒(𝑖𝑘

3−𝑎)ℎ − 1

ℎ
}

+∞

𝑘=−∞

|𝑣(𝑘)|2  

 = 2𝜋 ∑ (1 + 𝑘2)𝑠{𝑖𝑘3 − 𝑎}

+∞

𝑘=−∞

|𝑣(𝑘)|2 

 = 𝑖 2𝜋 ∑ (1 + 𝑘2)𝑠𝑘3
+∞

𝑘=−∞

|𝑣(𝑘)|2 − 𝑎‖𝑣‖𝑠
2                                      (4.13) 
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 As 〈∙,∙〉𝑠 is continuous and 𝑣 ∈ 𝐷(𝐴), from (4.13) we obtain 

〈𝐴𝑣, 𝑣〉𝑠 = 𝑖 2𝜋 ∑ (1 + 𝑘2)𝑠𝑘3
+∞

𝑘=−∞

|𝑣(𝑘)|2 − 𝑎‖𝑣‖𝑠
2                          (4.14) 

 Taking the real part of (4.14), we get 

 𝑅𝑒 〈𝐴𝑣, 𝑣〉𝑠 = −𝑎‖𝑣‖𝑠
2                                                        (4.15) 

 and therefore 𝑅𝑒 〈𝐴𝑣, 𝑣〉𝑠 ≤ 0.  

 Thus, (4.15) is the answer to our question. Furthermore, it is observed that Theorem 

3.1 from [3] also answers our question. 

 Reciprocally, as A is dissipative then  

 𝑅𝑒 〈𝐴𝑣, 𝑣〉𝑠 ≤ 0, ∀𝑣 ∈ 𝐻𝑝𝑒𝑟
𝑠+3 = 𝐷(𝐴).                             (4.16) 

 Let 𝜗 ∈ 𝐷(𝐴), we define 𝑢(𝑡):= 𝑆(𝑡)𝜗 , then 𝑢 satisfies: 

|
𝑢𝑡 = 𝐴𝑢 
𝑢(0) = 𝜗

 

 And using (4.16) 

1

2

𝜕

𝜕𝑡
{‖𝑢‖𝑠

2} =
1

2

𝜕

𝜕𝑡
{〈𝑢, 𝑢〉𝑠} = 𝑅𝑒 〈𝑢𝑡, 𝑢〉𝑠 = 𝑅𝑒 〈𝐴𝑢, 𝑢〉𝑠 ≤ 0 

 since 𝑢(𝑡) ∈ 𝐷(𝐴). That is, 
𝜕

𝜕𝑡
{‖𝑢(𝑡)‖𝑠

2} ≤ 0. Thus, ‖𝑢(∙)‖𝑠
2 is non-increasing. Then 

‖𝑢(∙)‖𝑠 is non-increasing. 

 So,  

‖𝑆(𝑡)𝜗‖𝑠 = ‖𝑢(𝑡)‖𝑠 ≤ ‖𝑢(0)‖𝑠 = ‖𝜗‖𝑠 , ∀𝑡 ≥ 0. 

 That is, 

 ‖𝑆(𝑡)𝜗‖𝑠 ≤ ‖𝜗‖𝑠 , ∀𝜗 ∈ 𝐷(𝐴), ∀𝑡 ≥ 0.                                     (4.17) 

 By density, we obtain 

 ‖𝑆(𝑡)𝜑‖𝑠 ≤ ‖𝜑‖𝑠 , ∀𝜑 ∈ 𝐻𝑝𝑒𝑟
𝑠 , ∀𝑡 ≥ 0.                                     (4.18) 

 Finally, from (4.18) we get ‖𝑆(𝑡)‖ ≤ 1, ∀𝑡 ≥ 0. 

∎ 

 Corollary 4.1: If {𝑆(𝑡)}𝑡≥0  is of contraction then 𝑅𝑒 〈𝐴𝑣, 𝑣〉𝑠 = −𝑎‖𝑣‖𝑠
2 ≤ 0 , ∀𝑣 ∈

𝐻𝑝𝑒𝑟
𝑠+3 = 𝐷(𝐴). Moreover, 〈𝐴𝑣, 𝑣〉𝑠 = 𝑖𝛿 − 𝑎‖𝑣‖𝑠

2 , ∀𝑣 ∈ 𝐻𝑝𝑒𝑟
𝑠+3 where 

ℝ ∋ 𝛿 = 2𝜋 ∑ (1 + 𝑘2)𝑠𝑘3
+∞

𝑘=−∞

|𝑣(𝑘)|2. 

 

Theorem 4.2: Let 𝐻𝑝𝑒𝑟
𝑠  be a Hilbert space, 𝑎 = 0 and the 𝐶𝑜- semigroup {𝑆(𝑡)}𝑡≥0 from [1] 

such that A is its infinitesimal generator, then the following equivalence holds: ‖𝑆(𝑡)‖ =

1, ∀𝑡 ≥ 0 if and only if 𝑅𝑒 < 𝐴𝑣, 𝑣 >𝑠= 0,∀𝑣 ∈ 𝐻𝑝𝑒𝑟
𝑠+3 = 𝐷(𝐴).  

 Proof: The proof is similar to demonstrate of Theorem 4.1 
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∎ 

 Next, we will generalize the results obtained. 

 

Theorem 4.3: Let 𝐻𝑝𝑒𝑟
𝑠  be a Hilbert space, n is an odd number such that 𝑛 − 1 is not 

multiple of four and the 𝐶𝑜- semigroup {𝒯(𝑡)}𝑡≥0 from [2] such that 𝒜 is its infinitesimal 

generator, then the following equivalence holds: {𝒯(𝑡)}𝑡≥0 is of contraction if and only if 

𝒜 is dissipative, that is, 𝑅𝑒 < 𝒜𝑣, 𝑣 >𝑠= −𝑎‖𝑣‖𝑠
2 ≤ 0, ∀𝑣 ∈ 𝐻𝑝𝑒𝑟

𝑠+𝑛 = 𝐷(𝒜). 

 Proof: The proof is analogous to the demonstration of Theorem 4.1. 

∎ 

 Corollary 4.2: If {𝒯(𝑡)}𝑡≥0 is of contraction then 𝑅𝑒 〈𝒜𝑣, 𝑣〉𝑠 = −𝑎‖𝑣‖𝑠
2 ≤ 0 , ∀𝑣 ∈

𝐻𝑝𝑒𝑟
𝑠+𝑛 = 𝐷(𝒜). 

 Moreover, 〈𝒜𝑣, 𝑣〉𝑠 = 𝑖𝛿 − 𝑎‖𝑣‖𝑠
2 , ∀𝑣 ∈ 𝐻𝑝𝑒𝑟

𝑠+𝑛 where 

ℝ ∋ 𝛿 = 2𝜋 ∑ (1 + 𝑘2)𝑠𝑘𝑛
+∞

𝑘=−∞

|𝑣(𝑘)|2. 

 

Theorem 4.4: Let 𝐻𝑝𝑒𝑟
𝑠  be a Hilbert space, 𝑎 = 0, n is an odd number such that 𝑛 − 1 is not 

multiple of four and the 𝐶𝑜- semigroup {𝒯(𝑡)}𝑡≥0 from [1] such that 𝒜 is its infinitesimal 

generator, then the following equivalence holds: ‖𝒯(𝑡)‖ = 1, ∀𝑡 ≥ 0  if and only if 

𝑅𝑒 < 𝒜𝑣, 𝑣 >𝑠= 0, ∀𝑣 ∈ 𝐻𝑝𝑒𝑟
𝑠+𝑛 = 𝐷(𝒜).  

 Proof: The proof is similar to demonstrate of Theorem 4.1 

∎ 

 Remark 4.1: Similar results to Theorem 4.3, Corollary 4.2 and Theorem 4.4 are 

obtained when 𝑛 is an odd number such that 𝑛 − 1 is multiple of four, where 

ℝ ∋ 𝛿 = −2𝜋 ∑ (1 + 𝑘2)𝑠𝑘𝑛
+∞

𝑘=−∞

|𝑣(𝑘)|2. 

 

CONCLUSIONS 

Using properties of periodic Sobolev spaces, we proved that the closed right half-plane is 

contained in the resolvent set of odd-order differential operator 𝐴 with 𝒂 > 𝟎, and that the 

norm of the resolvent operator of 𝐴 on 𝜆 with positive real part is bounded by the inverse 

of the real part of 𝜆 , which connects us to the Hille-Yosida’s Theorem. Also, we proved that 

the open right half-plane is contained in the resolvent set of odd-order differential operator 

𝐴 when a=0. Likewise, it was observed that if one dissipation is eliminated (a = 0), then the 

semigroup is not exponentially stable. Thus, we have compared our results with two 

important results: Hille-Yosida’s Theorem and its Corollary, that motivated this study. 

Furthermore, we explored the connection between being a strongly continuous semigroup 

of contraction and the dissipativeness of its infinitesimal generator for 𝑎 ≥ 0. Finally, we 

generalized the results obtained. 
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