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Abstract: In this work, we prove that the closed right half-plane is contained in the
resolvent set of odd-order differential operator A and that the norm of the resolvent
operator of A on z with positive real part is bounded by the inverse of the real part of z,
which connects us to the Hille-Yosida’s Theorem. Furthermore, we explore the connection
between being a strongly continuous semigroup of contraction and the dissipativeness of
its infinitesimal generator. Finally, we generalize the results obtained for odd-order
differential operators.

Keywords: Semigroup of contraction, Hille-Yosida’s Theorem, third-order differential
operator, dissipative operator, Periodic Sobolev spaces, Fourier Theory.

INTRODUCTION
Let’s remember that H,,, denotes the periodic Sobolev space with s a real number, we
consider a > 0 and A: = —d3 — al is the infinitesimal generator of the semigroup {S(t)};s, in

Hy.r that we proved in [2]. We are interested in knowing the resolvent set of 4, and
bounding the norm of the resolvent operator of A in the sense of obtaining

1
[-A)71<—,V1EC,
11 =) < == VA e C
where C,:= {1 € C:ReA >0} c p(A), which connects us to the Hille-Yosida’s
Theorem.

In this analysis we obtain much more, we will obtain that the closed right half-plane
is contained in the resolvent set of A. And we will generalize the results obtained for an
odd-order differential operator.

Furthermore, we will explore the connection between being a strongly continuous
semigroup of contraction and the dissipativeness of its infinitesimal generator; we will do
this study for A and its generalization A: = —d} — al . So, we also obtain results for the case
a=0 and their generalizations.

We can cite [2] and [3], where we find some results related to operator A. And we
cite [5] and [6] for being a source of inspiration for this work.

The structure of our article is as follows. In section 2, we outline the methodology
used and provide the citations for the references consulted. In section 3, we study the
resolvent operator of A and its generalization A. In section 4, we study the equivalence
between C,-Semigroup of contraction and dissipative operator, and its generalization.
Finally, in section 5, we present the conclusions of our study.
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METHODOLOGY

In this article, we mainly employ [2] and [3] as the theoretical framework. In addition, we
use the references [4], [1] and [7] for the Fourier theory in H;,,, and differential calculus
in Banach spaces.

Motivated by proving that A is the infinitesimal generator of a contraction semigroup,
obtaining important properties of the resolvent of A, we will compare the results obtained
with the famous Hille-Yosida’s theorem and its Corollary, from [6] .

Moreover, we will explore the connection between being a strongly continuous
semigroup of contraction and the dissipativeness of its infinitesimal generator.

RESOLVENT OPERATOR OF A AND A ON C,

Resolvent Operator of a

We introduce the following set
C.:={A€CReA>0)}
and we denote A = Re A +iIm A. Thus, we will prove that C, c p(A).

In Theorem 3.1 from [3] we proved that A is dissipative. That is, Re < Av,v >,=
—al||lv||> <0,vv € D(A).

So, we will prove that A dissipative implies (3.1).

Theorem 3.1: Let s € R and a > 0. Then the operator A: = —d3 — al satisfies
I|(AI — A)u|ls = Re A ||lulls,Vu € D(A), 1 € C,. 3.1
Proof.- Indeed, let u € D(A),u #0and 1 €C, ,
[|(AI — Aullsllulls = 1< (AI — A)u,u >4| = Re{< (Al — A)u,u >} (3.2)
Now,
<A —ADu,u >= A u||? —< Au,u > .
Then
Re < (Al — A)u,u >,= Re A||u||> — Re < Au,u >;> Re A |[ul|?  (3.3)
since Re < Au,u >,<0.
Using (3.3) in (3.2) we obtain
(A1 — A)ullsllulls = Re A [lullf .
Since u # 0 implies ||lu|ls > 0, then
I(AI = A)ulls = Re A ||ulls -

If u =0, equality in (3.1) holds.

Remark 3.1: From Theorem 3.1 we have that AI — A4 is injective forall A € C, .
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Theorem 3.2: Let s € R and a > 0. Then the operator A: = —d3 — al satisfies Im(Al — A) =

Hjer ,V A EC,.

Proof: Indeed, let 1 € C, , f € H,,, , we will prove that there exists u € D(4) such

that (A1 — A)u = f.

First, we will obtain the candidate for the solution. To achieve this, we apply the

Fourier transform to
f=03u+@A+au
with u € D(A) and obtain

f) = (ik)3(k) + (A + a)ii(k) = (A + a — ik3)a(k).

We have

A+a—ik® #0,VkET

(3.4)

(3.5)

(3.6)

since [A+a—ik? =,/ (Redl+a)2+ (ImA—k3)2>0,vk€Z , where 1=Rel +

iimA.
From (3.5) and (3.6) we obtain

f k)

u(k) = m——U{3 ,Vk €Z. (37)
From which we get our candidate for the solution of (3.4)
~ \
f (k) > ]
u = ﬁ (38)
[(l +a—ik el
Second, we will prove
u €H332 and AM > 0, [lulls <[lulls+3 < VM || £ [is. (3.9)
Indeed, from (3.8) we have
+00
lulhgss =2 " (1+ KD aG0P
k=—o0
N f |
=2 z 1 2\s+3
T U e e
+o00
. (1+k?)3
=2 Z 1+ k?)s 2 1
n_ L+ k5 [f ()] (ReA+a)2+ (ImA—k3)? (3.10)
fe=mo Sh)=
where A = ReA +ilmA.
We have that there exists M > 0 such that
0 <&(k) <M, Vk €L (3.11)
Using (3.11) in (3.10) we get
+00
PN 2
lulZes < 22w ' @+ kDS |fof = MIFIE.
k=—o0
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As Hp%? c Hj,., and with continuous immersion we get (3.9).

Finally, we will prove (AI — A)u = f in H,,, . Indeed,

(AL — Ayu — fl|? = 2m z (1 +k2)S.| (A + a — ik3)ak) — F(o)|”

k=—o0
+00 7 2
s . f (k) 5
=21 kZm(l FIP| At a— k) = = ()
=21 z A +k2° |fk) - Fa)|° = 0. (3.12)
k=—o0

Thatis, (Al —A)u—f = 0.

Theorem 3.3: Let s€R and a > 0. Then (Al —A)~':H;., » D(A) is a bounded linear
operator for each 1 € C, and it satisfies: 3M > 0 such that

A=A~ <VM,1€C, .

Proof: The inequality (3.1) implies AI — A injective for all A € C,. Thus, from
Theorem 3.2, we have that Al — A is bijective then there exists (Al — A)~': Hy,, - D(A)
which is linear with (A1 — A)™1f = u and from (3.9) it satisfies

I = A7 flls < NAL=A) " fllses < VMISlls,Vf € Hyer ,VAEC.. (3.13)

Then (AI — A)~' is a bouded operator such that [|[(AI — A)~!|| < VM holds for all 1 €

Remark 3.2: Also from Theorems 3.1 and 3.2 we obtain |[(AI — A)7f|s <

1 . _ 1
— Iflls,Vf € Hyer ,¥ 2 € C.. That is, [I(AT — A) i <—,V1E€C,.

Therefore, we obtain the following result.

Corollary 3.1: Based on the hypothesis of the previous Theorem, we get C, c p(4)

and
I =A™ < — ,VAEC..
Proof: From Remark 3.2 or Theorems 3.2 and 3.3 we obtain the result.
[
Corollary 3.2: Since Rt c C, then R* c p(4) and ||(AI — A)7Y|| < % ,VA1>0.
Proof: From Corollary 3.1 we obtain the result.
[ |
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Remark 3.3: Based on the hypothesis of the previous Theorem, using Corollary 3.1
with Theorem 3.10 or Corollary 3.4 from [3], we have iRU C, = {1 € C:Re 1 > 0} c p(4)
and

1

—, AE€C,
lar — )~ < 4 Red
a, A €EiR.

That is, the closed right half-plane is contained in the resolvent set of A.

Resolvent Operator of A

In Theorem 3.13 from [3] we proved that A is dissipative. That is, Re < Av,v >,=
—a|lv||? <0,vv € D(A).

So, we will prove that A dissipative implies (3.14).

Theorem 3.4: Let s € R, a > 0 and n is an odd number such that n — 1 is not multiple of
four. Then the operator A: = —d} — al satisfies

I|[(AI = A)u|ls = Re A||lu|ls,Vu € D(A),VA € C.. (3.14)

Proof: Its proof is analogous to the demonstration of Theorem 3.1.
Remark 3.4: From Theorem 3.4 we have that AI — A is injective forall A € C, .

Theorem 3.5: Let s € R, a > 0 and n is an odd number such that n — 1 is not multiple of
four. Then the operator A: = —dy — al satisfies Im(Al — A) = Hyer ,V A E C,.

Proof: Its proof is similar to the demonstration of Theorem 3.2.

Theorem 3.6: Let s € R, a > 0 and n is an odd number such that n — 1 is not multiple of
four. Then (AI —A)~': Hy,r = D(A) is a bounded linear operator for each 2 € C, and it
satisfies: IM > 0,

(A —A) Y| <VM,1€ C, .

Proof: Its proof is analogous to the demonstration of Theorem 3.3.

Remark 3.5: Also from Theorems 3.4 and 3.5 we obtain ||(AI — A)7f||s <

Re%llflls ,Vf € Hyer, VA € C,. That is, [|(AI — A7 < ;1/1 , VA€ C,. Therefore, we obtain

the following result.
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Corollary 3.3: Based on the hypothesis of the previous Theorem, we obtain C, c
p(A) and

— -1 1
A=A < — ,VAEC. .

Proof: From Remark 3.5 or Theorems 3.5 and 3.6 we obtain the result.

Corollary 3.4: Since Rt c C, then R* c p(A) and ||(AI — A)7Y|| < % , V1> 0.

Proof: From Corollary 3.3 we obtain the result.

Remark 3.6: Based on the hypothesis of the previous Theorem, using Corollary 3.3
with Theorem 3.22 or Corollary 3.8 from [3], we have iRU C, = {1 € C: Re A > 0} c p(A)
and

1
—, AE€C,
s — )~ < {ReA
E, A €iR.

That is, the closed right half-plane is contained in the resolvent set of A.

Remark 3.7: Similar results are also obtained when n is an odd number such that
n — 1 is multiple of four, in this case, note that (ik)" = ik™,Vk € Z.

Casea=0

Theorem 3.7: Let s € R and a = 0. Then the operator A: = —93 — al = —d3 is dissipative on
H;.r where D(A) = Hy%? . That is,

Re{< Au,u >} = 0,Vu € H32?. (3.15)

Moreover, < Au,u >;= i, Yu € H;}? where

+00
RS 6:=2m Z (1 + k»)Sk3|ak)|?
k=—c0
Proof.- Let u € H323,
<Auu>; = < —0u,u >
+00
= i Z (1 + k)Sk3|ak)|? . (3.16)
k=—o0

o=

At this point, we will prove the convergence of the series (3.16). Indeed, using the
inequality: |k|* < |k|® = (|k|*)* < (1 + |k|*)® and u € H3}? , we have

< Y A+ KPR

k=—0o0

> a+ AP

k=—c0
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< Z (1 +k2)5(1 + [k[2)3adk)|?

k=—o0

+00
1
= ) A+ TPREOP = o lullfs < o,

k=—o0
Then the series (3.16) is convergent, that is,
< Au,u >,=1i§,with§ €R. (3.17)

Finally, from equality (3.17) we obtain Re{< Au,u >} = 0, for all u € Hy}?.

Theorem 3.8: Let s € R, then the operator A: = —93 satisfies inequality (3.1).

Proof: The proof is similar to the demonstration of Theorem 3.1 where the Theorem
3.7 is used.

Remark 3.8: From Theorem 3.8 we have that Al — A is injective for all 1 € C..

Theorem 3.9: Let s € R , then the operator A: = —d; satisfies Im(Al — A) = Hj,,V A € C..

Proof: The proof is similar to the demonstration of Theorem 3.2.

Theorem 3.10: Let s€ R and a = 0. Then (Al —A)™':Hp,, —» D(A) is a bounded linear
operator for each 1 € C, and it satisfies: 38 > 0 such that

(AT =AY <VB,1€eC,.

Proof: The proof is consequence of Theorems 3.8 and 3.9.

]
Remark 3.9: Also, from Theorems 3.8 and 3.9 we obtain |[(AI — A)7f||s <
@ Iflls,Vf € Hyer , ¥ A € C,. That is,
I =A™ <—,Vi€C,.
Therefore, we obtain the following result.
Corollary 3.5: Based on the hypothesis of the previous Theorem, we get C, c p(4)
and

—_ -1 1
-4~ <— vieC.

That is, the open right half-plane is contained in the resolvent set of A.

Proof: From Remark 3.9 or Theorems 3.9 and 3.10 we obtain the result.
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Corollary 3.6: Since R* c C, then R* c p(4) and ||(AI — A)71|| < % ,VA1>0.

Proof: From Corollary 3.5 we obtain the result.

Remark 3.10: If a = 0 then 0 € p(4).

Remark 3.11: If a = 0 then the {S(t)};», semigroup is not exponentially stable (See
[1])-

Next, we will generalize the results obtained.

Theorem 3.11: Let s € R and a = 0 and n is an odd number such that n — 1 is not multiple
of four. Then the operator A: = —d3 — al = —0y is dissipative on H;,, where D(A) = Hp2'".
That is,
Re{< Au,u >} = 0,vu € Hyl . (3.18)
Moreover, < Au,u >¢= i§, Vu € Hyz" where
+00

R36:= 27 Z (1 + k2)Sk™i(k)|?

k=—o0

Proof: The proof is similar to the demonstration of Theorem 3.8.

Theorem 3.12: Let s € R and n is an odd number such that n-1 is not multiple of four. Then
the operator A: = —0d} satisfies inequality (3.14).

Proof: The proof is similar to the demonstration of Theorem 3.1 where the Theorem
3.11 is used.

Remark 3.12: From Theorem 3.12 we have that Al — A is injective for all 1 € C,.

Theorem 3.13: Let s € R and n is an odd number such that n-1 is not multiple of four. Then
the operator A: = —0y satisfies Im(Al — A) = Hy,, ,V A € C,.

Proof: The proof is similar to the demonstration of Theorem 3.2.

Theorem 3.14: Let s€ R, a = 0 and n is an odd number such that n-1 is not multiple of
four. Then (Al —A)~*: Hye = D(A) is a bounded linear operator for each 1 € C, and it

satisfies: 32 > 0 such that

A=A <V8,1€C..
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1
Re A

and

Proof:

[1]).

Proof: The proof is consequence of Theorems 3.12 and 3.13.

Remark 3.13: Also from Theorems 3.12 and 3.13 we obtain ||(AI — A)71f||s <

Iflls,Vf € Hyep ,V 2 € C,. That is,

A —A) Y <-=,VAEC,.
Re A

Therefore, we obtain the following result.

Corollary 3.9: Based on the hypothesis of the previous Theorem, we get C, c p(A)

_ ) =
1T = A) M <= VA EC..

That is, the open right half-plane is contained in the resolvent set of A.

Proof: From Remark 3.13 or Theorems 3.13 and 3.14 we obtain the result.

Corollary 3.10: Since R* < C, then R* © p(«A) and [|(Al —A) || <7,V 1> 0.

From Corollary 3.9 we obtain the result.

Remark 3.14: If a = 0 then 0 & p(A).

Remark 3.15: If a = 0 then the {T'(t)};», semigroup is not exponentially stable (See

Remark 3.16: Analogous results are also obtained when n is an odd number such

that n — 1 is multiple of four, in this case, note that (ik)" = ik™,Vk € Z.

Comments

We have already the following statements, where A = —d3 —al is a linear operator.
Remember that items 1 and 2 were proved in [2] and item 3 in [3] for a > 0. On the other
hand, items 1 and 2 were proved in [1] for a = 0.

A'is closed and D(A) = H;, , where D(A)= H2?.
A is the infinitesimal generator of a C, semigroup of contractions {S(t)};so

R* € p(A) and for every A > 0
s — 4y <~
A

C, c p(A) and for every 1 € C,

1
A—-A) Y <s—
101 = A7 < 7
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Now, we will analyze its connection with Hille-Yosida’s Theorem 3.1 from [6]. By
Hille-Yosida’s Theorem we have that item 2 implies items 1 and 3 and that the reciprocal is
fulfilled. We proved it without resorting to this Theorem. Note also that using item 4 we get
item 3.

Another commonly used result is the Corollary 3.6 from [6], which tells us that item
2 implies item 4. Note that we naturally proved it without resorting to this Corollary.

This analysis also applies to A = —d} — al when n is odd. Thus, we have compared
our results with two important results: Hille-Yosida’s Theorem and its Corollary, that
motivated this study.

This study is limited to operators of type: A = —d3 — al in Hy.. where n is an odd
number; analogous to this can be established for n multiple of four in which, for example,

2

an equality is obtained: Re < Av,v >,= —a ||v]|? — ”6;‘/217” <0,vv € D(A) , unlike the
S

odd case in which the equality Re < Av,v >,= —a ||v||? < 0,Vv € D(A) is obtained.

Let us remember that in the case studied we do obtain the explicit form of the
solution, which is a great advantage; whereas Hille-Yosida's Theorem allow us to know
theoretically that exists a solution, without knowing the explicit form of the solution (as in
the applications in Liu-Zheng [5] or Pazy [6]). Hence the relevance of this important
Theorem.

EQUIVALENCE BETWEEN SEMIGROUP OF CONTRACTION AND DISSIPATIVE
OPERATOR

Theorem 4.1: Let H;,, be a Hilbert space and the C,- semigroup {S(t)}:-o from [2] such
that A is its infinitesimal generator, then the following equivalence holds: {S(t)};so is of
contraction if and only if A is dissipative, that is, Re < Av,v >,= —a||v||2 < 0,Vv € Hg'gﬁ =
D(A).

Proof: As {S(t)};»o is of contraction then
ISl < 1,vt > 0. 4.1)
Then, let u € Hy,,. — {0},
(S(Mu —u,u)s = (S(Ww,u)s — (u, u)s = (S(h)u, u)s — llull (4.2)
Taking part real, we obtain
Re (S(Wu — u,u); = Re (S(h)u, u)s — |[ull?, (4.3)
Using Re(z) < |Re(2)| < |z|,Vz € C , Holder’s inequality and (4.1), we obtain
Re (S(hyu —w,u)s < [ (S()w, u)s| — llullf < IS(Rullsllulls —lull?
< Jlullf — llullf =0 (4.4)
Therefore,
Re (S(h)u —u,u)s < 0,Vu € Hpey. (4.5)

In particular,
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Re (S(W)v —v,v)s < 0,Vv € HyZ? = D(A).
If v e D(A) then

S(hyv—v

Re ( , V) < 0,Yh > 0.
A S(hyv—v + . .
S—=—— Av when h - 07 and (-,-); is continuous then
(S(h)%,v)s - (Av,v); when h - 0%,
Therefore,
Re (S(h)v Y v)s = Re (Av,v) when h - 07,
Im (S(hzlv_v,v)s - Im (Av,v); when h - 07,

Using (4.9) in (4.7), we get
Re (Av,v); < 0.
Then
Re (Av,v)s < 0,Vv € D(A).
Now, we want to know Re (Av, v), explicitly; what is Re (Av,v) ?

Let h > 0, we know

CTY 1 =20 S (4 k(e =m0 — a(k0)ath)
k=—o0
e(ik®-a)h _
_2n2(1+k)5{ B lagor
k=—0o0

for u € Hye,.

In particular,

_ (ik3-a)h _
FY e=2n Y vk e

h h

for v e Hy3? = D(A).

(4.6)

(4.7)

(4.8)

(4.9)

(4.10)

(4.11)

(4.12)

Using the Weierstrass M-Test we have that the series (4.12) converges uniformly and

consequently it is possible to exchange limits and obtain

i SOV i Ly g (L o
i SR =2m ), (L fi e 1909
+00
=21 Z (1 + k2)5{ik?® — a} |9 (k)2
k=—o0
+00
—i2m Z (1 + k2)5K3 [9(k))2 — allv]|2 (4.13)
k=—o0
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As (-,')s is continuous and v € D(A), from (4.13) we obtain
+o00

(Av,v), = i 2 z (1 + k2)K3 [9(k))2 = allv]|2 (4.14)

k=—c0
Taking the real part of (4.14), we get
Re (Av,v)s = —al|v||} (4.15)
and therefore Re (Av,v); < 0.

Thus, (4.15) is the answer to our question. Furthermore, it is observed that Theorem
3.1 from [3] also answers our question.

Reciprocally, as A is dissipative then
Re (Av,v)s < 0,Yv € H3}? = D(A). (4.16)
Let 9 € D(A), we define u(t): = S(t)9 , then u satisfies:

ur = Au
u(0) =9
And using (4.16)
10 10
Ea{”u”?} = Ea{(u,ms} = Re (u,u)s = Re (Au,u)s <0

since u(t) € D(4). That is, %{llu(t)ll?} < 0. Thus, |lu(")||? is non-increasing. Then
llu()|ls is non-increasing.

So,
IS@1ls = llu@®lls < llu(@lls = lI9lls, vt = 0.
That is,
IS5 < II91ls, VI € D(A),Vt = 0. (4.17)
By density, we obtain
IS@®ells < llells, Yo € Hper, Vt = 0. (4.18)

Finally, from (4.18) we get ||S(t)|| < 1,vt = 0.

Corollary 4.1: If {S(t)};so is of contraction then Re (Av,v), = —al[v||[2<0, Vv €
Hp32 = D(A). Moreover, (Av,v)s = i§ — allvll3 , Vv € H}? where
+00
R36=2n z (1 + k23 [9(k) 2.

k=—o0

Theorem 4.2: Let H;,, be a Hilbert space, a = 0 and the C,- semigroup {S(t)};»o from [1]
such that A is its infinitesimal generator, then the following equivalence holds: ||S(t)| =
1,vt = 0 if and only if Re < Av,v >;=0,Vv € H3}? = D(A).

Proof: The proof is similar to demonstrate of Theorem 4.1
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Next, we will generalize the results obtained.

Theorem 4.3: Let H,,, be a Hilbert space, n is an odd number such that n—1 is not
multiple of four and the C,- semigroup {7 (t)}:»o from [2] such that A is its infinitesimal
generator, then the following equivalence holds: {T(t)};so is of contraction if and only if
A is dissipative, that is, Re < Av,v >;= —allv||Z < 0,Vv € Hy}" = D(A).

Proof: The proof is analogous to the demonstration of Theorem 4.1.

Corollary 4.2: If {T(t)};s0 is of contraction then Re (Av,v); = —a|[v||? <0, Vv e
HyZ" = D(A).
Moreover, (Av,v); = i6 — allv|l; , Vv € H3g! where
+ oo

R36=2n Z (1 + k2)Sk™ |9(k) 2.

k=—o0

Theorem 4.4: Let Hy,, be a Hilbert space, a = 0, n is an odd number such that n — 1 is not
multiple of four and the C,- semigroup {7 (t)}:»o from [1] such that A is its infinitesimal
generator, then the following equivalence holds: ||T(t)|| =1,vt =0 if and only if
Re < Av,v >3=0,Yv € H3l" = D(A).

Proof: The proof is similar to demonstrate of Theorem 4.1

Remark 4.1: Similar results to Theorem 4.3, Corollary 4.2 and Theorem 4.4 are
obtained when n is an odd number such that n — 1 is multiple of four, where
+00
R36=—2n z (1 + k2)5k™ |9(k) |2

k=—0o0

CONCLUSIONS

Using properties of periodic Sobolev spaces, we proved that the closed right half-plane is
contained in the resolvent set of odd-order differential operator A with a > 0, and that the
norm of the resolvent operator of A on A with positive real part is bounded by the inverse
of the real part of A , which connects us to the Hille-Yosida’s Theorem. Also, we proved that
the open right half-plane is contained in the resolvent set of odd-order differential operator
A when a=0. Likewise, it was observed that if one dissipation is eliminated (a = 0), then the
semigroup is not exponentially stable. Thus, we have compared our results with two
important results: Hille-Yosida’s Theorem and its Corollary, that motivated this study.
Furthermore, we explored the connection between being a strongly continuous semigroup
of contraction and the dissipativeness of its infinitesimal generator for a > 0. Finally, we
generalized the results obtained.
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