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Abstract: In this article, we show that the mathematical vector calculus identities are
powerful tool in both rederiving the existing physical laws, such as Maxwell equations,
and discovering new physical laws. First, we show that the following physical laws can be
rederived from the vector calculus identities: (1) Poynting's Theorem; (2) Gauss's Law for
Magnetism; (3) Charge density Continuity equation; (4) Wave equation of potential A,
electric field E, and magnetic field B; (5) Faraday's Law of Induction; (6) energy density
of the magnetic field; (7) time change of energy density of the electric field; (8) time
change of energy density of the magnetic field. Rederiving the above physical laws (1) to
(8) shows the validation and power of the vector calculus identities in discovering physical
laws. Then, applying the vector calculus identities, we derive NEW physical field
equations: (1) for electric charges moving with either uniform velocity v, or constant
acceleration a, or continuous spin S; (2) for gravitational charges (mass) moving with
either uniform velocity v, or constant acceleration a, or continuous spin S. Novel
Electromagnetics and gravitoelectromagnetics are derived from the vector calculus
identities and have the same form, and thus can be unified. The new physical field
equations need to be tested experimentally.
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INTRODUCTION

Historically, some of the physical laws were discovered based on experimental data,

Experiment — physics law

In this article, we show a different approaching: (1) starting with mathematical
vector calculus identities; (2) substituting the parameters of physical fields into the
mathematical vector calculus identities to obtain the physical laws; (3) the so-derived laws
need to be tested by experiments:

Mathematical equations — physics laws — Experimental testing

In this article, we start with the vector calculus identities which are a branch of
mathematics concerned with differentiation of vector fields (gradient, divergence, curl, and
combination of above) [1]. We show that the mathematical vector calculus identities can
be used to analyze how physical fields, such as electric fields, magnetic fields, and
gravitation fields, change in magnitude and direction across space. By substituting the
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parameters of physical fields into vector calculus identities, we derive the new physical
field equations to describe physical fields, such as electric field, magnetic field, and gravity.
Some of so-derived physical field equations can be confirmed by existing experiments. New
derived physical field equations need to be confirmed experimentally.

The purpose of this article is to derive new physical laws due to the source moving
with different motion status. The magnetic field B is created by current density j = pv,
where the velocity v in vacuum is treated as a constant. By analogy, we list three moving
statuses of charges.

Moving statuses of source | Current Density
Stationary j=0
Uniform velocity: v joxv
Constant acceleration: a joxa
Constant spin: S js xS

Note: For the purpose of deriving field equation, we treat the Spin as one of motion
status.

Since the velocity v of electric charge creates a magnetic field, we propose the
following:

1. The acceleration a of electric charge creates magnetic-type fields;

2. The Spin S of electric charge creates magnetic-type fields;

3. The velocity v of gravitational charge creates gravitomagnetic fields;

4. The acceleration a of gravitational charges creates gravitomagnetic-type fields;
5. The Spin S of gravitational charge creates gravitomagnetic-type fields.

In Section 2, we: (1) list the existing vector calculus identities; (2) propose new
vector calculus identities.

In Section 3, we apply vector calculus identities to electromagnetics: (1) rederive
the Poynting's theorem, and derive new physical laws; (2) derive new extended electric field
equations and magnetic field equations due to the velocity, due to the acceleration, and
due to the Spin, respectively.

In Section 4, following the same approach of Section 3, we utilize the concept of the
gravitoelectromagnetic  field, then apply vector calculus identities to
gravitoelectromagnetic fields, and derive new field equation for them.

VECTOR CALCULUS IDENTITIES

In Section 2, we list 11 vector calculus identities (VkPe42 [1]), and propose 9 new vector
calculus identities. Then in Section 3, we utilized them to derive existing and new field
equations of Electromagnetics. In Section 4, we utilized them to derive new field equations
of Gravity, Gravitoelectromagnetics.

1. Divergence of cross product of two vector fields: V- (Y X Z)

V-(YXZ)=(VXY)-Z—Y-(VXZ) (1)
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2. Curl of cross product of two vector fields: V x (Y X Z)
VX (YXZ)=Y(V-Z)—Z(V-Y)+ (Z - VY- (Y-V)Z (2)

3. Divergence of Curl of one vector field: V- (VXY)

V-(VxY)=0 (3)
4. Vector Laplacian of one vector field: V x (VX Y)

VX (VXY)=V(V-Y)— VY (4)
5. Scalar Laplacian of a scalar potential: V- (V)

V- (Vo) = V3¢ (5)
6. Curl of Gradient of one scalar potential: V x (V)

Vx (V) =0 (6)
7. Divergence of product of one scalar potential and one vector field: V- (¢Y)

V-(eY) =0(V-Y) + Y- (Vo) (7)
8. Curl of product of one scalar potential and one vector field: V x (¢Y)

VX (oY) = @(VXY) + (Vo) XY 8)
9. Gradient of dot product of two vector fields: V(Y- Z).

VY ' Z) = " VNZ+Z VY+YX(VXZ)+Zx(VXY) 9)

10. Vector-Cross-Del operator of two vector fields: (Y X V) -Z
YXV)-Z=Y-(VXZ) (10)
11. Vector-Cross-Del operator of two vector fields: (Y X V) X Z
YXV)XZ=YX(VXZ)+ (Y -VZ-Y(V-Z) (11)
We derive several new vector calculus identities:
Equations (12) and (13) have two parameters of a field: (¢ and Y)
12. Divergence of Curl of product of one scalar potential and one vector field: V-
(Vx (oY)
V- (VX (¢Y) = V- [@(VXY) + (Vo) x Y] =0 (12)
13. Curl of curl of product of one scalar potential and one vector field: V x (V x (¢Y))
VX (VX (@) =V[e(V-Y)+ Y- (V)] — V(pY) (13)
Equation (14) to Equation (20) have three parameters: (¢,Y,and Z)
14. Divergence of product of one scalar potential and two vector fields: V- (((pY) X Z)
V- (@) XZ)=@(VXY) Z—@(VXZ) Y+ [(Vo) xY]-Z (14)
15. Curl of cross product of one scalar potential and two vector fields: V x ((¢Y) x Z)
Vx ((@Y) XZ) = @Y(V-Z) — @Z(V-Y) = Z[Y - (V)] + (Z- V) (oY) — @(Y-V)Z  (15)

16. Gradient of dot product of one scalar potential and two vector fields: V((¢Y) - Z)
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V((@Y)Z) = ((Y) - V)Z + (Z-V)(@Y) + (¢Y) X (VX Z) + Z X (V X (¢Y)) (16)

17. Vector-Cross-Del operator of one scalar potential and two vector fields: ((¢Y) X V) -
Z

((eY) X V)-Z = Y- (VX Z). (17)

18. Vector-Cross-Del operator of one scalar potential and two vector fields: (Y X V) -
(¢Z)

(Y X V) (9Z) =Y (VX (9Z)) (18)

19. Vector-Cross-Del operator of one scalar potential and two vector fields:
((@Y) X V) X Z

(@) XV)XZ =YX (VXZ)+ @Y -V)Z—@(V-7)Y. (19)

20. Vector-Cross-Del operator of one scalar potential and two vector fields:
(Y X V) X (9Z)

(YXV) X (@Z) =YX [(VX (¢Z))] + Y X [(Vo) X Z] +
Y-V)(0Z) = Y[e(V-Z) + Z- (V)] (20)

Note: the physical meaning of an equation containing scalar potential and two vector
fields is unclear.

MATHEMATICALLY DERIVING CLASSICAL ELECTROMAGNETICS AND NOVEL
ELECTROMAGNETICS

Classical Electromagnetics

In Section 3, let Y and Z represent either electric field E, or magnetic field B, or vector
potential A, respectively, and ¢ is scalar potential in Equations (5) to Equation (8), and in
Equation (12) to Equation (20). Then substituting E, B, A, and ¢ into vector calculus
identities, we obtain the field equations, respectively.

Divergence of Cross Product of Vector Fields: V- (ExB),V-(AxB),and V- (A X E)
V-(YXZ)=(UXY) Z-Y - (VXZ) (1)

Poynting's Theorem: V - (E X B):
Substituting Y = E and Z = B, Equation (1) gives Poynting's Theorem:
V- (ExB)=(VXE)-B—E-(VXB) = —%6(E2+B2)/6t—E-j (3.1)

Where Vx B =j+ (0E/dt) and VX E = —(0B/dt) are used. The term ExB is
the Poynting vector representing the energy flux (power per unit area) of the
electromagnetic field. The term, d(E? + B2?)/dt, is the rate of change of the stored
electromagnetic energy density. The term E-J represents the rate at which the
electromagnetic field does work on the charge carriers, and | = pv.
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New Field Equation: V- (Ax B)and V- (A X E):
For completeness, let consider vector potential A as well. We obtain new field equations.

Substituting (Y = A, Z =B) and (Y = A, Z = E), respectively, Equation (1) gives NEW
field equation:

V-(AXB)=(VXA)-B—A-(VxB)=B-B—A-j—A-(dE/dt). (3.2)

V-(AXE)=(VXA)-E—A-(VXE)=E-B+ A-(dB/d0).. (3.3)

Equation (3.2) represent the energy of magnetic field.

Curl of Cross Product of Two Vector Fields: V x (E X B), Vx (Ax B),and V x (A X E)
VXY XZ)=Y(V-Z)—Z(V-Y)+ (Z - V)Y - (Y-V)Z (2)

Substituting (Y =E, Z=B), (Y=A, Z=B), and (Y = A, Z = E), respectively, Equation
(2) gives NEW field equations:

Vx (ExB)=E(V-B)—B(V-E)+ (B-V)E— (E-V)B

= —pB+ (B-V)E— (E-V)B (3.4)
Vx(AXB)=A(V-B)—B(V-A)+ (B-V)A— (A-V)B

= —B(V-A)+ (B-V)A— (A-V)B (3.5)
Vx(AXE)=A(V-E)—E(V-A)+ (E-V)A— (A-V)E

=pA—E(V-A)+ (E-V)A—(A-V)E . (3.6)

Where V-E = p.

Divergence of Curl of Vector Field: V- (Vx A), V- (VX E),and V- (V X B)
V- (VXY)=0 3)

Gauss's Law for Magnetism (1): V- (V x A):

Substituting Y = A and the definition of the magnetic field, B =V x A, Equation (3) gives
Gauss's Law for Magnetism:

V- (VXA)=V-B=0 (3.7)

Equation (3.7) mathematically indicates no magnetic monopoles.

Gauss's Law for Magnetism (2): V- (V X E):
Substituting Y = E, Equation (3) gives:
V-(VXE)=0 (3.8)

Substituting the Faraday's Law of Induction into Equation (3.8), we obtain:
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V-(VXE)=-V-(3B/dt) = —=(V-B) = 0. (3.92)
Equation (3.9a) has two solutions:
1. The magnetic field B is a constant field:
dB/dt = 0. (3.9b)
2. Gauss's Law for Magnetism
V- B(t) = 0. (3.9¢)
Equation (3.9a) is valid for both situations:
1. constant magnetic field, Equation (3.9b); and

2. time-varying magnetic field Equation (3.9c).

Charge Density Continuity Equation: V- (V X B):
Substituting Y = B, Equation (3) gives:
V-(VXB)=0 (3.10)

Substituting the Ampere-Maxwell equation into Equation (3.10), we obtain Charge
density Continuity equation,

: OE . d
V-(VXB)=V-]+V-E=V-]+Ep=O (3.11)

Curl of Curl of Vector Field: Wave Equation: V x (Vx A), VX (VX E), and V x (V X B)
VX (VxY)=V(V-Y)—V3Y (4)

Wave Equation of Vector Potential A: V x (V x A):
Substituting Y = A, Equation (4) gives:

Vx(VxA)=VxB=j+%E (3.12a)
and
A —v2A = O AR O 2
V(V-A)—V?A=—= (V) ~VPA=2E+2-A— VA (3.12b)

Combining Equation (3.12a) and Equation (3.12b), we obtain wave equation of vector
potential A:

22 ” .
S A-V?A=] (3.12¢)

Where the definition of E field is applied: E = —V¢ — %A.

Wave Equation of Electric Field E:V x (V X E):
Substituting Y = E, Equation (4) gives
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a - 92
atJ at2

VX(VXE)=-Vx=B=-— (3.13a)
And
V(V-E) — V2E = Vp — V2E (3.13b)

Combining Equation (3.13a) and Equation (3.13b), we obtain wave equation of
electric field E,

62
at?

E-VE=—=j-Vp (3.13c)
Wave Equation of Magnetic Field B: V x (V X B):
Substituting Y = B, Equation (4) gives

VX (VXB)=Vxj+VXx2E=Vxj— 2B (3.14a)
And
V(V-B) — V?B = —V?B (3.14b)
Combining Equation (3.14a) and Equation (3.14b), we obtain wave equation of B,

62

atzB—V2B=V><j (3.14c)

Divergence of Gradient of Scalar Field: Wave Equation of Scalar Potential ¢: (V)
V- (Vo) = V2o (5)
Substituting the definition of electric field, E = -V —%A into Equation (5). We
obtain wave equation of potential ¢:
V-(V@)=V-(—E—%A)=—p+;—;q) (3.15a)
i.e.,

62
ﬁcp—vzq):p. (3.15b)

Curl of Gradient of Scalar Field: Faraday's Law of Induction: V x (V¢)
Vx (V) =0 (6)
Substituting the definition of the electric field, E = —V¢@ — dA/ dt, into Equation (6).
We obtain Faraday's Law of Induction:
VX (Vp)=VXx(-E—-0A/0t) =-VXE—-0dB/odt=0. (3.16a)
ie.,

VxE=—0dB/ dt. (3.16b)
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Divergence of Product of Scalar Potential ¢ with Vector Potential A, Electric Field E,
Magnetic Field B:

V(oY) = (V- Y) + Y- (Vo) (7)

Substituting Y = A, Y = E, and Y = B into Equation (7), respectively, we obtain NEW
field equations:

V-(pA) =@(V-A) +A- (Vo) (3.17)
V:(9E) =@(V-E)+E- (Vo) =pp +E- (Vo) (3.18)
V:(¢B)=¢@(V:B) +B- (Vo) =B (Vo) (3.19)

Curl of Product of Scalar Potential ¢ and Vector Field: V x (@A), V x (pE), and
V X (¢B)

VX (@Y) =@(VXY)+ (Vo) xXY. (8)

Substituting Y = A, Y = E, and Y = B into Equation (8), respectively, we obtain NEW
field equations:

VX (@A) = @(VXxA)+ (Vo) XA =B+ (Vo) XA (3.20)
V x (@E) = @(V X E) + (Vo) X E = —dB/ dt + (Vo) x E (3.21)
VX (@B) = (VX B)+ (Vo) X B =jp + @dE/ dt+ (Vo) X B (3.22)

Gradient of Scalar Product of Two Vector Fields: V(E-B), V(A-B), V(A-E), V(A-A),
V(E-E), V(B-B)

VY-Z) =" VZ+Z - DY+YX(VXZ)+Zx(VXY). 9)

Substituting (Y =E, Z=B), (Y=A,Z=B), (Y=A,Z=E), (Y=Z=B), (Y=12=A),
Y = Z = E), into Equation (9), respectively, we obtain NEW field equations:

V(E-B) = (E-V)B+ (B-V)E+E X (VX B) + B X (VXE)

=(E-V)B+ (B-V)E4+E Xj (3.23)
VA-B)=(A-V)B+(B-V)A+AX (VXB)+BxXx(VxXA)
=(A-V)B+(B-V)A+AXj+AXJE/dt (3.24)

VAE)=(A-V)E+ (E-V)A+AX (VXE) +E X (VX A)

=(A-VE+(E-V)A—AXx 9B/ dt+ExB (3.25)
V(A-A) = 2(A-V)A + 2A x (V X A)
=2(A-V)A+2AXB (3.26)

V(E-E)=(E-V)E+ (E-V)E+E X (VXE) 4+ E x (VXE)
= 2(E - V)E — 2E x (B/ dt) (3.27)
V(B-B)=(B-V)B+ (B-V)B+ B x (VXB)+Bx (VxXB)
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=2(B-V)B + 2B x (V X B). (3.28)

Cross Product: (ExV)-B, (BxV)-E,(AxV)-B,(BxV)-A, (ExV)-A,and (AxV)-E
Equation (10),
YXV)-Z=Y(VXZ) (10)

Substituting (Y=EandZ=B), (Y=BandZ=E), (Y=Aand Z=B), (Y=B and
Z=A), (Y=Eand Z=A), and (Y= A and Z = E), respectively, Equation (10) gives the
following equations,

(EXV)-B=E-(VXB)=E-j+E-0E/ 0t (3.29)
(BXV)-E=B-(VXE)=—B-aB/ot. (3.30)
(AXV)-B=A-(VxB)=A-j+A-0E/at (3.31)
(BXV)-A=B-(VxA)= B2 (3.32)
(EXV)-A=E-(VXA)=E-B (3.33)
(AXV)-E=A-(VXE)=—A-9B/at (3.34)

Cross Product: (ExV)xB, (BXV)XE, (AXxV)xB, (BxV)xA, (AxV)XE, and (E x
V)X A

(YXV)XZ=YX(VXZ)+ (Y- V)Z-Y(V-2) (11)

Substituting (Y=EandZ=B), (Y=BandZ=E), (Y=Aand Z=B), (Y=B and
Z=A), (Y=AandZ=E), and (Y =E and Z = A), Equation (11) gives new field equations:

(EXV)XB=Ex(VXB)+ (E-V)B—E(V-B)=Exj+ExJE/dt+ (E-V)B

—Exj+ (E-V)B (3.35)
(BXV)XE=BX (VXE)+ (B-V)E—B(V-E) = —B x 9B/t + (B- V)E — pB

= —pB+ (B-V)E (3.36)
(AXV)xB=AxX(VxB)+ (A-V)B—A(V-B)

=AXj+Ax0E/dt+ (A-V)B (3.37)
(BXV)XxA=Bx(VxA)+ (B-V)A—B(V-A)

= (B-V)A + B0/ dt) (3.38)
(AXV)XE=AX(VXE)+ (A-V)E—A(V-E)

= —AX B/ dt+ (A-V)E — pA (3.39)

(EXV)XA=ExB+ (E-V)A—E(V-A)
=Ex B+ (B-V)A + E(d¢/ dt) (3.40)

Next let us derive several new physics laws from new vector calculus identities:
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Divergence of Curl of Vector Field: V x (¢Y)
V- (VX (oY) = V- [@(VXY)+ (Vo) X Y] =0 (12)

Substituting (Y = A), (Y =E), and (Y = B), respectively, Equation (12) gives NEW field
equation:

V- (Vx (9A) = V- [@(VXA) + (Vo) x A] =0, (3.41)
V- (Vx(¢E)) = V- [@(V X E) + (Vo) X E] =0, (3.42)
V- (Vx (¢B)) = V- [@(VxB) + (Vo) x B] = 0. (3.43)

Curl of Curl of Vector Field: (¢Y)
Vx (VX (@Y) = V[V -Y) + Y- (Vo)] — V2(eY) (13)

Substituting (Y = A), (Y = E), and (Y = B), respectively, Equation (13) gives NEW field
equation:

Vx (VX (@A) = V-[@(VxA)+ (Vo) xA] =0, (3.44)
Vx (VX (¢E)) = V- [@(VXE) + (Vo) XE] =0, (3.45)
Vx (VX (¢B)) = V-[@(VxB)+ (Vo) x B] =0. (3.46)

Divergence of Cross Product of Two Vector Fields: (¢Y) X Z
V- (@) XZ)=@(VXY) - Z—@(VXZ) Y+ [(Vo) X Y] - Z (14)

Substituting (Y =A, Z=B), (Y=A,Z=E), and (Y = E, Z = B), respectively, Equation
(14) gives NEW field equation:

V- ((@A) X B) = (VX (@A)) B — (@A) - (VX B)

= [@B + (Vo) X A] - B— (@A) ' j — (@A) - (9E/0t). (3.47)
V- ((9A) XE) = (VX (pA)) -E— (9A) - (VX E)
= [@B + (Vo) x A] - E + (A) - (9B/dt). (3.48)

V- ((9E) xB) = [@(VXE)]-B—@(VxB)-E+[(Vg) xE]-B

= —¢B- (%) - ¢E-j— ¢E- (9E/0r) — [(2) x ] - B. (3.49)

Curl of Cross Product of Two Vector Fields: (¢Y) X Z
Vx ((oV) XZ) = @Y(V-Z) = 9Z(V- V) = Z[Y - (V@)] + (Z- V)(¢Y) — (Y- V)Z  (15)

Substituting (Y =A, Z=B), (Y=A,Z=E), and (Y = E, Z = B), respectively, Equation
(15) gives NEW field equation:

Vx ((pA) x B) = —@B(V-A) —B[A* (V@)] + (B V)(9A) — @(A-V)B (3.50)
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V x ((¢A) X E) = 9A(V-E) — 9E(V-A) —E[A- (V@)] + (E- V)(pA) — @(A-V)E  (3.51)
V x ((¢E) x B) = —@B(V-E) — B[E - (V)] + (B V)(¢E) — ¢(E- V)B (3.52)

Gradient of Dot Product of Two Vector Fields: (@Y - Z).
V((@Y) - Z) = ((¢Y) - V)Z + (Z-V)(9Y) + (¢Y) X (VX Z) + Z X (V X (¢Y)) (16)

Substituting (Y =A, Z=B), (Y=A,Z=E), and (Y = E, Z = B), respectively, Equation
(16) gives NEW field equation:

V((¢A) - B) = ((¢A) - V)B + (B V)(¢A) + (¢A) X (VX B) + B x (V x (9A)) (3.53)
V((9A)-E) = ((9A) - V)E + (E- V)(9A) + (@A) X (VX E) + E X (V x (¢A)) (3.54)
V((9E)-B) = ((9E) - V)B + (B V)(¢E) + (9E) X (VX B) + B x (V X (¢E)) (3.55)

Vector-Cross-Del Operator: ((¢Y) xV)-Z
((eY) X V)-Z = @Y- (VX Z). (17)

Substituting (Y =EandZ=B),(Y=EandZ=A),(Y=BandZ=E), (Y=Band Z =
A), (Y=Aand Z=B), (Y=A and Z =E), respectively, Equation (17) gives new field
equations:

((@E) x V) - B = @E - (V x B) (3.56)
((@E) x V) - A = @E- (V x A). (3.57)
((¢B) X V) -E = @B - (VXE). (3.58)
((@B) X V)-A = @B-(VXA) (3.59)
((pA) X V) -B = @A (V xB). (3.60)
((pA) X V) -E = @A~ (VX E). (3.61)

Vector-Cross-Del Operator: (Y X V) - (¢Z)

(YX V) (9Z) =Y (VX (9Z)) (18)

Substituting(Y=EandZ=B),(Y=EandZ=A),(Y=BandZ=E),(Y=BandZ =
A), (Y=Aand Z=B), (Y=A and Z =E), respectively, Equation (18) gives new field
equations:

(ExV)-(¢B) =E- (VX (¢B)) (3.62)
(Ex V) (9A) =E- (VX (pA)) (3.63)
(BX V) - (¢E) =B+ (VX (¢E)) (3.64)
(BX V) - (@A) =B (Vx (¢A)) (3.65)
(AxV)-(¢B) =A-(Vx (¢B)) (3.66)
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(AXV)-(¢E) =A- (VX (¢E)) (3.67)

Vector-Cross-Del Operator: ((¢Y) X V) X Z
(@) XV)XZ =YX (VXZ)+ @Y -V)Z—@(V-7)Y. (19)

Substituting (Y =Eand Z=B), (Y=EandZ=A),(Y=BandZ=E),(Y=Band Z =
A), (Y=Aand Z=B), (Y=A and Z =E), respectively, Equation (19) gives new field
equations:

((@E) x V) x B = @E x (Vx B) + @(E- V)B (3.68)
((@E) x V) x A= @EX (VX A) + @(E-V)A — @(V - A)E (3.69)
((¢B) X V) XE = @B X (VXE) + @(B-V)E— @(V-E)B (3.70)
((@B) X V) X A= @B X (VxA)+@(B-V)A—¢@(V-A)B (3.71)
((pA) X V) X B = @A x (VX B) + ¢(A-V)B (3.72)
((pA) X V) XE = @A X (VX E) + @(A-V)E — @(V-E)A (3.73)

Vector-Cross-Del Operator: (Y x V) X (¢Z)
(YXV) X (@Z) =YX [(VX (¢Z))] + Y X [(Vo) X Z] +

Y -V(PZ) = Y[@(V-Z) +Z- (Vo)] (20)

Substituting (Y =EandZ=B),(Y=EandZ=A),(Y=BandZ=E),(Y=BandZ =
A), (Y=Aand Z=B), (Y=A and Z =E), respectively, Equation (19) gives new field
equations:

(Ex V) x (¢B) =EX [(Vx (¢B))] + Ex [(V@) x B] + (E-V)(¢B) —E[B- (Vg)]  (3.74)
(Ex V) x (¢A) = E X [(VX (9A))] + E x [(Vo) X A] +

(E- V) (@A) —E[@(V-A) +A- (Vo)] (3.75)
(BX V) x (¢E) = B X [(V X (¢E))] + B x [(Vp) X E] +
(B V)(¢E) —B[@(V-E) + E- (Vo)] (3.76)
(Bx V) x (¢A) =B x [(Vx (¢A))] + B x [(Vo) x A] +
(B V)(9A) —B[o(V-A) + A (Vo)] (3.77)
(AX V) x (¢B) = A x [(Vx (¢B))] + A x [(Vep) X B] +
(A-V)(¢B) - A[B- (Vo)] (3.78)
(AX V) x (9E) = Ax [(Vx (¢E))] + A X [(Vo) x E] +
(A-V)(@E) —A[p(V-E) + E- (V)] (3.79)

Electric Field and Magnetic Field Created by Electric Charge Moving with Velocity v
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Divergence of Cross Product of Velocity v and Vector Fields: V- (v x A), V- (v X E), and
V-(vXxB)

V- (YXZ)=(VXY)-Z—Y-(VXZ) (1)

Substituting (Y =v, Z=A), (Y=v, Z =E), and (Y = v, Z = B), respectively, Equation
(1) gives New field equations:

V:(vxA)=(Vxv)-A-v-(VXA)=-v-B. (3.80)
V:(vXE)=(VXxVv)-E—-v-(VXE)=v-0d(B)/dt. (3.81)
V:vxB)=(Vxv):B=v:-(VXB)=—-v-j—v-d(E)/ ot (3.82)

Where v is particles’ average drift velocity.

Curl of Cross Product of Velocity v and Vector Fields: Vx (vxA), Vx (vXxE),
VX (vXB)

UX(YXZ)=Y(V-Z)—Z(V-Y) + (Z- V)Y = (Y- V)Z )

Substituting (Y=v, Z=A), (Y=v, Z=E), and (Y = v, Z = B), respectively, Equation
(2) gives NEW field equations:

VX(WXA)=v(V-A)-AV-vV)+(A-V)v—-(v-VA=v(V-A)—0d(A)/ ot. (3.83)
VX(WVXE)=v(V-E)—E(V-v)+ (E-V)v—(v-V)E =pv—3d(E)/ ot (3.84)
VX (wvxB)=v(V-B)—B(V-v)+ (B:-V)v—(v-V)B=—-3(B)/ ot. (3.85)

Divergence of Product of Scalar Potential ¢ and Velocity v: V - (ov)

V-(eY) = (V- Y)+Y (Vo) (7)
Substituting Y = v into Equation (7), we obtain NEW field equation
V-(pv) =@(V-v) +v: (Vo) =v- (Vo) (3.86)

Curl of Product of Scalar Field ¢ and Velocity v: V x (¢v)
Vx(@Y) =@(VXY)+ (Vo) XY. (8)
Substituting Y = v into Equation (8), we obtain NEW field equation:
VX (ev) =@(VxVv)+ (Vo) xv= (V) XV (3.87)

Gradient of Scalar Product of Velocity v and Vector Fields: V(v-A), V(v-E), and
V(v-B)

VY-Z) =X " VZ+Z - VDY+YX(VXZ)+Zx(VXY). 9)

Substituting (Y =v,Z=A), or (Y =v,Z=E), or (Y =v, Z=B), into Equation (9),
respectively, we obtain NEW field equations:

VVv-A) =W VA+A-V)v+vX (VXA +AX(VXV)
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=(Ww'V)A+vXxB (3.88)
VVv'E) =W "VE+(E-V)v+vX (VXE)+EX(VXvV)

=(v-V)E+vx (VXE). (3.89)
Vv-B)=(Ww-V)B+(B:-V)v+vXx(VXB)+BX(VXV)

= (v:-V)B+vx(VxB). (3.90)

Cross Product: (vxV)-A, (wxV)-E,and (vxV)-B
YXxV)-Z=Y-(VXZ). (10)

Substituting (Y =v, Z=A), or (Y =v,Z = E), or (Y = v,Z = B), respectively, Equation
(10) gives new field equations,

(vxV):A=v-(VxA) =v-B. (3.91)
(vxV)-E=v-(VXE)=—-v-0B/ot. (3.92)
(vxV)-B=v-(VXxB)=v-j+v-0E/ot. (3.93)

Cross Product: (vxV)x A, wWxV)XE,and (vxV)XxB
YXVXZ=YX(VXZ)+ (Y-VZ—-Y(V-Z) (11)

Substituting (Y =v, Z=A), or (Y =v,Z = E), or (Y = v,Z = B), respectively, Equation
(11) gives new field equations:

WVXV)XA=vX(VXA)+ V- V) A-v(V-A) =vxB+3dA/ot—v(V-A). (3.94)
WVXV)XE=vX(VXE)+ (v-V)E—Vv(V-E) =vXx (VXE)+0dE/dt— pv. (3.95)
WVXV)XxB=vx(VxB)+ (v-V)B—v(V-B) =vx(VxB)+0dB/dt. (3.96)

Divergence of Curl of Vector Field: V x (¢Y)

V- (VX (@Y) = V- [@(VXY) + (Vo) X Y] =0 (12)
Substituting (Y = v), Equation (12) gives new field equations:
V- (Vx(¢v)) = V-[(Vo) xv] =0 (3.97)
Curl of Curl of Vector Field: (¢Y)
VX (VX (oY) =V[eW-Y)+Y- (Vo)] — V*(¢Y) (13)
Substituting (Y = v), Equation (13) gives new field equations:
Vx (VX (@v)) = V[v: (V)] — V2(¢v) (3.98)

Divergence of Cross Product of Two Vector Fields: (¢Y) X Z
V- (@) XZ)=@(VXY) Z—@(VXZ) Y+ [(Vo)xY]-Z (14)
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Substituting (Y =v, Z=A), or (Y =v,Z = E), or (Y = v,Z = B), respectively, Equation
(14) gives new field equations:

V- (((pv) X A) =—@(VXA)-v+[(Vp)xXv]-A (3.99)
V-(((pV)XE)=—(p(V><E)-V+[(V(p)><V]-E (3.100)
V- ((@Y) xB) = —@(VXB) v+ [(Vg) x V] - B (3.101)

Curl of Cross Product of Two Vector Fields: (¢Y) X Z
Vx ((@Y) XZ) = @Y(V-Z) — @Z(V-Y) = Z[Y - (V@)] + (Z- V) (oY) — @(Y-V)Z  (15)

Substituting (Y =v, Z=A), or (Y =v,Z = E), or (Y = v,Z = B), respectively, Equation
(15) gives new field equations:

V X ((cpv) X A) =@v(V-A) —Alv- (Vo) + (A-V)(ev) — @(v-V)A (3.102)
V X ((cpv) X E) = @v(V-E) —E[v-(V@)] + (E-V)(@Vv) — @(v-V)E (3.103)
V X (((pv) X B) = —B[v- (V@) + (B-V)(pv) — @(v-V)B (3.104)

Gradient of Dot Product of Two Vector Fields: (@Y - Z).

V(oY) Z) = ((¢Y) - V)Z + (Z- V)(@Y) + (¢Y) X (VX Z) + Z X (VX (¢Y)) (16)

Substituting (Y =v, Z=A), or (Y =v,Z = E), or (Y = v,Z = B), respectively, Equation
(16) gives new field equations:

V(((pv) -A) = (((pv) . V)A + (A-V)(ev) + (pv) X (VX A) + A X (V X ((pv)) (3.105)
V(((pv) . E) = ((cpv) . V)E + (E-V)(@v) + (pv) X (VX E)+E X (V X ((pv)) (3.106)
V(((pv) . B) = ((cpv) . V)B + (B-V)(@v) + (pv) X (VX B) + B x (V X (cpv)) (3.107)

Cross Product: ((Y)xV)-Z
((Y) xV)-Z = @Y (VX Z). (17)

Substituting (Y =v, Z=A), or (Y =v,Z = E), or (Y = v,Z = B), respectively, Equation
(17) gives new field equations:

((pv) X V)-A = @v- (VxA). (3.108)

(((pv)xV)-E=(pv-(V><E). (3.109)

(((pv)xV)-B=cpv-(V><B). (3.110)
Cross Product: (Y x V) - (¢Z)

(Y X V) (¢Z) =Y~ (Vx(9Z)) (18)
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Substituting (Y =v, Z=A), or (Y =v,Z = E), or (Y = v,Z = B), respectively, Equation
(18) gives new field equations:

(X V) (pA) =v- (VX (@A) (3.111)
(vx V) (¢E)=v- (VX (pE)) (3.112)
(vx V) (eB) =v- (VX (¢B)) (3.113)
Cross Product: ((Y) X V)X Z
(@) XV XZ=0YX(VXZ)+ oY -V)Z—- (V- -2)Y. (19)

Substituting (Y =v, Z=A), or (Y =v,Z = E), or (Y = v,Z = B), respectively, Equation
(19) gives new field equations:

(V) X V) XA =@vX (VXA)+@WV-V)A—@(V-A)v. (3.114)
(V) X V) XE = @vX (VXE)+ @(v:-V)E—@(V-E)v. (3.115)
((pv) X V) X B=@vXx (VX B)+ @(v-V)B. (3.116)

Cross Product: (Y X V) x (¢Z)
(Yx V) X (@Z) =YX [(VX (¢Z))] + Y X [(Vo) X Z] +

(Y -V)(9Z) = Y[o(V-Z) + Z- (Vo)] (20)

Substituting (Y =v, Z=A), or (Y =v,Z = E), or (Y = v,Z = B), respectively, Equation
(20) gives new field equations:

(v X V) X (@A) = v X [(Vx (¢A))] + v X [(Ve) X A] +

(v -V (@A) = v[e(V-A) + A~ (V)] (3.117)
(vX V) x (9E) = v X [(V X (¢E))] + v X [(Vo) X E] +

(v V)(@E) —v[e(V-E) + E- (Vo)] (3.118)
(X V) x (¢B) = v x [(Vx (¢B))] + v x [(Ve) X B] +

(v-V)(¢B) + B (Vo)] (3.119)

Electric Field and Magnetic Field Created by Electric Charge Moving with Acceleration a

Divergence of Cross Product of Acceleration a and Vector Fields: V- (a x A),V - (a X E),
and V- (a x B)

V-(YXZ)=(VXY)-Z—-Y (VXZ) (1)

Substituting (Y=aand Z=A), (Y=aand Z =E), and (Y =a and Z = B), respectively,
Equation (1) gives New field equations:

V-(axA)=(Vxa)-A—a-(VxA)=-a-B. (3.120)
V-(@axE)=(Vxa)-E—a-(VXE)=a-(dB/adt). (3.121)
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V-(@axB)=(Vxa)-B—a-(VxB)=—a-j—a- (dE/ dt). (3.122)

Curl of Cross Product of Acceleration a and Vector Fields: V x (a x A), V X (a X E), and
V X (a X B)

UX(YXZ)=Y(V-Z)=Z(V-Y) + (Z- V)Y — (Y -V)Z )

Substituting (Y=aand Z=A), (Y=aand Z =E), and (Y = a and Z = B), respectively,
Equation (2) gives NEW field equations:

Vx(axA)=a(V-A)—A(V-a)+ (A-V)a—(a-V)A=a(V-A) —(a-V)A. (3.123)
Vx(axE)=a(V-E)—E(V-a)+(E-V)a—(a-V)E=qa— (a-V)E. (3.124)
Vx(axB)=a(V-B)—B(V-a)+ (B:V)a—(a-V)B=—(a'V)B. (3.125)

Divergence of Product of Acceleration a and Scalar Potential ¢: V - (pa)

V- (oY) = (V- Y) + Y- (Vo) (7)
Substituting Y = a into Equation (7), we obtain NEW field equation:
V-(pa) =@(V-a)+a- (Vo) =a- (Vo) (3.126)

Curl of Product of Acceleration a and Scalar Field ¢: V X (pa)
VX (@Y) =@(VXY)+ (Vo) X Y. (8)
Substituting Y = a into Equation (8), we obtain NEW field equation:
VX (pa) =@(Vxa)+ (Vo) xa= (V) Xa (3.127)

Gradient of Scalar Product of Acceleration a and Vector Fields: V(a-A), V(a-E), and
V(a-B)

VY-Z) =" VNZ+Z VY+YX(VXZ)+Zx(VXY). 9)

Substituting (Y=a,Z=A), (Y=a,Z=E), and (Y =aand Z = B), into Equation (9), respectively,
we obtain NEW field equations:

V@A =@ VVA+(A-V)at+ax(VxA) +Ax (Vxa)
=(a-V)A+axB (3.128)
V@-E)=(@ - V)E+ (E-V)a+ax (VXE)+EX (Vxa)

=(@-V)E+ax (VXE). (3.129)
V@a-B)=(a-V)B+(B-V)a+ax (VXB)+Bx(Vxa)
= (a-V)B+ax (VxB). (3.130)

Cross Product:(axV)-A, (axV)-E,and (axV)-B
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(YXV)-Z=Y(VXZ). (10)

Substituting (Y=a and Z=A), (Y=aandZ=E ), and (Y=aandZ=B),
respectively, Equation (10) gives new field equations,

(@xV)-A=a-(VxA)=a-B. (3.131)
(axV)-E=a-(VXE)=—a-d(B)/at. (3.132)
(@axV)'B=a'(VxB)=a-j+a-0d(E)/ ot. (3.133)

Cross Product: (axV)x A, (axV)xE,and (axV)XxB
YXV)XZ=YX(VXZ)+ (Y -VZ-Y(V-Z) (11)

Substituting (Y=a and Z=A), (Y=aandZ=E ), and (Y=aandZ=B),
respectively, Equation (11) gives new field equations:

(@axV)xA=ax(VxA)+(a-V)A—a(V-A)

=axB+(@-V)A—a(vV-A). (3.134)
(axV)xE=ax(VXE)+ (a-V)E—a(V-E)

=aXx (VXE)+ (a'V)E—pa. (3.135)
(axV)xB=ax(VxB)+(a:-V)B—a(V:B)

=aXx (VxB)+ (a-V)B. (3.136)

Divergence of Curl of Vector Field: V x (¢Y)
V- (Vx (oY) = V- [@(VXY)+ (Vo) x Y] =0 (12)
Substituting (Y = a), Equation (12) gives new field equations:

V- (Vx(gpa))= V-[(Vg)xa] =0 (3.137)

Curl of Curl of Vector Field: (¢Y)

Vx (VX (oY) = V[V -Y) + Y- (Vo)] - V2(eY) (13)
Substituting (Y = a), Equation (13) gives new field equations:
Vx (VX (qa)) =V[a- (Vg)] — V(pa) (3.138)

Divergence of Cross Product of Two Vector Fields: (oY) X Z
V- (@D XZ)=@(VXY) Z—@(VXZ) Y+ [(Vo) X Y] - Z (14)

Substituting (Y=a and Z=A), (Y=aandZ=E ), and (Y=aandZ=B),
respectively, Equation (14) gives new field equations:

V- ((pa) xA) = —¢@B-a+[(Vo) xa]-A (3.139)
V-(((pa)xE)=—(p(V><E)-a+[(V(p)><a]-E (3.140)
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V-(((pa)xB)=—(p(V><B)-a+[(V(p)><a]-B (3.141)

Curl of Cross Product of Two Vector Fields: (YY) X Z
Vx ((@Y) XxZ) = @Y(V-Z) — @Z(V-Y) — Z[Y - (V@)] + (Z- V)(¢Y) — (Y- V)Z  (15)

Substituting (Y=a and Z=A), (Y=aandZ=E ), and (Y=aandZ=B),
respectively, Equation (15) gives new field equations:

V X (((pa) X A) =@a(V-A) —Ala- (V)] + (A-V)(pa) — p(a-V)A (3.142)
V X (((pa) X E) =@a(V-E)—E[a- (V)] + (E-V)(pa) — @p(a-V)E (3.143)
V x ((¢pa) x B) = —B[a- (V@)] + (B- V)(¢a) — p(a- V)B (3.144)

Gradient of Dot Product of Two Vector Fields: (@Y - Z).

V(oY) - Z) = ((¢Y) - V)Z + (Z- V)(@Y) + (oY) X (VX Z) + Z x (V X (¢Y)) (16)

Substituting (Y=a and Z=A), (Y=aandZ=E ), and (Y=aandZ=B),
respectively, Equation (16) gives new field equations:

V((9pa)-A) = ((pa) - V)A+ (A-V)(pa) + (pa) X B (3.145)
V((9a)-E) = ((9a)-V)E+ (E-V)(¢9a) + (9a) X (VX E)  (3.146)
V(((pa) . B) = (((pa) . V)B + (B-V)(pa) + (pa) x (VX B) (3.147)

Cross Product: ((¢Y)xV)-Z
(oY) X V) -Z = Y- (V X Z). (17)

Substituting (Y=a and Z=A), (Y=aandZ=E ), and (Y=aandZ=B),
respectively, Equation (17) gives new field equations:

((cpa)xV)-A=cpa-(V><A). (3.148)
((cpa)xV)-E=(pa-(V><E). (3.149)
((cpa)xV)-B=(pa-(V><B). (3.150)

Cross Product: (Y X V) - (¢Z)

(Y X V) (9Z) = Y- (VX (1)) (18)

Substituting (Y=a and Z=A), (Y=aandZ=E ), and (Y=aandZ=B),
respectively, Equation (18) gives new field equations:

@xv)-(pA) =a-(Vx(pA) (3.151)
(@xV)-(@E)=a-(Vx(gE)) (3.152)
@xV)-(eB) =a-(Vx(pB)) (3.153)
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Cross Product: ((¢Y) X V)X Z
(@) XV)XZ =YX (VXZ)+ @Y -V)Z—@(V-7)Y. (19)

Substituting (Y=a and Z=A), (Y=aandZ=E ), and (Y=aandZ=B),
respectively, Equation (19) gives new field equations:

((pa) x V) xA=@ax (VxA)+ @@ V)A—@(V-A)a. (3.154)
((pa) x V) XE=@ax (VXE)+ @@ V)E—@(V-E)a. (3.155)
((pa) x V) x B=@a x (VxB) + ¢(a-V)B. (3.156)

Cross Product: (Y X V) X (¢Z)
(YXV) X (9Z) =YX [(VX (¢Z))] + Y X [(Vo) X Z] +

Y -V(9Z) = Y[@(V-Z) +Z- (Vo)] (20)

Substituting (Y=a and Z=A), (Y=aandZ=E ), and (Y=aandZ=B),
respectively, Equation (20) gives new field equations:

(@ax V) x(pA) =ax [(V X ((pA))] +ax[(Vp) X Al +

(@ V)(9A) —a[e(V-A) +A- (V)] (3.157)
(ax V) x (¢E) =ax [(Vx (pE))] +ax [(V) x E] +

(@ V)(¢E) —a[e(V-E) + E- (Vo)] (3.138)
(ax V) x (¢B) =ax [(Vx (¢B))] +ax [(Ve) x B] +

(@ V)(¢B) —a[B- (V)] (3.159)

Electric Field E and Magnetic Field B Created by Spin S of Electric Charge

Divergence of Cross Product of Spin and Vector Field: V-(SxA),V-(SXE), and V-
(5 xB)

V-(YXZ)=(VXY)-Z—Y-(VXZ) (1)

Substituting (Y =S (Spin), Z=A), (Y=S5, Z=E), (Y =S, Z = B), respectively, Equation
(1) gives New field equation

V-(SxA)=(VxS)-A-S-(VxA)=-S-B. (3.160)
V-(SXE)=(VxS)-E-S-(VxE)=S-9(B)/ ot. (3.161)
V-(SxB)=(VxS)-B—S-(VxB)=-S-j—S-d(E)/ ot (3.162)

Curl of Cross Product of Spin and Vector Fields: V x (S X A), VX (S XE),and V X (S X B)
VX (YXZ)=Y(V-Z)—Z(V-Y)+ (Z-V)Y - (Y- V)Z (2)

Substituting (Y=Sand Z=A), (Y=Sand Z =E), and (Y =S and Z = B), respectively,
Equation (2) gives NEW field equations:
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VX (SXA)=S(V-A) —AV-S)+ (A-V)S—(S-VA=S(V-A) —(S-VA. (3.163)
VX (SXE)=S(V-E)—E(V-S)+ (E-V)S— (S V)E = pS — (S- V)E. (3.164)
Vx(SXB)=S(V-B)—B(V-S)+ (B-V)S—(S-V)B=—(S-V)B. (3.165)

Divergence of Product of Scalar Potential ¢ and Spin S: V - (¢S)

V-(@Y) =V Y)+ Y- (Vo) (7)
Substituting Y = S (Spin) into Equation (7), we obtain NEW field equations:
V- (¢S)=@(V-S)+S5- (Vo) =S- (Vo) (3.166)

Curl of Product of Scalar Field ¢ and Spin S: V X (¢S)
Vx (@Y) = @(VXY)+ (Vo) xY. (8)
Substituting Y = S into Equation (8), we obtain NEW field equations:
VX (@S) =@(VxS)+ (Vo) xS = (V) xS (3.167)

Gradient of Scalar Product of Spin and Vector Fields: V(S-A), V(S-E), and V(S - B)
VY 'Z) = -VNZ+Z-VNY+YX(VXZ)+Zx(VXY). 9)

Substituting (Y =Sand Z=A), (Y =Sand Z=E), and (Y =S and Z = B), into
Equation (9), respectively, we obtain NEW field equation:

V(S A)=(S-VA+(A-V)S+SX(VXA)+AX(VXS)

=(S-V)A+SxB (3.168)
VS-E)=(E"VE+(E-V)S+SX(VXE)+EX (VXxS)

= (S-V)E+Sx (VXE). (3.169)
VS'B)=(S-V)B+(B-V)S+Sx(VXxB)+Bx(VxS)

= (S-V)B+Sx (VxB). (3.170)

Cross Product: (SxV)-A, (SXV)-E,and (SxV) B
(YXV)-Z=Y - (VXZ). (10)

Substituting (Y=S and Z=A), (Y=SandZ=E ), and (Y=SandZ=B),
respectively, Equation (10) gives new field equation,

(SXV)-A=S-(VXA)=S-B. (3.171)
(SXV)-E=S-(VXE) =—S-9(B)/ dt. (3.172)
(SXV)-B=S-(VxB)=S-j+S-a(E)/ ot. (3.173)

Cross Product: (SxV)x A, (SXV)XE,and (SxV)xB
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(YXV)XZ=YX(VXZ)+ (Y-V)Z-Y(V-Z) (11)

Substituting (Y=S and Z=A), (Y=SandZ=E), and (Y=SandZ=B),
respectively, Equation (11) gives new field equations:

(SXV)XA=SX(VXA)+ (S:V)A-S(V-A)

=SxB+(S-V)A—S(V-A). (3.174)
(SXV)XE=SX(VXE)+(S:-V)E—S(V-E)

= Sx (VXE) + (S-V)E — pS. (3.175)
(SXV)XxB=Sx(VxB)+(S-V)B—S(V-B)

=Sx (VX B) + (S-V)B. (3.176)

Divergence of Curl of Vector Field: V x (¢Y)
V- (Vx (oY) = V- [@(VXY) + (Vo) x Y] =0 (12)

Substituting (Y =S), (Y=A), and (Y =E) and Y = B), respectively, Equation (12)
gives new field equations:

V- (Vx(9S) = V-[(Vo)xS] =0 (3.177)
V- (VX (@A) = V- [@(VxA)+ (Vo) x Al =0 (3.178)
V- (VX (¢E)) = V- [@(VXE)+ (Vo) XxE] = 0 (3.179)
V- (Vx(¢B)) = V- [@(VxB)+ (Vo) XB] =0 (3.180)

Curl of Curl of Vector Field: (¢Y)
Vx (VX (V) =V[@V-Y) + Y- (Vo)] - V2(eY) (13)

Substituting (Y =S), (Y = A), (Y =E), and (Y = B), respectively, Equation (13) gives
new field equations:

VX (Vx (¢S)) = V[S- (V)] — V?(¢S) (3.181)
VX (VX (9A)) = V[e(V-A) + A- (V)] — V2(@A) (3.182)
Vx (VX (@E)) =V[@(V-E) + E- (V)] — V2(¢E) (3.183)
Vx (VX (¢B)) = V[B- (Vo)] — V2(¢B) (3.184)

Divergence of Cross Product: (¢S) X Z, (¢Y) X S
V- (@D XZ)=@(VXY) Z—@(VXZ) Y+ [(Vo) X Y] - Z (14)

Substituting (Y=S and Z=A), (Y=SandZ=E ), and (Y=SandZ=B),
respectively, Equation (14) gives new field equations:

V- ((9S) xA) = —@(VXA)-S+[(Vo) xS]-A (3.185)
V- ((¢S)XE) = —@(VXE) S+ [(Vo) XS] E (3.186)
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V- ((¢S)xB) =—@(VxB)-S+[(Vg) xS]-B (3.187)

Curl of Cross Product of Two Vector Fields: (pS) X Z, (¢Y) X S
VX ((@Y) XZ) = @Y(V-Z) — @Z(V-Y) = Z[Y - (V@)] + (Z- V)(¢Y) — (Y- V)Z  (15)

Substituting (Y=A,Z=S), (Y=E,Z=S), and (Y = B,Z = S), respectively, Equation
(15) gives new field equations:

Vx ((pA) xS) = —@S(V-A) —S[A- (V)] + (S- V)(9A) (3.188)
V x ((9E) xS) = —@S(V-E) — S[E- (V)] + (S V)(¢E) (3.189)
Vx ((¢B) xS) = =S[B- (V)] + (S V)(¢B) (3.190)

Substituting (Y=S and Z=A), (Y=SandZ=E ), and (Y=SandZ=B),
respectively, Equation (15) gives new field equations:

Vx ((9S) x A) = @S(V-A) — A[S- (V@)] + (A- V) (S) — @(S- VA (3.191)
V x ((¢S) X E) = @S(V-E) — E[S- (V)] + (E- V)(¢S) — ¢(S- V)E (3.192)
V x ((¢S) X B) = —B[S - (V)] + (B- V) (¢S) — ¢(S- V)B (3.193)

Gradient of Dot Product of Two Vector Fields: (@Y - Z).

V((eY) - Z) = ((@Y) - V)Z + (Z-V)(@Y) + (¢Y) X (VX Z) + Z X (V X (¢Y)) (16)

Substituting (Y=S and Z=A), (Y=SandZ=E ), and (Y=SandZ=B),
respectively, Equation (16) gives new field equations:

V((@S)-A) = ((¢S) - V)A+ (A-V)(9S) + (¢S) X (VX A) + Ax (VX (¢9)) (3.194)
V((¢S)-E) = ((¢S) - V)E + (E- V)(¢S) + (¢S) X (VX E) + E X (VX (¢S)) (3.195)
V((9S)-B) = ((¢S) - V)B + (B V)(¢S) + (¢S) x (VX B) + B x (V x (¢S)) (3.196)

Dot Product: ((¢Y)xV)-Z
((eY) X V)-Z = @Y- (VX Z). (17)

Substituting (Y=S and Z=A), (Y=SandZ=E ), and (Y=SandZ=B),
respectively, Equation (17) gives new field equations:

(((pS)XV)-A=(pS-B. (3.197)
((@S)x V) -E = @S- (VxXE). (3.198)
((@S)x V) -B = @S- (VxB). (3.199)
Dot Product: (Y X V) - (pZ)
(Y X V) (9Z) =Y (VX (9Z)) (18)
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Substituting (Y=S and Z=A), (Y=SandZ=E ), and (Y=SandZ=B),
respectively, Equation (18) gives new field equations:

(SX V) (@A) =S (V X (@A) (3.200)
(SX V) (9E) = S+ (V x (9E)) (3.201)
(SX V) (B) = S- (V X (¢B)) (3.202)

Cross Product: ((Y) X V)X Z
(@) XV XZ=@YX (VXZ)+ @Y -V)Z— (V- 7). (19)

Substituting (Y=S and Z=A), (Y=SandZ=E ), and (Y=SandZ=B),
respectively, Equation (19) gives new field equations:

((9S) X V) X A = S X B+ (S V)A — (V - A)S. (3.203)
((@S) X V) X E= @S x (VXE) + @(S-V)E— @(V-E)S.  (3.204)
((9S) X V) X B = @S X (V X B) + @(S - V)B. (3.205)

Cross Product: (Y X V) x (@Z)
(YXV) X (@Z) =YX [(VX (¢Z))] + Y X [(Vo) X Z] +

(Y -V)(9Z) = Y[o(V-Z2) + Z- (Vo)] (20)

Substituting (Y=S and Z=A), (Y=SandZ=E ), and (Y=SandZ=B),
respectively, Equation (20) gives new field equations:

(Sx V) x (9A) =S x [(Vx (¢A))] + S x [(Ve) x A] +

(S-V)(@A) = S[e(V-A) + A (Vo)] (3.206)
(SX V) x (¢E) = S x [(Vx (¢E))] + S x [(Ve) X E] +

(S-V)(¢E) = S[e(V-E) + E- (Vo)] (3.207)
(Sx V) x (¢B) =S x [(Vx (¢B))] + S x [(Ve) x B] +

(S-V)(¢B) = S[B- (V)] (3.208)

Summery

In Section 3, we show that the vector calculus identities are powerful tool in re-deriving
existing physical laws, and in discovering novel physical laws. We rederived mathematically
the following existing physical laws by the vector calculus identities:

1. Poynting's Theorem;

2. Gauss's Law for Magnetism;

3. Charge density Continuity equation;
4

. Wave equations of potentials ¢ and A, electric field E, magnetic field B;
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Faraday's Law of Induction;
Time changes of energy density of the magnetic field;

Time changes of energy density of the electric field;

©® N o u

Energy density of the magnetic field.

Also, in Section 3, applying the vector calculus identities, we further
mathematically derived/proposed many new field equations of both electric fields and
magnetic fields with sources moving at velocity v, acceleration a, and spin S, respectively.
The new field equations need to be tested experimentally.

CLASSICAL GRAVITY TO GRAVITOELECTROMAGNETICS

Newton Gravitational Field g to Gravitoelectromagnetic Field g and B,

Newton Gravitational field, g, is created by static gravitational charge density p, (mass
density), as shown by Equation (4.1a):

V-g=—pg. (4.1a)
V-E = pe. (4.1b)

Equation (4.1b) is the Coulomb law of the electric field, which has the exactly same
form as that of Equation (4.1a). This similarity between the two suggests us to study the
effects of a moving gravitational charge density p,v.

Substituting (Y = v, Z = g) into Equation 2 of Vector Calculus Identity,
VX(YXZ)=Y(V-Z)—Z(V-Y)+ (Z-V)Y - (Y -V)Z (2)
we obtain
VX (vXg)=—pgv—0g/ot. (4.2)
Comparing Equation (4.2) with Ampere-Maxwell law (Equation (4.3),
V X B = p.v+ dE/ dt, (4.3)

we propose that Equation (4.2) shows that the mass current pgv creates the
gravitomagnetic field Bg, where the gravitomagnetic field, B, is defined as,

By =-vXg. (4.4)
Equation (4.2) becomes
V X Bg = ]Jg + dg/ ot. (4.5)
]g = pgV-

Following the electromagnetics, let define the gravitomagnetic field Bg in term of
the gravitational vector potential Ag, and define the gravitational field g in terms of the
gravitational vector potential A, and the gravitational scalar potential ¢,

By =V XA, (4.6)
g = —Vog — 0A,/0t. (4.7)
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Equation (4.6) and Equation (4.7) give,
V:Bg =0, (4.8)
Vxg=—0Bg/0t (4.9)

Equation (4.1a), Equation (4.5), Equation (4.8) and Equation (4.9) are Maxwell-type
equations for gravity field.

Note: by introducing the definition of the g field, Equation (4.7), Equation (4.1a)
leads to the wave Equation (4.1c) of the scaler gravitation potential g,

%@
V-g=-V2qpg+ —F = —Pg. (4.1¢c)

Next, we study the gravitoelectric field g and gravitomagnetic field B, further in the
same way of studying the electric field E and magnetic field B in Section 3.

Divergence of Cross Product of Vector Fields: V- (g x B,), V- (Ay X B,), V- (A4 % g)
V-(YXZ)=(VXY) Z—-Y-(VxZ) (1)

Poynting-type Gravitational Theorem:

Substituting (Y = g, Z = Bg), Equation (1) gives Poynting-type Gravitational Theorem:

V- (gxBg) = —g-jy —50(g? + Bg?)/0t (4.10)

Where V X B; = jg + (dg/at) and jg = pgv.

New Field Equation:

Substituting (Y = Ag, Z = Bg) and (Y = Ag, Z = g), respectively, Equation (1) gives NEW field
equation:

V- (Ag X Bg) =BZ —Agjg — Ag - (9/00). (4.11)
V- (Agxg) =g Bg+ Ay (0Bg/0t).. (4.12)

Equation (4.11) represent the energy of magnetic field. In electromagnetics, the
term E - B is the Lorentz invariant. Similarly, the term, “g- B,”, of Equation (4.12) is Lorentz
scalar invariant.

Curl of Cross Product of Two Vector Fields: Vx (gxBgy), VX (Ag ng) , and
V X (Ag X g)
VX (YXZ)=Y(V-Z)—Z(V-Y)+ (Z - VY- (Y -V)Z (2)
Substituting (Y = g, Z = By), (Y =Ag, Z =Bg), and (Y = Ay, Z = g), respectively,
Equation (2) gives NEW field equations:

Vx (gxBg) = pgBg+ (BgV)g— (g V)Bg (4.13)
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VX (Ag X Bg) = —By(V-Ag) + (Bg - V)A; — (Ag* V)By (4.14)

VX (Agxg) =—pgAg—8(V Ag) + (g VA; — (Ag-V)g. (4.15)

Divergence of Curl of Vector Field: V xY
V-(VXY)=0 3)

Gauss-type Law for Gravitomagnetics (1):
Substituting Y = Ag, Equation (3) gives Gauss-type Law for gravitomagnetics:
V-(VxXAg) =V:Byg=0 (4.16)

Equation (4.16) mathematically indicates no gravitomagnetic monopoles.

Gauss-type Law for Gravitomagnetics (2):
Substituting Y = g, Equation (3) gives:
V-(Vxg)=0 (4.17)
Substituting Equation (4.9) into Equation (4.17), we obtain:
V-(Vxg) =V-(—0By/dt) = —=(V-By) = 0. (4.18)
Equation (4.18) has two solutions:
1. The gravitomagnetic field B, is a constant field:
dBg/0t = 0. (4.19)
2. Gauss-type Law for gravitomagnetics

V- By(t) = 0. (4.20)

Gravity-Charge Density Continuity Equation:
Substituting Y = B, Equation (3) gives:
V- (VxBg)=0 (4.21)

Substituting Equation (4.5) into Equation (4.21), we obtain the Gravity-charge
Density Continuity Equation,

0
V-(VxBg) =V-Jg—5pg=0 (4.22)

Curl of Curl of Vector Field: Wave Equation
VX (VXY)=V(V-Y) -V (4)
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Wave Equation of Gravity Vector Potential A,:
Substituting Y = A, Equation (4) gives:
Vx (VxAg) =jg+=g (4.23a)
and
2p _ 0 02 2
V(V-Ag) —V?Ag =g+ 5Ag — VPA, (4.23b)

Combining Equation (4.23a) and Equation (4.23b), we obtain wave equation of vector
potential Ag:

2
—A

S hg — ViAg =g (4.23c)

Wave Equation of Gravitoelectric Field g:
Substituting Y = g, Equation (4) gives
U (Vxg) =—2j,—2og (4.24a)
and
V(V-g) — V?g = Vp, — Vg (4.24b)

Combining Equation (4.24a) and Equation (4.24b), we obtain wave equation of
gravitoelectric field g,

Substituting Y = B, Equation (4) gives

. 92
Vx (VxBg)=Vxj,— =By (4.25a)
And
V(V-Bg) — V2By = —V?B, (4.25b)

Combining Equation (4.25a) and Equation (4.25b), we obtain wave equation of Bg,

2
2 By — V2B, =V X, (4.25¢)

Divergence of Gradient of Scalar Field: Wave Equation of Gravitation Scalar Potential
Py

V- (V) = V2o (5)

Substituting the definition of gravitoelectric field, g = —Vo, —%Ag into Equation
(5). We obtain wave equation of Gravitation potential ¢g:
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62
V- (Vog) = pg + 5505 = Vg (4.26a)

i.e.,

aZ
2 Pg— Vipg = —pg. (4.26b)

Curl of Gradient of Scalar Field: Faraday-type Gravitation Law of Induction
Vx (V) =0 (6)

Substituting the definition of the gravitoelectric field ,g = —Vo, — dAg/dt, into
Equation (6).

We obtain Faraday-type gravitation Law of Induction:
VX (Veg) = -V xg—0dBy/ 0t =0. (4.27a)
i.e.,

Vxg=—0By/ ot. (4.27b)

Divergence of Product of Scalar Gravitation Potential ¢, with Vector Gravitation
Potential A,4, Gravitoelectric Field g, Gravitomagnetic Field B, Respectively
V-(eY) =0(V-Y) + Y- (Vo) (7)

Substituting Y = Az, Y = g, and Y = B, into Equation (7), respectively, we obtain NEW
field equations:

V- (0ghg) = 0g(V-Ag) + Ay~ (Vog) (4.28)
V- (9g8) = =Pz + 2" (Vog) (4.29)
V- (¢gBg) = By (Vo) (4.30)

Curl of Product of Scalar Gravity Potential ¢, and Vector Gravity Field: Ag4, g, B,
Vx(@Y) =@(VXY)+ (Vo) XY. (8)

Substituting Y = Ag, Y = g, and Y = B, into Equation (8), respectively, we obtain NEW
field equations:

VX (@gAg) = 9gBg + (Vopg) X Ag (4.31)
VX (@gg) = —g0Bg/ 0t + (Vog) X g (4.32)
V X (cprg) = Jgpg + @g0g/ 0t + (V(pg) X Bg (4.33)

Gradient of Scalar Product of Two Vector Fields: V(g -B,), V(A,-B,), and V(A, - g)

VY-Z) =" VNZ+Z - VY+YX(VXZ)+Zx(VXY). 9)
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Substituting (Y =g, Z=Bg), (Y=A,, Z=Bg), (Y=Ag,Z=g), Y=72Z=By), (Y=2=
Ag), (Y = Z = g), into Equation (9), respectively, we obtain NEW field equations:

V(g-Bg) = (g V)Bg+ (Bg-V)g + g x ], (4.34)
V(Ag-Bg) = (Ag-V)Bg + (Bg - V)Ag + Ag X Jg + Ag x 0g/ Ot (4.35)
V(Ag-g) = (Ag-V)g+ (g V)Ag — Ag X 0B,/ 0t + g X By (4.36)

V(Ag-Ag) = 2(Ag-V)Ag + 2A; X By (4.37)

V(g-g) = 2(g-V)g — 2g X (9Bg/ 3t) (4.38)

V(BgBg) = 2(Bg * V)Bg + 2Bg X (V x By). (4.39)

Cross Product: (Y xV)-Z
Equation (10),
(YXV)-Z=Y"(VXZ), (10)
gives the gravitoelectromagnetics field equations.

Substituting, respectively, (Y=g,Z=By), (Y=Bg, Z=g), (Y=A4, Z=By), (Y=
Bg; Z= Ag)’ Y=g 7= Ag); and (Y = Agy Z=g),

(gx V) Bg=g-Jg+g-dg/ ot (4.40)
(Bg x V) - g = —Bg - 0B,/ ot. (4.41)
(Agx V) Bg=Ag"]g+Ag-0g/ Ot (4.42)
(Bg x V) -Ag = B2 (4.43)
(gxV)-Ag=g"By (4.44)
(AgxV)-g=— Az 0Bg/ 0t (4.45)
Cross Product: (Y X V)X Z
YXV)XZ=YX(VXZ)+ (Y -VZ-Y(V-2) (11)

Substituting (Y=g, Z=Bg), (Y=Bg, Z=g), (Y=Ag, Z=By), (Y=By, Z=A4,),
(Y=Ag, Z=g), and (Y = g, Z = Ap), Equation (11) gives new field equations:

(gXV)XBg=gx]Jg+ (g V)Bg (4.46)
(Bgx V) x g =—pBg + (Bg-V)g (4.47)
(Ag X V) X Bg = Ag X Jg + Ag X dg/ 0t + (Ag - V)By (4.48)
(Bg X V) x Ag = (Bg - V)Ag + Bg(d@g/ 01) (4.49)
(Ag X V) X g=—Ag X 0Bg/ 0t + (Ag-V)g — pAg (4.50)
(gXV) XAy =gxBg+ (Bg-V)Ag +g(0¢g/ 0t) (4.51)
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In Section 4.1, we have mathematically derived physics laws which have the same
forms of electromagnetic laws:

a) Poynting-type gravity Theorem
b) Gauss-type Law for gravitomagnetism

(a)
(b)
(c) Gravity-Charge density continuity equation
(d) Faraday-type gravitation Law of Induction
(e)

e) Wave equation of vector gravity potential A, , gravitoelectric field g and
gravitomagnetic field B,

(f) Energy density of time change of the gravitoelectric field
(g) Energy density of time change of the gravitomagnetic field
(h) Energy density of the gravitomagnetic field

We also derived several new physical laws of gravity.

Gravitoelectric Field and Gravitomagnetic Field Created by Velocity v of Gravitational
Mass-charge

We study how Newton gravity field g of rest mass goes to Gravitomagnetic field B, of moving
mass

Divergence of Cross Product of Velocity v and Vector Fields, Ay, g, B,
V-(YXZ)=(XY)'Z-Y-(VXZ) (1)

Substituting (Y =v, Z = Ag), (Y=v,Z=g), and (Y =v, Z = By), respectively, Equation
(1) gives New field equations:

V- (vxAg)=-v"Bg. (4.52)
V- (vxg)=v-0dBg/ ot (4.53)
V-(vag)=—V-]g—V-6g/6t (4.54)

Curl of Cross Product of Velocity v and Vector Gravitation Fields, Ag, g, B,
UX(YXZ)=Y(V-Z)—Z(V YY)+ (Z-V)Y - (Y-V)Z (2)

Substituting (Y =v, Z = Ag), (Y=v, Z=g), and (Y =, Z = By), respectively, Equation
(2) gives Maxwell-type gravitation field equations:

Vx (vxAg) =v(V-Ag) —0A,4/ 0t. (4.55)
Vx(vxg =v(V-g) —adg/dt (4.56)
V x (vxBg) =v(V-Bg) — 9B,/ ot. (4.57)

Equation (4.56) and Equation (4.57) are perfect dual to each other.
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Let us introducing the definitions of gravitomagnetic field B; and gravitoelectric
field g:

By = —vxg. (4.58)
g=vXxBy (4.59)

Then Equation (4.56) and Equation (4.57) can be written as:
V X Bg = pgv + dg/ ot (4.60)
Vxg= —0Bg/ ot. (4.61)

Equation (4.60) and Equation (4.61) have the same form as that of Ampere-Maxwell
equation and Faraday equation, respectively:

V X B = p,v + 9E/ t.,
VxE= —0dB/at.

Gradient of Scalar Product of Velocity v and Vector Fields: V(Y - Z)
VY Z) =X VNZ+Z - VY+YX(VXZ)+Zx(VXY). 9)

Substituting (Y = v andZ =Ap), or (Y =vandZ=g), or (Y =v and Z = By), into
Equation (9), respectively, we obtain NEW field equations:

V(v-Ag) = (v-V)Ag + v X By (4.62)
Viv-g) =(w-Vg+vx(Vxg). (4.63)
V(v:Bg) = (v:V)Bg + v x (VX By). (4.64)
Cross Product: (Y xV)-Z
(YXV)-Z=Y-(VXZ). (10)

Substituting (Y=v, Z=Ag), or (Y=v,Z=g), or (Y=v,Z=B,), respectively,
Equation (10) gives new field equations,

(vXV)-Ag =v-B,. (4.65)
(vXV)-g=—v-0Bg/ ot. (4.66)
(vXV):Bg=v-]g+v-ag/ot. (4.67)
Cross Product: (Y X V) X Z
(YXV)XZ=YX(VXZ)+ (Y -VZ—-Y(V-Z) (11)

Substituting (Y=v, Z=Ag), or (Y=v,Z=g), or (Y=v,Z=B,), respectively,
Equation (11) gives new field equations:

(VXV) XAy =vXBg+0A,/ 0t —v(V-Ay). (4.68)
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(vxV)xg=vXx(Vxg)+dg/ot—pgv. (4.69)

(vX V) X Bg =v x (VXBg) + 8B,/ ot. (4.70)

Gravitoelectric Field and Gravitomagnetic Field Created by Acceleration a of
Gravitational-charge

Divergence of Cross Product of Acceleration a and Vector Fields: V- (Y X Z)
V- (YXZ)=(UXY)-Z—-Y-(VXZ) (1)

Substituting (Y =a, Z = Ay), (Y=a,Z=g), and (Y = a, Z = By), respectively, Equation
(1) gives New field equations:

V-(axAg) =—aBy. (4.71)
V-(axg) =a-(dBg/ dv). (4.72)
V-(axBg) =—a-]g—a-(dg/ av). (4.73)

Curl of Cross Product of Acceleration a and Vector Fields: V x (Y X Z)
VX(YXZ)=Y(V-Z2)—-Z(V-Y)+ (Z-V)Y — (Y-V)Z (2)

Substituting (Y =a, Z = Ap), (Y=a, Z=g), and (Y = a, Z =By), respectively, Equation
(2) gives NEW field equations:

Vx(axAg) =a(V-Ag) — (a-V)A,. (4.74)
Vx(axg)=pga—(a-V)g. (4.75)
Vx (axBg) =—(a"V)Bg. (4.76)

Equation (4.75) shows that an accelerating gravity-charge, pg a, creates a
gravitomagnetic-type field, ax g.

Gradient of Scalar Product of Acceleration a and Vector Fields: V(Y - Z)
VY-Z) =X "VNZ+Z-VY+YX(VXZ)+Zx(VXY). 9)

Substituting (Y = a, Z = Ag), (Y =2, Z=g), and (Y = a, Z = By), into Equation (9),
respectively, we obtain NEW field equations:

V(a-Ag) = (a-V)Ag +a X By. (4.77)
Va-g)=(@-Vg+ax(Vxg). (4.78)
V(a-Bg) = (a'V)Bg+ax(VxBg.). (4.79)
Cross Product: (Y xV)-Z
YXV)-Z=Y-(VXZ). (10)
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Substituting (Y=a, Z=Ag), (Y=aZ=g), and (Y=a,Z=By), respectively,
Equation (10) gives new field equations,

(@xV)-Ag=a-Bg. (4.80)
(axV)-g=—a-0d(Bg)/ dt. (4.81)
(axV)-Bg=a-J;+a-d(g)/ ot. (4.82)
Cross Product: (Y X V)X Z
(YXV)XZ=YX(VXZ)+(Y-VZ—-Y(V-Z) (11)

Substituting (Y=a, Z=Ag), (Y=aZ=g), and (Y =aZ=Bg), respectively,
Equation (11) gives new field equations:

(axV)xAg =axBg+ (a-V)A; —a(V-Ay). (4.83)
@xV)xg=ax(Vxg)+(a-V)g—pga. (4.84)
(ax V) xBg=ax (VxBy)+(aV)By. (4.85)

Gravitoelectric Field g and Gravitomagnetic Field B, Created by Spin S of Gravity-charge

Divergence of Cross Product of Spin and Vector Field:V - (S x Ag) ,V-Sxg), V-
(S xBy)
V-(YXZ)=XY)-Z—=Y-(VXZ) (1)

Substituting (Y =S, Z=A4,), (Y=5,Z=g), and (Y =5, Z = By), Equation (1) gives New field
equation

V- (SxAg)=-S"B,. (4.86)
V-(Sxg) =S-0d(By)/ ot (4.87)
V-(SxBg)=-S-Jg—S-dg/ ot (4.88)

Curl of Cross Product of Spin and Vector Fields: V x (Y X Z)
UX(YXZ)=Y(V-Z)—Z(V-Y)+ (Z V)Y — (Y -V)Z (2)

Substituting (Y =5, Z = Ag), (Y=5,Z=g), and (Y =5, Z = By), Equation (2) gives NEW
field equation:

VX (SxAg) =5(V-Ag) — (S VA,. (4.89)
VX (Sxg) =pgS—(S-V)g. (4.90)
VX (SxBg)=—(SV)B,. (4.91)

Divergence of Product of Scalar Potential ¢ and Spin S

V-(@Y) =0(V-Y) + Y- (Vo) (7)
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Substituting Y = S into Equation (7), we obtain NEW field equations:
V-(9S) =S (Vo) (4.92)

Curl of Product of Scalar Field ¢ and Spin S
VX (@Y) =@(VXY)+ (Vo) XY. (8)
Substituting Y = S into Equation (8), we obtain NEW field equations:
V X (¢S) = (V@) XS (4.93)

Gradient of Scalar Product of Spin and Vector Fields: V(S-A,), V(S- g), and V(S B)
VY-Z) =X -VZ+Z - VDY+YX(VXZ)+ZxVXY). 9)

Substituting (Y =S, Z=Ay), (Y =S,Z=g), and (Y =S, Z = By), into Equation (9),
respectively, we obtain NEW field equation:

V(S-Ag) = (S-V)Ag + S X B (4.94)
V(S g) =(S"V)g+Sx(Vxg). (4.95)
V(S:Bg) = (S:V)Bg + S x (V x By). (4.96)
Cross Product: (Y xV)-Z
(YXV)-Z=Y-(VXZ). (10)

Substituting (Y=S, Z=Ag), (Y=SZ=g), and (Y=S,Z=Bg), respectively,
Equation (10) gives new field equation,

(SXV)-Ag =S"B,. (4.97)
(SxV)-g=-5-9(By)/ ot. (4.98)
(SXV)-Bg=S-j+S-0d(g)/ ot. (4.99)
Cross Product: (Y X V)X Z
YXVXZ=YX(VXZ)+ (Y -VNZ-Y(V-Z) (11)

Substituting (Y=S, Z=Ag), (Y=SZ=g), and (Y=S,Z=Bg), respectively,
Equation (11) gives new field equations:

(SXV) XAy =SXBg+(S:VA; —S(V-Ay). (4.100)
(SXV)xg=Sx(Vxg)+(S:-V)g—pgS. (4.101)
(SX V) X Bg =S x (VXBg)+ (S V)B. (4.102)
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SUMMARY

In this article, we show that the vector calculus identities are powerful tool in both
rederiving the existing physical law, such as Maxwell equations, and discovering new
physical laws.

The mathematically derived new physical laws need to be tested experimentally.
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