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ABSTRACT
Let 04, ..., 6, denote ] parameters that are associated with / random variables. Let
0(1) < - < 6(;) denote the parameters written in ascending order. This note

suggests two simple approaches to determining whether it is reasonable to make a
decision about which random variable corresponds to 6,). Both are related to
Tukey’s three-decision rule, they are easily adapted to a wide range of situations,
and they have certain advantages over extant techniques. The focus is on trimmed
means, but the method is easily adapted to a wide range of situations. One version
of the proposed approach is based on a variation of the percentile bootstrap that
has not been previously studied.

Keywords: multiple comparisons, familywise error, robust methods, ranking and
selection

INTRODUCTION
Consider J independent groups having measures of location 6y, ..., 6, and let () < -+ <

denote these measures written in ascending order. As is evident, in many situations there is

AN
interest determining which group has the largest measure of location, 6. Let0; (j = 1, ...,J)
denote an estimate of ; based on a random sample of size n; and denote the estimates written

ascending order by é(l) < < 5(1). This paper deals with the issue of determining whether it

AN
is reasonable to conclude that the group corresponding to 8, is in fact the group having the
largest population measure of location 6.

Bechhofer [1] was the first to address this issue assuming that observations are randomly
sampled from normal distributions having a common known variance 62 and that the goal is to
identify the group with the largest population mean. His approach was to determine the
common sample size n so that the probability of a correct decision (PCD), meaning the
probability that the group with the largest sample mean is the group with the largest population
mean, is at least 1 — 5. As is evident, the value of n depends in part on the unknown population
means [y, ..., ;. Bechhofer addressed this issue in the context of what is known as an
indifference zone. That is, for some specified constant §, the common sample size was
determined when y; = --- = u;_; = g, say, and u; = u + 4. The solution is conservative in the
sense thatif u;_qy < u¢y + 6, the PCD will be greater than or equal to 1 — . Subsequently, two-
stage procedures were derived for dealing with situations where the variances are unknown,
still assuming normality [2, 3, 6, 17, 18]. That is, pilot data are used to estimate the variances,
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which in turn can be used to determine how many more observations are needed so that the
PCD is at least 1 — 5. These methods are a subset of statistical techniques generally known as
ranking and selection methods (3, 7, 8, 16].

The first goal in this paper is to suggest a method that deals with two issues that have not been
addressed. First, there is the concern that the population mean and variance are not robust [9,
14, 20]. Roughly, this means that an arbitrarily small change in a distribution can have an
arbitrarily large impact on the values of the population mean and variance. In particular, even
a small departure from a normal distribution can result in relatively poor power when testing
hypotheses [21]. Moreover, the population mean can poorly reflect the typical response. These
results have obvious negative implications about ranking and selection techniques based on
means and variances. So the first goal is to consider methods for identifying the group having
the largest measure of location 6, where 6, is some robust measure of location. Typically,

the estimator éj has a reasonably high breakdown point, where the breakdown point refers to
the minimum proportion of values that must be altered to make it arbitrarily large or small. The
sample mean and variance, for example, have a breakdown point of only 1/n. That is, even a
single outlier has the potential of giving a distorted view of the typical response and it can
destroy power. The sample median has the highest possible breakdown point, 0.5.

The second goal is to suggest a single-stage method that does not require the specification of
an indifference zone, §, and simultaneously allows heteroscedasticity. This is done in the
context of testing relevant hypotheses in a manner similar to comparing groups to a control,
but the details differ in a crucial way as will be evident. The fundamental goal is to determine
the extent it is reasonable to make a decision about which group has the largest measure of
location.

There is a substantial literature on methods for comparing robust measures of location [21].
Based on extant results, a solution for the problem at hand might seem trivial.

Imagine that group I corresponds to 1/9\( 7), the group with the largest estimate. Then one might
proceed by testing.

Hy:0; =6, (D
for each j # I. If all ] — 1 of these hypotheses are rejected, decide that group I has the largest
measure of location, otherwise no decision is made. However, there is the issue of controlling
the familywise error (FWE) rate, meaning the probability of one ore Type I errors.

A simple approach to controlling the FWE rate is to use the Bonferroni method, meaning that
each test is performed at the a/(J — 1) level. It is well known that if the Type I error is
controlled for each of the /] — 1 tests, then the Bonferroni method guarantees that FWE is less
than or equal to a. Various methods aimed at improving on the Bonferroni have been derived
[12, 13, 19], which are based on p-values. For brevity, details about these methods are not
provided because they can be highly unsatisfactory for the problem at hand. Simulations
indicated that with | = 4, there are situations where FWE exceeds 0.070 when using the
Bonferroni method and when testing at the 0.05 level, but estimates did not exceed 0.075. With
J =5, FWE can exceed 0.08.
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The next section describes the proposed approach. Initially attention is focused on trimmed
means. Then a more general approach is described that can deal with other robust measures of
location. This is followed by simulation results and illustrations demonstrating the practical
importance of the proposed method.

THE PROPOSED APPROACH
It is convenient to first focus on trimmed means. Let X3, ..., X;, be a random sample. Let g =
[yn], where [yn] is the integer portion of yn, 0 <y < 0.5. The y trimmed mean is

X = n—2g Kg+ + -+ Xn—g)),

where X1y < -+ < X, are the Xy, ..., X,, written in ascending order. The y trimmed mean has a

breakdown point of y. The focus here is on 20% trimming, y = 0.2, which has good efficiency
under normality [21]. Moreover its standard error can be substantially less than the standard
error of the sample mean when dealing with heavy-tailed distributions, which are common. The
final section of this paper comments on concerns that arise when the amount of trimming is
close to zero.

Yuen [22] derived a method for testing the hypothesis that two independent groups have equal
population trimmed means. The method is based in part on the Winsorized sample variances.
Winsorizing X, ..., X, means that the g smallest are set equal to X4, 1) and the g largestare set

equal to X(,,_g). The y Winsorized sample variance, s2, is the usual sample variance based on
the Winsorized data. Let Ytj and s‘f,j denote the sample trimmed mean and Winsorized
variance, respectively, for the jth group (j = 1, 2). Yuen’s test statistic is:

_Xu-Xe

T B
Yoo Jd +d,

where
_ (n; — sy
J hj(hj -1

and n; is the sample size for the jth group and h; = n; — 2g;, the number of observations left
after trimming. The null distribution of T, is approximated with a Student’s t distribution with
estimated degrees of freedom:
2
L
1 2
h1 - 1 hz - 1

+

The properties of Yuen’s method have been studied extensively [21].

Now consider the goal of testing each of the ] — 1 hypotheses given by (1) using Yuen’s method
with 20% trimming. If all /] — 1 of these hypotheses are rejected, decide that group I has the
largest measure of location. Otherwise no decision is made. The goal then is to control the FWE
rate when testing these /] — 1 hypotheses. But before describing how this is done, it helps to
first consider the goal of controlling the probability of a Type I error for each individual test.
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Let Ytu) < < Yt(]) and let y,(jy denote the trimmed mean associated with )_(t(j) G=1,...]).
Letp; (j = 1,...,] — 1) denote the p-value when testing

Ho: ln(jy = Un(py- (3)

When j = 1, for example, (3) corresponds to comparing the group with the lowest estimate to
the group with the highest estimate. Given j, suppose the null hypothesis is rejected if p; < d;.
A simulation is readily performed for determining d; so that the probability of a Type I error is
a for each j. Consider for example /] = 4, @ = 0.05, all four distributions are normal with a
common variance of one and n, = n, = n; = n, = 20. Based on a simulation with 10,000
replications, the estimate of (ds, d,, d;) was (0.11675, 0.04905, 0.02049). So when comparing
the group with the largest estimate to the group with the next largest estimate, the Type I error
probability will be 0.05 if the null hypothesis is rejected when the p-value is less than or equal
to 0.11675. For n; = n, = n; = n, = 100 the estimate of (d3,d,, d;) was (0.0922, 0.0295,

0.0053). The result d; > 0.05 is related to the fact that 5(3) and 5(4) are dependent.

An outline of the proposed method for controlling the FWE rate is as follows. Momentarily
assume normality and homoscedasticity, and use a simulation to estimate the joint distribution
of the | — 1 p-values when the J groups have a common measure of location. Thatis, 8; = -+ =
6;, where for the moment the focus is still on 20% trimmed means. Once this joint distribution
is estimated, determine constants ¢y, ..., ¢;_; such that

P(pl < C1 '--;p]_l < C]—l) = Q. (4)

That is, the jth hypothesis is rejected if p; < ¢; in which case FWE will be approximately a.

Extant results suggest that for non-normal distributions, the FWE rate will be reasonably close
to the nominal level when using a 20% trimmed mean, an issue that is addressed via
simulations in the next section.

To elaborate, given J and (n4, ...,n;), randomly generate n; observations from the jth group
and determine the /| — 1 p-values based on Yuen’s method when testing (3). Repeat this L times

yielding a matrix of p-values, say f’, having L rows and J — 1 columns. As is evident, the jth
column of P provides an estimate of d;, the critical p-value so that each of the individual tests

has a Type I error of @. That is, d; is just the @ sample quantile based on the jth column of P.
The idea is to choose the constant a such that ¢; = ad; satisfies (4). This will be called method
Y henceforth. Note thata = 1/(J — 1) corresponds to the Bonferroni method. So the strategy is
to take advantage of the estimate of the joint distribution of the p-values with goal of finding a
better choice for a.

Dealing with Other Robust Measures of Location: Method PB

Here, three additional location estimators are considered: a one-step M-estimator, the median,
and the estimate of the population median dervied by Harrell and Davis [10]. Generally, when
dealing with robust estimators that deal effectively with outliers, inferences based on a
percentile bootstrap have been found to provide relatively good control over the Type I error
probability, so this approach is used here. This section reviews the one-step M-estimator and
the Harrell-Davis estimator followed by a review of the percentile bootstrap method.

Services for Science and Education - United Kingdom 74



Wilcox, R. (2022). A Note on Determining Which of J Parameters Has the Largest or Smallest Value. Advances in Social Sciences Research Journal,
9(5). 71-80.

The one-step M-estimator based on Huber’s ¥, is computed as follows. Let MAD (median
absolute deviation) denote the median of |X; — M|, ..., |X;, — M|, where M is the usual sample
median. Let MADN=MAD/0.6745. Under normality, MADN estimates the standard deviation.
Let i; be the number of observations X; for which (X; — M)/MADN < —1.28, and let i, be the
number of observations such that (X; — M)/MADN > 1.28. The one-step M-estimate of
location is

l=l1+1

_ 1.28(MADN)(i — iy) + 2% X

It has the highest possible breakdown point, 0.5, and has good efficiency under normality.

To describe the Harrell and Davis estimate of the median, let U be a random variable having a
beta distribution with parameters (n + 1)g and (n + 1)(1 — q). Let

i—1 i
Wi=P<—SUS—).
n n

Then the Harrell-Davis estimate of the gth quantile is
R n
i=1

Although the Harrell-Davis estimator estimates the median when g = 0.5, a criticism is that it
has a breakdown point of only 1/n because all of the order statistics get a positive weight.
However, a possible appeal of the Harrell-Davis is that it can be more efficient than the usual
sample median when dealing with distributions that are relatively light tailed.

For convenience, the percentile bootstrap method is described when dealing with the one-step
M-estimator. It is readily extended to situations where the sample median and the Harrell-
Davis estimator are used.

To apply the percentile bootstrap method, first take a bootstrap sample from the jth group by
randomly sampling with replacement n; values from X ;, X g Compute the M-estimate of

location based on this bootstrap sample yielding ’ﬁ;‘.. When comparing groups j and k, let D* =
’ﬁ;‘. — Ii,.. Repeat this process B times yielding D, (b = 1, ..., B). Let

A= %(ZI(DZ < 0) + 0.51(D; = 0.5)),

where the indicator function I(D;, < 0) = 1if D; < 0 otherwise I(D;, < 0) = 0. The indicator
function I(D; = 0.5) is defined in an analogous function. Then p* = 2min(4,1 — A4) is a
(generalized) p-value (Liu & Singh, 1997).

In principle, method Y for testing (1) based on trimmed means could be extended to the
situation where the percentile bootstrap method is used. But a practical concern is the

A
execution time needed to compute the matrix P. The approach used here is to reject the jth
hypothesis if p* < ¢;, where ¢; is the critical p-value used by method Y with 20% trimming. The
next section reports simulation results on how well this approach performs.
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SIMULATIONS RESULTS
Simulations were used to assess the actual FWE rate when dealing with non-normal
distributions and there is heteroscedasticity. The focus here is on J = 4 groups, but some
results for /] = 8 are reported as well. For each group, data were generated from one of four
distributions: normal, symmetric and heavy-tailed, skewed and light-tailed, and skewed and
heavy-tailed. More precisely, data were generated from g-and-h distributions [11], which arise
as follows. Let Z be a random variable having a standard normal distribution. Then

M QXP(hZZ/Z),

if g > 0 and
Zexp(hZ?/2),

if g = 0 has a g-and-h distribution, where g and h are parameters that determine the first four
moments. The four distributions used here are the standard normal (g = h = 0), a symmetric
heavy-tailed distribution (h = 0.2, g = 0), an asymmetric distribution with relatively light tails
(h=0, g=0.2), and an asymmetric distribution with heavy tails (g = h = 0.2). Table 1
summarizes the skewness (k;) and kurtosis (k;) of these distributions.

Table 1: Some properties of the g-and-h distribution.

g h K Kk 0.0
0.0 0.00 3.00 0.0
0.2 0.00 21.46 0.2
0.0 0.61 3.68 0.2

0.2 2.81 155.98

The sample sizes were taken to be (nq,n,, ns,n,)=(20, 20, 20, 20) and (15, 20, 30, 40).
Heteroscedasticity was modeled by centering the generated data so that the population
measure of location is zero and then multiplying the data for the jth group by o;. Here
(01,0,,03,0,) was taken to be (1, 1, 1, 1) and (1, 2, 3, 4). For unequal sample sizes, (4, 3, 2, 1)
was used as well. For method Y, 5000 replications were used to estimate the actual probability
of at least one Type I error when testing at the 0.05 level. When using the percentile bootstrap
method, 2000 replications were used with number of bootstrap samples taken to be B = 2000.

Table 2 shows the simulation results. The columns headed by PB are the results using the
percentile bootstrap method, MED indicates that the usual sample median was used, M-EST is
the one-step M-estimator and HD is the Harrell and Davis (1982) estimate of the median. The
column headed by Y is method Y with a 20% trimmed mean. Note that for unequal sample sizes,
no results are reported based on the one-step M-estimator. The reason is that with a sample
size of fifteen, bootstrap samples can have MAD=0 resulting in division by zero when computing
the M-estimate of location.

Although the seriousness of a Type I error can depend on the situation, Bradley [4] suggests
that as a general guide, when testing at the 0.05 level, the actual level should be between 0.025
and 0.075. As can be seen, this criterion is met for all of the situations considered. All of the
estimates are less than 0.070 and the smallest estimate is 0.036. If the goal is to have FWE less
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than 0.060, method PB with the median was best among the situations considered. But for light-
tailed distributions, the standard error of the median can be relatively large compared to the
other location estimators used here.

Table 2: Estimates of @ when testing at the 0.05 level using method PB as well as method Y,/ =

4. The columns headed by MED, M-EST and HD are results for the median, one-step M-estimator

and the Harrell-Davis estimator, respectively, based on method PB. The column headed by Y is
method Y based on Yuen’s method for a 20% trimmed mean.

n g h o  MED MESTHD Y
(20,20,20,20) 0.0 0.0 (1,1,1,1) 0.036 0.050 0.045 0.050 (20,
20,20,20) 0.0 0.2 (1,1,1,1) 0.036 0.049 0.049 0.044 (20,
20,20,20) 0.2 0.0 (1,1,1,1) 0.036 0.067 0.042 0.046 (20,
20,20,20) 0.2 0.2 (1,1,1,1) 0.036 0.064 0.042 0.039 (15,
20,30,40) 0.0 0.0 (1,1,1,1) 0.041 .. 0.057 0.049 (15,
20,30,40) 0.0 0.2 (1,1,1,1) 0.041 .. 0.050 0.042 (15,
20,30,40) 0.2 0.0 (1,1,1,1) 0.041 .. 0.047 0.045 (15,
20,30,40) 0.2 0.2 (1,1,1,1) 0.041 .. 0.047 0.040 (20,
20,20,20) 0.0 0.0 (1,2,3,4) 0.046 0.068 0.052 0.067 (20,
20,20,20) 0.0 0.2 (1,2,3,4) 0.048 0.066 0.051 0.060 (20,
20,20,20) 0.2 0.0 (1,2,3,4) 0.045 0.065 0.051 0.059 (20,
20,20,20) 0.2 0.2 (1,2,3,4) 0.046 0.062 0.049 0.052 (15,
20,30,40) 0.0 0.0 (1,2,3,4) 0.037 .. 0.055 0.049 (15,
20,30,40) 0.0 0.2 (1,2,3,4) 0.038 .. 0.050 0.043 (15,
20,30,40) 0.2 0.0 (1,2,3,4) 0.034 .. 0.055 0.044 (15,
20,30,40) 0.2 0.2 (1,2,3,4) 0.035 .. 0.051 0.040 (15,
20,30,40) 0.0 0.0 (4,3,2,1) 0.059 .. 0.059 0.059 (15,
20,30,40) 0.0 0.2 (4,3,2,1) 0.059 .. 0.061 0.053 (15,
20,30,40) 0.2 0.0 (4,3,2,1) 0.052 .. 0.067 0.055 (15,
20,30,40) 0.2 02 (4,3,2,1) 0.049 .. 0.055 0.048

Additional simulations were run with p = 8 where all four groups have a common sample size
of 20. Under homoscedasticity, the results were similar to those in Table 2. Note that for the
heteroscedastic case, method Y has the largest estimate, 0.067, which occurs wheng = h =0
and (04, 0,03,0,) = (1,2,3,4). For p = 8, if (04, 03, 03,04,05,0¢,0,,05) = (1,2,3,4,1,2,3,4), the
estimate was 0.072 using method Y. Using method PB with a 20% trimmed mean does not
improve matters, the estimate is now 0.073. Using PB with the usual median, the estimate is
0.059.

Some Illustrations

The proposed methods are illustrated using data from the Well Elderly II study [5], which was
generally aimed at improving the physical and mental well-being of older adults. A portion of
this study measured depressive symptoms (CESD) after intervention. Here, the focus is on CESD
measures for five groups based on education: less than high school, high school graduate. Some
college or technical school, four years of college competed and post-graduate study. The sample
sizes are 92, 68, 113, 33 and 20, respectively. The first group had the largest 20% trimmed
mean, 15.07.
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Here are the results using method Y returned by an R function that performs it when testing at
the 0.05 level:

Est.Best Grp Est Dif ci.low ci.up p.value p.crit
15.07 2 1117 390 129 6.52 <0.001 0.064209 15.07
3 8.73 6.34 320 949 <0.001 0.027394 15.07
4 7.71 7.36 2.96 11.76 <0.001 0.011883

15.07 5 6.25 882 2.83 14.80 <0.001 0.003277

The second column indicates the group being compared to the one with largest estimate. The
second line, for example, indicates that group 2 had the second largest estimate, which is 11.17.
This is followed by the difference between the trimmed means, a confidence interval for the
difference, and the p-value. The confidence intervals are designed to have simultaneous
probability coverage 1 — a by using Yuen's method at the ¢; level when testing the jth
hypothesis. The last column indicates the ¢; values, which indicate that all four hypotheses are
rejected. The corresponding c; values when testing at the 0.01 level are 0.017500, 0.005095,

0.002155, and 0.000421. That is, method Y rejects at the 0.01 as well and indicates that the first
group has the largest population trimmed mean. Method PB gives similar results using the
sample median, the one-step M-estimator and the Harrell-Davis estimator. In this particular
case, if Hochberg’'s method is used to adjust the p-values via the R function p.adjust, with the
goal of controlling FWE, again these four hypotheses would be rejected at the 0.01 level.

Method Y can have more power than Hochberg’s method based on the p-values stemming from
Yuen’s test. As an illustration, consider the case where /] = 4, the distributions are normal,
(01,02,03,04) = (1,1,1,1), (nq,ny,n3,n4) = (20,20,20,20), and the corresponding population
trimmed means are 1, 0, 0 and 0. The probability of getting three significant results, that is
making a decision about which group has the largest trimmed mean, using Hochberg’s method
is 0.610. Using method Y it is 0.853. If instead the trimmed means are 1, 0.7, 0, 0 and 0, now the
probability of three significant results using Hochberg’'s method 0.126 versus 0.775 using
method Y. Using the methods derived by Hommel and Rom yield very similar results.

CONCLUDING REMARKS

In summary, all indications are that all four methods control the Type I error probability
reasonably well based on Bradley’s criterion. If the goal is to avoid a FWE rate greater than 0.06,
method PB based on the usual sample median is best. If the goal is avoid a FWE rate less than
0.04, method Y or method PB coupled with the Harrell—Davis estimator are good choices. In
principle, method Y can be used with less trimming or no trimming at all. However, as the
amount of trimming gets close to zero, it becomes increasingly difficult to control the Type I
error probability. Wilcox [21] summarizes known concerns. In terms of maximizing power, the
best method depends on the unknown charcateristics of the distributions being compared.

An open issue is how methods Y and PB might be extended to related issues. For example, when
comparing measures of location associated with dependent groups, how might methods Y and
PB be generalized to deal with this situation? If they are used by simply ignoring the
dependence among the groups, the actual level can be substantially less than the nominal level.
As is evident, there are other related issues.
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Finally, the R function anc.best.PV applies method Y and is stored in the file Rallfun-v40 located
at https://dornsife.usc.edu/cf/labs/wilcox/wilcox-faculty-display.cfm. By default, it uses 5000

replications when computing P. This can be altered via the argument iter. The amount of
trimming is controlled by the argument tr and defaults to 0.2. The R function anc.bestpb.PV
performs method PB with the number of bootstrap samples controlled by the argument nboot,
which defaults to 2000. The argument loc.fun indicates which measure of location is used. The
output includes a p-value related to making a decsision about whether the group with the
largest measure of location can be indentified. This is done by computing c;, ..., ¢;_; for FWE
rates 0.001(.0.001)0.1(0.01)0.99 and determining the smallest rate for which all J —1
hypotheses are rejected. If the cy,...,c;_; values are known, the functions anc.best and
anc.bestpb can be used instead, which results in lower execution time.
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